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Abstract

We show that open ascending auctions are prone to inefficient rushes, i.e. all bidders quitting at
the same price, in market environments such as privatizations, takeover contests, and procurement
auctions. Rushes arise when an incumbent with better information about a common value compo-
nent of the asset for sale quits, and his exit reveals negative information. Rushes can be avoided,
and expected social surplus maximized, by reducing the disclosure of information with the use of a
multi-stage auction. Thus, our results point out to an important limitation of market mechanisms

that provide immediate information disclosure to all agents in a market.
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Abstract

Ukazujeme, Ze oteviené aukce se vzestupnou cenou jsou ndchylné k neefektivnim ndvalum (tj.
simultdnnimu odchodu vsech aktivnich tcéastniku pii stejné cené) v trznich prostiedich jako jsou
privatizace, firemnich akvizice pomoci soutéze, a aukci pii zaddvni verejnych zakazek. K navalum
dochézi v situaci kdy soucasny drzitel aktiva, ktery méd lepsi informace o spoleéné ¢asti hodnoty
aktiva na prodej nez ostatni tcastnici, opusti aukci, a tento odchod odhali negativni informace
ostatnim castnikiim. Néavaly mohou byt eliminovany, a otekavand socialni nadhodnota zvysena,
snizenim zvefejniovani informaci s pouzitim vicestupiiového aukce. Nase vysledky tedy poukazuji
na dulezité omezeni trznich mechanismu, které poskytuji okamzité informace vSem agenttm na

trhu.



1 Introduction

The conventional wisdom suggests that market mechanisms that aggregate more information are
more efficient, and consequently, information should be disclosed as soon as it becomes available. A

drawback, however, is that information disclosure may lead to a rush:!

“Bankers said there had been a rush among wealthy individuals and asset managers
to dump their gold holdings since Ben Bernanke, Federal Reserve chairman, last week set
out for the first time a framework for the US central bank to exit its stimulus programme

known as quantitative easing.”

We illustrate this effect in an open ascending auction: inefficient rushes arise due to the immediate
disclosure, to all active bidders, of the prices at which other bidders quit. We show how hiding
some of this information may increase efficiency. Our analysis also challenges a common view in the
theoretical literature on auctions, going back to Vickrey (1961), that emphasizes that under general
circumstances the open ascending auction is the most efficient auction and that it does strictly better
than the other standard auctions. This is the theoretical basis for the widespread support of the use
of open ascending auctions in privatizations.

We provide two main results in a general setting with private and common value components in
which the latter are privately known by one bidder. First, we show that the open ascending auction is
prone to rushes, i.e. all bidders quitting simultaneously, which undermine its efficiency under standard
tie breaking rules. We also identify particular conditions under which the open ascending auction is
the least efficient of the standard auctions. Second, we show that the maximum expected social
surplus can be achieved with a multi-stage auction, which is commonly used in privatizations.? We
also discuss alternative solutions to resolve rushes, such as the use of non-standard tie breaking rules,
and argue that all the alternatives suffer from several problems. Paradoxically, our results also suggest
that immediate information disclosure to all agents in a market may compromise the final amount of

information unveiled. This is because rushes may preclude information aggregation.

'Financial Times, 26/06,/2013, http://www.ft.com/int1/cms/s/0/92ac9378-de3f-11e2-9b47-00144feab7de . html#

axzz2bqSiqPQW
For instance, ENI’s privatization, see Caffarelli (1998) and Perry, Wolfstetter, and Zamir (2000), Telebras’ privati-

zation, see Dutra and Menezes (2002), and 2007 Nigerian 800 MHz auction, see Nigerian-Communications-Commission

(2007).



We illustrate our main results with a motivating example: franchise bidding for a privatized service
previously operated by an incumbent. The incumbent has private information about the demand for
the service. Typically, the incumbent has lower setup costs whereas the other bidders, the entrants,
may have lower marginal costs. Thus, the first best allocates the good to the incumbent when the
demand for the service is small, and to the entrant with largest value (lowest marginal cost), otherwise.
However, as it is well known,? this allocation is not implementable.?

More generally, our model captures situations in which one bidder has insider information about
a common value component of the bidders’ valuations. Another example is the sale of a company
where the common value is the stand alone value of assets, and the private values are bidders specific
synergies. In this example, an insider information problem arises when a firm has close links with
the management team, for example, a white knight in the case of a hostile take-over. In Hernando-
Veciana and Michelucci (2011), we show that also in these type of environments the first best may
not be implementable.

We prove that the second best allocates the good to the entrant with largest value in cases in
which the incumbent has higher value. In an open ascending auction, the incumbent finds it weakly
dominant to stay active until the price reaches her value as in a private value setting. Hence, if one
wishes to implement the second best allocation in an open ascending auction with an equilibrium in
non weakly dominated strategies, it must be the case that in order to outbid the incumbent entrants
remain active at prices at which they will make a loss if they win. This is actually what happens
in equilibrium. The consequence is that rushes arise after the incumbent quits, which explains the
inefficiencies of our first main result because standard tie breaking rules do not guarantee that the good
is allocated to the entrant with largest value. Quite remarkably, rushes may arise with a probability
arbitrarily close to one.

Our multi-stage auction starts with a sealed bid phase followed by a second stage in which the
first stage bids and identities of all the bidders but the two highest, the top bidders, are made public
and the top bidders are allowed to revise their bids upwards to their final bids. The top bidder that
submits the highest final bid wins the auction at a price equal to the final bid of the other top bidder.

This auction generalizes the desirable properties of the second price auction (see Hernando-Veciana

3See for instance, Maskin (1992).
“In this paper, we say that an allocation is implementable when it is the equilibrium outcome of some mechanism.

Note that this differs from the notion of full implementation that requires the allocation to be the unique equilibrium

outcome of some mechanism.



and Michelucci (2011)) allowing for the disclosure of the bidders’ private information without affecting
their bidding incentives. Our second main result arises because the first stage bids commit each entrant
to a different minimum price. Hence, entrants do not tie if they stick to their respective minimum
price.

Our results complement the analyses of Klemperer (1998), Perry, Wolfstetter, and Zamir (2000),
Klemperer (2002), Dutra and Menezes (2002) and Levin and Ye (2008), Ye (2007), and Boone and
Goeree (2009) that support the use of multi-stage auctions rather than open ascending auctions in
privatizations. Perry, Wolfstetter, and Zamir (2000) study the same multi-stage auction as us, but
restrict attention to a setting where rushes do not arise in equilibrium. All the other papers look at
either Anglo-Dutch hybrid auctions or auctions including a stage with non-binding indicative bidding.
The main difference of this study as compared with all these papers is that they compare the auction
formats on the basis of expected revenue only.

The inefficiencies in our setting are due to rushes, which only arise when the first best is not
implementable.> Hernando-Veciana and Michelucci (2011) also study a setting in which the first
best is not implementable but they do not have inefficient rushes because they restrict attention to
the case of two bidders. Bulow and Klemperer (1994) have pointed out a symmetric effect in open
descending auctions: one bidder seizing one unit prompts bidders with different willingnesses to pay
to simultaneously demand one unit at the same price at which the first bidder has seized the first unit
leading to a tie. Their effect, however, requires a descending auction, and multiunit sales and it is
unrelated to the implementability of the first best.

The plan of the paper is as follows. We start by defining our theoretical setting, Section 2, and
characterizing the second best, in Section 3. Section 4 analyses the open ascending auction. Section
5 identifies the conditions under which standard auctions outperform open ascending auctions, and
Section 6 presents our multi-stage solution to rushes when such special conditions do not hold. Section

7 discusses alternative solutions, and finally, 8 concludes.

2 The Model

One unit of an indivisible good is put up for sale to n 4+ 1 bidders with quasilinear preferences in

money. Bidder 1, the incumbent, puts monetary value v(s;) on getting the good and each Bidder i,

5The efficiency of the English auction when the first best is implementable has been studied by Maskin (1992), Krishna
(2003), Dubra, Echenique, and Manelli (2009), and Birulin and Izmalkov (2011).



i €{2,..,n+ 1}, with n > 1, the entrants, puts monetary value v(s;, s1), where s;, denotes Bidder
i’s private information. We assume that all the signals are independent, s follows a distribution F7,
density f1, s; follows a distribution Fj, density f;, Vi, and all have support normalized to be [0, 1].6

We assume that both © and v are increasing, strictly in the case of ¥ and the first argument of v.
To simplify the exposition, we assume that the functions v and © are continuous although our results
do not hinge on this assumption. Throughout this paper, the equilibrium concept is perfect Bayesian
equilibrium in non-weakly dominated strategies.

The framework above provides a model that is rich enough to fit the market environments described
in the introduction, and that at the same time is tractable. In particular, assuming that the incumbent
knows her valuation allows to restrict attention to equilibria of the open ascending auction in non
weakly dominated strategies, which has the advantage of getting rid of the multiplicity of equilibria
typical of this format. Even more importantly, it allows to characterize the (second best) efficient
allocation, and thus to able to carry out an analysis of the effect of rushes from the point of view
of efficiency. The characterization of the second best in a general framework is a long standing open

question in the auction literature, which is beyond the scope of this paper.

3 Second Best Allocations

In this section, we characterize the second best allocation. We start introducing some definitions.
An allocation is a measurable function p from the set of types [0, 1]"*! into the (n+ 1)-dimensional

simplex A(n + 1) such that p;(s) denotes the probability of allocating the good to Bidder ¢ when the

vector of types is 5.7 We say that an allocation p is monotone if pj is increasing in s;, j € {1,...,n+1}.
We are interested in the set of implementable allocations, which are the allocations that are the

equilibrium outcome of a mechanism.® We say that an allocation is second best if it maximizes the

5Tn all the paper we adopt the convention to refer to a generic entrant as ”he” and to the incumbent as ”"she”.
"Note that we do not allow for the seller keeping the object. This is a common assumption in the models that study

the efficiency of the open ascending auctions, e.g. Krishna (2003). For an analysis of the role of not allocating on

efficiency, see Hernando-Veciana and Michelucci (2013).
8 An allocation p is implementable if a truthful equilibrium exists in a direct mechanism (p,x). A direct mechanism

is a pair of measurable functions (p,z), where p is an allocation and z : [0,1]"*' — A(n + 1) a payment function. A
direct mechanism (p,z) defines a game in which each bidder announces a type, and p;(s) denotes the probability that i
gets the good and z;(s) her payment to the auctioneer when the vector of announced types is s € [0, 1]"“. A truthful
equilibrium of a direct mechanism is an equilibrium in which all the bidders announce their true types. By the revelation

principle, there is no loss of generality in restricting to truthful equilibria of direct mechanisms.



expected social surplus:’

/[07”” /[071} <p1(s)ﬁ(s1) + zi:pz'(é’)v(si,sl)> dFy(s1)dF_1(s_1), (1)

subject to implementability, where F_1(s_1) stands for [[/"%)} Fi(s;).
We shall use an auxiliary function ¢ : [0,1] — [0, 1] that associates to any s; € [0, 1] the solution

of:

max /0 (v(si, 51) — D(51)) dFy(s1). @)

51€[0,1]
Since v is strictly increasing in s;, the above objective function is strictly supermodular in (s;, §1) and
hence ¢ is weakly increasing in s; (strictly when ¢(s;) € (0,1)). Besides, ¢ is uniquely defined for
almost all s; € [0,1].19:11
To interpret ¢, add fol 0(s1)dF1(s1) to Equation (2) and take expectations with respect to s; as-
suming that s; follows the distribution of the maximum of the entrants’ types s(;) = max{sz, ..., Sn+1}-
Thus, ¢ is also the unique (up to a set of measure zero) function ¢ : [0,1] — [0, 1] that maximizes:

1 b(s1)) 1
/ </ U(S(l), Sl)dFl(Sl) +/: @(Sl)dF1(81)> dF(l)(S(l)), (3)
0 0

#(s(1))
where Fi1)(s(1)) = [[15 Fi(s))-

The above expression is equal to the expected social surplus generated by an allocation that assigns
the good to the entrant with highest type s if &(3(1)) > s1 or otherwise to the incumbent. We refer
to any allocation that satisfies these properties as the allocation associated to (5 Let @ be the set of
the allocations p for which a ¢ exists such that p is associated to ¢ : [0, 1] — [0, 1]. Thus, the allocation
associated to ¢ is the unique (up to a set of measure zero) allocation that maximizes the expected

social surplus among the allocations in ®. Further:

Lemma 1. The allocation p that maximizes the expected social surplus, Equation (1), subject to:

Q1(s1,p) :/[ ] p1(s1,5-1)dF_1(s_1) increasing in s (4)
0,1]"

belongs to .

9Since we assume preferences quasilinear in money, second best efficiency is equivalent to Holmstrém and Myerson’s

(1983) concept of ex ante incentive efficiency.
108ince the objective function is strictly supermodular, the set of solutions is a correspondence strictly increasing in

si, see for instance Amir (2005), and hence it is single valued almost everywhere in its domain.
11t is irrelevant for our analysis how we define ¢ in the case in which there are several solutions to the previous

equation. As a convention, we take ¢ equal to the minimum solution.



Proof. Note that the maximization in the lemma is equivalent to the following two stage maximization.
First, one maximizes the expected social surplus, Equation (1), with respect to p subject to the
constraint Q(.,p) = Q(.) for an arbitrary increasing function Q : [0,1] — [0,1], and second, one
maximizes with respect to Q() the resulting outcome of the first maximization subject to ) increasing.
For any Q : [0,1] — [0,1] increasing, the corresponding first stage maximization can be rewritten as

follows:

fol (s1)Q(s1)dF1 (s1) + f[o,l]nﬂ <Zi¢1 pi(s)v(ss, 51)) dFy(s1)dF_1(s-1)

s.t. f[o,l]n > iz Pi(8)dF_1(s-1) =1 — Q(s1)Vsy € [0,1].

max
p:[0,1]* 1 = A(n+1)

Since the objective function is a continuous function defined in a compact set it has a maximum if the
feasible set is non empty. It is easy to see that this is the case. To characterize its maximum we leave

aside the first term, which is constant in p, and write the Lagrangian associated:

/ Zpi(s)v(si,sl) dFy(s1)dF_1(s_1)
0.1\

1 A
- [ 2 /[Ovl}n;pxs)dﬂl(s_l)—<1—@<sl>> AFi(s1),

where \ : [0,1] — R is the Lagrange multiplier. Reorganizing the Lagrangian we get:

1 A~
/[0,1]n+1 ;pi@ (v(si, 1) = Alsn)) | dFi(s1)dFa(s-1) +/0 A(s1)(1 = Q(s1))dFi(s1)-

For a given function A, the allocation that maximizes the above problem is characterized almost
everywhere by a function ¢ : [0,1] — [0, 1] implicitly defined by v(1(s1),s1) = A(s1) if a solution
to such equation exists, and by zero or one if v(0,s1) > A(s1) or v(1,s1) < A(s1), respectively. The
good is allocated to the incumbent if 9(s1) > s(;) and otherwise to the entrant with highest type.
The constraint of our problem requires that Fiqy(¢(s1)) = 1 (s1). Since F' and Q are increasing, so
is ¢. This implies that the optimizers of our first stage maximization belong to ®, and so does the

optimizers of the whole problem, as desired. |

One can show by adapting Myerson’s (1981) arguments that Equation (4) is a necessary condition
for implementability. Furthermore, the allocation associated to ¢ is implementable because it is

monotone.'? Hence, the next result is a corollary to Lemma, 1.

12Monotonicity is equivalent to ex-post implementability, which implies Bayesian implementability. See Chung and



Corollary 1. The second best allocations are equal to the allocation associated to ¢ almost everywhere.

A key fact that follows from the above characterization of the second best is that in the second
best allocation it is never the case that an entrant who has not the highest ex-post value for the asset
for sale gets the object. The reason why the second best, if it allocates to an entrant, is always able
to select the one with highest value is that in the constrained maximization problem that we solved
to determine the second best solution the only incentive compatibility constraint that was binding
was the one for the incumbent. Below we exploit the mentioned fact to prove that open ascending

auctions cannot implement the second best.

4 The Open Ascending Auction

We assume the model of the open ascending auction described by Krishna (2003). This auction model
is a variation of the Japanese auction proposed by Milgrom and Weber (1982) in which the identity
of the bidders is observable. This is a dynamic game in which bidders decide when to quit. The price
starts at zero and increases continuously until one bidder quits. Then, the price stops increasing and
the following algorithm is implemented. The identify of the bidders that last quit is made public. If
all the bidders have already quit, the good is allocated with equal probability among the bidders that
quit last at the current price. Otherwise, the bidders that have not quit yet can decide (independently
and simultaneously) whether to quit. If some other bidders quit, we repeat the former algorithm.
Otherwise, the price begins to increase continuously again until some other bidder quits. In this case,
we repeat the former algorithm.

In this section we first provide conditions under which the second best allocation cannot be imple-
mented with an open ascending auction. Second, we focus on a particular framework to illustrate the
equilibrium of the open ascending auction when it does not implement the second best and discuss
the potential efficiency losses.

Before providing the formal arguments for the two claims above, it is worthwhile to introduce a
simple example to illustrate the type of environments we are looking at, and to provide the intuition
for why rushes occur in those environments in equilibrium. We also use the example to give a simplified

argument for the first claim.

Ely (2002). Alternatively, we provide a mechanism and an equilibrium that implements the allocation associated to ¢

in Section 6.



Example 1. 0(s1) = 51+ 1/2, v(s4,51) = 5§ + 3s1 F1 and F;, Vi uniform.

The example models situations, such as the franchise bidding described in the Introduction, where
an incumbent, Bidder 1, is ex-post more efficient (has higher value) than the entrants, Bidder ’s, if
her private information indicates a small market (low s;), while entrants are more efficient, otherwise
(high s1). As a building up exercise focus on one entrant only. The equilibrium strategies are:
bi(s1) = s1 + %, and b;(s;) = %, Vs;. Thus, in equilibrium, any type of the entrant outbids the
incumbent. If the incumbent quits at p < % — %, outbidding her conveys ”"bad news” to the entrant,
as it means that he wins the auction, but p > % + 3s1. The reason why staying active as long as the
incumbent is active is an equilibrium is that such expected losses are more than compensated by the
expected profits from winning, when p > % — %. The resulting allocation is not first best efficient, but
it is second best efficient.'® Suppose that we now add additional entrants that for simplicity are all
ex-ante symmetric as stated in the example. The key observation is that the exit of the incumbent can
provide negative information to all the bidders that are still active when the incumbent exits. In fact,
if the incumbent quits at p < 1—72 the information conveyed is so negative that any entrant still active
(regardless of his type) will quit immediately. This means that in our environment entrants that hold
different willingness to pay for the asset on sale quit at the same price after "bad news” is aggregated.
But then since in a standard open auction the winner is randomly selected when a rush occurs, we
have that the (second best) efficient allocation cannot be achieved because the latter never allocates
to an entrant different from the one with highest type. While our main focus is on efficiency, notice
that if one were also concerned with the ability of the market to aggregate information held by market
participants, rushes would be detrimental even if they did not produce an inefficiency loss. This is so
as the market after a rush occurs cannot distinguish between the different private information that
the entrants the participated in the rush held. We do not stress this issue further as in our model
the entrants private information is relevant only for him, and thus the loss in terms of information
aggregation is present, but has no consequences.

To see why the open ascending auction cannot implement the second best in this example, suppose
for the sake of contradiction that it does. Then, it is not possible that two or more bidders are active
at p > % as otherwise a rush would occur, which we argued is not compatible with the second best. In

order to select to most efficient entrant to be the only one active at p > %, it must be that entrants quit

according to some strictly increasing strategy such that even the highest possible type quits at some

13To determine the second best, Corollary 1 can be applied.

10



p < % However, if all entrants follow such strategy, any of them as a unilateral profitable deviation:
to outbid all other entrants and stay active till the incumbent quits.

The proof in the subsection below proves the result in general following the same argument. The
following subsection, instead, derives the equilibrium strategies for the open auction and thus shows
that rushes indeed occur in equilibrium. Finally, Proposition 3 shows that rushes can happen with

arbitrarily high probability.

4.1 On the Impossibility of a Second Best Implementation

It is easy to see that, as in private value auctions, the unique weakly dominant strategy for the
incumbent is to remain in the auction until the price reaches her value (s;).!4

Note that when the incumbent plays her weakly dominant strategy and quits at price p an entrant
can infer that the incumbent’s type is equal to 9~ !(p). An adaptation of the above argument implies
that an entrant, after observing the incumbent dropping at p, finds it optimal to quit if and only if the

current price is strictly greater than v(s;, © 1(p)), where s; denotes his type. Thus, an entrant of type
5; < p(0~Y(p)) quits immediately after the incumbent if the incumbent quits at price p € (9(0), (1)),
where p(s1) is the solution in s; to v(s;, s1) = 0(s1) and either 0 or 1 if v(0,s1) > 0(s1) or v(1,s1) <
0(s1), respectively. Further, an entrant of type s; in an information set in which all the other entrants
have quit at a price p < 9(¢(s;)) and the incumbent is still active finds it optimal to remain in the
auction until price 0(¢(s;)). To see why note that our entrant wins if and only if the incumbent’s

exits at 0(s1) less than p and in this case pays the price at which the incumbent exited. Hence, the

expected payoffs of our entrant when he bids p are equal to:

91(p) ' . dFy(s1)
/@1(1)) (v(s3,51) = 0(s1)) T—p o=ty R ()

which is maximized at p = 9(¢(s)) by definition of ¢.1°
To simplify our arguments, we restrict attention to equilibria in which the entrants’ strategy satisfy
the two features discussed in the previous paragraph, though the restriction is unnecessary for our

results.

141f the incumbent quits at a lower price than ©(s1), she misses the opportunity of winning at profitable prices and if

she remains when the price goes above 9(s1), she risks winning when the price is higher than her value.
15To see why, notice that one can get the same maximand as in Equation (2) multiplying by 1— F; (97 *(p)) and adding

~—1
Iy ®) (s, 81) — 0(s1))dFy (s1) (both of which are constant with respect to $) after the change of variable p = 9(51).

11



For a given vector of types (si1,...,Sn+1), we say that the first best allocates to the incumbent if
0(s1) > v(s1),51), i-e. s(1) < p(s1), and we say that the second best allocates to one of the entrants if
51 < ¢(s(1))-

There are, at least, two typical situations in privatizations, and also in procurement and takeover
contests, in which the first best allocates to the incumbent and the second best to one of the entrants.
The first situation arises due to technological differences between the incumbent and the entrants of
the sort described in the Introduction. The second arises when the common value is a dichothomus
variable and has been illustrated by Boone and Goeree (2009) and Hernando-Veciana and Michelucci

(2011).

Proposition 1. If there is an open set of types for which the first best allocates to the incumbent and
the second best to one of the entrants, then there is no equilibrium of the open ascending auction that

implements the second best.

Proof. We argue by contradiction. We assume an equilibrium that implements the second best and
show that there are incentives to deviate. Note that the argument does not rely on the specific tie
breaking rule assumed, as long as it does not allocate, with probability one, to the entrant of highest
type.

In our proof, we pick an entrant of type s*, an incumbent of type s and an € > 0, such that (i)
s7 < o(s*); (i) v(s* +€,57) — 0(s7) < 0 (and hence v(s;, s7) — 0(s}) < 0 for any s; € [s*,s* + €]);
and (iii), v(s;, s1) — 0(s1) crosses zero at most once and from above as we vary s; in [0, si] for any
si € [s%,s" + €]. Types that satisfy (i) and (ii) exist as a direct consequence of the conditions of the
proposition and the continuity of v. Note that if these types do not satisfy (iii), it must be because
another incumbent’s type s’ < s} exists that together with s* and a sufficiently small € satisfies (i),
(ii) and (iii).

A key result in our proof is that along the equilibrium path only the entrant with largest type is
active at price v(s}) if his type lies in [s*, s* + €] and the incumbent is also active. If this did not
hold, then we would have a rush, which is not compatible with the starting assumption that the open
ascending auction implements the second best.

We show that an entrant of type s* has a strictly profitable deviation, to behave as a type s* + €
(according to the assumed equilibrium strategy) until either (a) the incumbent quits, say at price p,
or (b) all the other entrants quit. If (a) occurs first, the deviating entrant remains in the auction until

the price goes above v(s*,971(p)). If (b) occurs first, the deviating entrant remains in the auction

12



until the price goes above 0(¢(s*)).

To see why the deviation is strictly profitable, we first note that our entrant wins in the same cases
(and pays the same prices) with the original strategy as with the deviation, if the highest of the other
entrants’ types, say y(q), is less than s*. We also note that our entrant loses with both the original
strategy and the deviation if y(;) is greater than s* + €. Both statements hold true as a consequence
of the fact that the strategy profile implements the second best and the second best is monotone,
and that after (a) or (b), our entrant plays the same actions with the original strategy and with the
deviation.

Suppose now that yy € (s*,s* +¢). The fact that the second best only allocates to the entrant
with the highest type means that the deviating entrant loses, and hence gets zero payoffs, when
playing the original strategy. We shall show that the deviation gives the deviating entrant strictly
positive expected profits. To prove so, let 7 be the value of s; € [0, s7] such that v(yq),s1) > 9(s1)
if 51 € [0,7) and v(y(1),s1) < 0(s1) if 51 € (7,57]. That 7 exists follows from (iii). We distinguish
two cases depending on whether or not the incumbent’s type s; is less than 7. If it is the case, the
deviating entrant makes non negative payoffs. The explanation differs depending on whether (a) or
(b) occurs first. In the former case, the explanation is that our entrant loses because it is outbid by
the entrant with largest type y(;) since s1 < 7 means that v(y(1),s1) > 9(s1) and hence the entrant
of type y(1) raises his bid after (a) up to v(y(), s1), which is greater than the deviating entrant’s bid
max{0(s1),v(s*, s1)}. In case (b), the explanation is that our entrant can guarantee zero payoffs by
quitting immediately after the other entrants, and our proposed game play after (b) is optimal and
thus must give non negative payoffs.

To conclude the proof we argue that if the incumbent’s type is greater than 7, the expected payoffs

are no less than
B(s*)
[ s = its)ar(s),

which is strictly positive by definition of ¢(s*). To see why these are the expected payoffs, note first
that if s1 € [7,s]), v(s%,51) — 0(s1) is a lower bound for the payoffs because v(y(1y,s1) — 0(s1) < 0
implies that all the entrants still active quit immediately after the incumbent. Hence, the minimum
payoff for the deviating entrant occurs when he wins, in which case he pays the incumbent’s bid 0(sy).
Second, if s1 > s}, our key result above implies that (b) occurs and hence the deviating entrant wins

if and only if s < ¢(s*). In this case, the price is equal to the incumbent’s bid 0(s7).
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4.2 Equilibrium Rushes and Efficiency Losses

In this subsection, we characterize the equilibrium of the open ascending auction under the conditions
of Proposition 1. To do so, we impose some additional assumptions that simplify the description of
the equilibrium: (I) all the entrants’ types follow the same distribution F' with density f,ie. F; = F
for all j # 1; (II) there are only two entrants, i.e. n = 2; (III) v(s;, s1) — 0(s1) is strictly increasing in
s1; (IV) fo v(0,81) — 9(s1)) dF1(s1) > 0; and (V) v(0,0) — 9(0) < 0.

Relaxing (I) requires solving several versions of the differential equations in (5), one per each
different distribution of entrants. Note that an additional source of inefficiencies arises when we
relax (I), because there is no guarantee that the solutions to the corresponding equations imply an
equilibrium in which the entrant that quits first has the lower type among the entrants. Relaxing (II)
requires characterizing the bid behavior in information sets in which the incumbent and three or more
entrants are active. The only complication is the notational burden. Assumption (IIT) implies that p
is a decreasing function (strictly if p(s1) € (0,1)), Assumptions (III) and (IV) imply that ¢(s;) = 1
for any s; € (0,1] (that is the second best never allocates to the incumbent), and Assumption (V)
that p(0) > 0. Assumptions (III)-(V) guarantee that the set of types for which the conditions of
Proposition 1 apply is not empty and lies at the bottom of the support of all the bidders’ types.
Although our solution can be easily adapted to a general setting, the notation becomes cumbersome
and the characterization may require solving several differential equation as in (5), one for each
disconnected set of types in which the conditions of Proposition 1 apply.

We propose an equilibrium in which the arguments in the previous section pin down: i) the
incumbent’s strategy; ii) the prices at which entrants quit in information sets in which the incumbent
has already quit; iii) the prices at which the entrants quit in information sets in which the other entrant
has already quit (i.e. the only other active bidder is the incumbent.) It is worth noting that after an
entrant quits, the other entrant always outbids the incumbent since ¢(s;) = 1 for any s; € [0,1]. Thus,
it only remains to characterize the prices at which the entrants’ quit in equilibrium in information
sets in which all the bidders are still active. In our proposed equilibrium, an entrant of type s; in
these information sets quits at 9(y(s;)), where v is equal to the (increasing) solution to the differential

equation (5) in the set {(s;,s1) : s1 € [0,1],s; € [0, p(s1))} with initial condition (0) = 0.

9 o) = olon) ot 0=0) PG O s s at3 ) =0, 9
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_ f(s;)(1—F; S; _ .
where 3 = f(si)(1—F1(A/(ii))))(+f1(lv(zs(i)))v)’)(si)(1_p(5i)).16 We let 5 be the value at which « reaches the

boundary of the set {(s;,s1) : s1 € [0,1],s; € [0,p(s1))} and assume that ~(s;) is equal to one for
any s; > 5. Note that p(y(3)) = 5. Figure 1 illustrates the functions v and p. The function ~y
identifies a frontier that separates two areas (top area and bottom area). The bottom area depicts the
signal profiles for which an entrant suffers ex-post regret when winning, while the top area depicts the
signal profiles for which an entrant gets positive profits when winning. The function p also identifies
a frontier that separates two areas (top area and bottom area). The bottom (top) area depicts the
signal profiles for which the entrant exits before (after) the incumbent. Thus, the area below both
frontiers identifies the set of signal profiles, such that the incumbent quits before an entrant of type s,

and such entrant finds it optimal to quit immediately, as he would make a loss if he won at that price.

SlA

Figure 1: Examples of the functions v and p.

This differential equation implies that an entrant of type s; € (0,5) does not have incentives to

That this differential equation has a unique solution follows from applying standard results, e.g. Theorem 2.3 in

Coddington and Levinson (1984), to this transformation:

F(s1) [, Wisiys1) = (1)) dFi(s1)
Fr(y(s:)) FEOCDZEED (5(y(s1)) = v(si, v(51)))

(i) =

The solution is strictly increasing.
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change her bid marginally when all the bidders play our proposed equilibrium. To see why, note that
a marginal deviation (upwards) only matters if it allows the bidder to outbid the lowest of the other
bidders’ bids (and thus, avoids being the first bidder quitting), i.e. in the marginal event of breaking
a tie with the lowest bid of the other bidders. Conditional on this event, two things may happen.
First, if it is the other entrant who bids the lowest, which occurs with conditional probability 3, then
our entrant competes in the last stage against the incumbent until the incumbent quits. This gives
our entrant expected positive profits equal to the expression that is multiplied by § in Equation (5).
Second, it is the incumbent who bids the lowest, which occurs with conditional probability 1 — 3, then
our entrant quits immediately, since the incumbent’s type is equal to v(s;) and s; < 5 means that
si < p(7(s;)). In this case, our entrant makes expected losses equal to 3(v(s;,v(si)) — 9(7(s;))) if the

other entrant also quits immediately after the incumbent, which occurs with conditional probability

F(p(v(si))—F(si)
1-F Sy

Proposition 2. The proposed strategies are an equilibrium of the open ascending auction under as-

sumptions (1)-(V).

Proof. The incumbent has no incentive to deviate. Additionally, we have already argued that our
proposed strategy for the entrants is a best response in information sets in which one bidder has
already quit. Hence, it is sufficient for our proof to assume the former play and show that an entrant
does not have incentives to deviate in information sets in which no bidder has quit yet. We restrict
attention to deviations in [0(0),(1)]. An entrant that quits at a price strictly less than 9(0) loses with
probability one, as when quitting at price ©(0). An entrant cannot quit at a price strictly larger than
0(1) in information sets in which the incumbent is still active, because the incumbent quits before
the price reaches 9(1). We next compute the expected utility of an entrant of type s; that deviates
and plans to quit at a price b € [0(0),0(1)]. We distinguish three cases depending on who quits first.
Denote by s; the other entrant’s type. First, if the deviating entrant quits first, he makes zero payoffs.
Second, if the other entrant quits first (i.e. 9(7(s;)) < min{b,v(s1)}), the deviating entrant wins and
pays the incumbent’s exit price, deriving expected payoffs equal to:'”

Y HOTHb) gl

/ / (0(s5, 51) — D(s1)) dF (51)AF (s;).

0 v(s5)

Third, if the incumbent quits first (i.e. 0(s1) < min{o(y(s;)),b}), we distinguish two subcases depend-

ing on whether the deviating entrant quits immediately after the incumbent (i.e. v(s;, s1) —0(s1) < 0).

'"We adopt the convention that v~ *(s1) =3 for s1 € [y(3), 1].

16



If this is the case, the deviating entrant wins and pays the incumbent’s bid v(s;) with probability 1/2
when the other entrant also quits (i.e. s; < p(s1)). The expected payoffs derived from this subcase

are equal to:18

16) polo) ) -
/ / £ (wlsi, 1) — (s1)” dF(s))dF (s1).
0 infy (s pton))

The other subcase arises when v(s;, s1) — 0(s1) > 0. Then, the deviating bidder remains active until
the price reaches his value v(s;, s1) and, thus, wins if his value is greater than the price at which the

other entrant quits. The expected payoffs derived from this subcase are equal to:

971(b) pl
/ / (v(si, 1) — max{0(s1),v(sj,51)}) " dF(s;)dFy(s1),
0 77 (s1)

since max{v(s1),v(8,s1)} is the proposed bid for a type 5.

The sum of the last three equations satisfies: (i) increasing differences with respect to s; and b,
i.e. the cross-differential with respect to s; and b is positive; (ii) that its differential with respect to
b is equal to zero for s; € [0,5] and b = 0(7(s;)), i.e. the entrant does not have incentives to deviate
locally; and (iii), that the resulting expression is constant in b for any b in [0(y(3)),(1)] and s; = 5.
(i) is straightforward, (ii) follows from the definition of v and (iii) because each of the three equations
are constant in b for any b in [6(y(3)),9(1)] and s; = 5: the first one because v~ !(b) = 5; the second
one because v(8, s1) — 0(s1) > 0 for any s; > (5) since v(s,¥(5)) — 0(7(5)) = 0 and we assume (III);
and the third one because vy~ 1(s1) = 5 for s1 € [(5),1]. (i)-(iii) imply that for any s; € [0,1] the sum

of the above three equations is maximized by fixing b = 0(v(s;)) as desired. [

In our equilibrium, there are rushes. They occur when the vector of types (s1,$2,3) satisfies
s1 < v(s;) and s; < p(s1), ¢ = 2,3. The former condition implies that the incumbent is the first bidder
to quit, and the latter that both entrants quit after the incumbent. The proposition below illustrates
a special case where the probability of rushes is arbitrarily close to one. It points out that the reason
why rushes can arise with very high probability is that entrants can find it profitable to face losses

with high probability if they expect very high profits when a rush does not occur.

Proposition 3. Suppose that 0(s1) = s1 + 1 and v(s;,s1) = s; + 575 where a >0 and § = L

l—e o2
and that F and Fy are uniform.'® In equilibrium, the probability that a rush occurs tends to one as

8We adopt the convention that (a)~ is equal to a if a < 0 and zero otherwise, and (a)™ is equal to a if @ > 0 and zero

otherwise.
19 Although the value functions do not satisfy (ITT), we can also construct an equilibrium as in Proposition 2. To see

why, note that in that construction, the role of (III) is to guarantees three properties: ¢(s;) = 1 for s; € [0, 1]; the
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a goes to zero. In the limit, the good is allocated between the two entrants with equal probability and

independently of their types.

Proof. To prove the proposition, we show that both p(s1) and 7(s;) tend to one as « goes to zero V
s1 € [0,1) and V s; € (0, 1], respectively. The former is straightforward since by definition p(s1) =

min{l,s; +1 — ﬁ}, and lim,_.g ﬁ =0 for any s; € [0,1).

2

1—e a2 1—e

To prove that ~(s;) tends to one for any s; € (0,1], we argue by contradiction. Suppose that an
si € (0, 1] exists, for which ~(s;) remains below and away from one as « tends to zero. Note that by

definition v satisfies:

| f’yl(l) Si + 10; i s1— 1] dsy
5 176_22 ~
’Y(Sl) = 0 ds’ia (6)
P("/(gé))—gi ’7(5@) 4 1— '§’L _ . o _

where recall that (3;) also remains below and away from one for any §; € [0, s;] because 7 is increasing.

1-5
2

The denominator in Equation (6) tends to =5 (y(8;) +1—§;) > 0 as « tends to zero and the integral

in the numerator is equal to:

! 1)

5= 9(5) + = +adn(l = (E) +e () - 2o — (11 (),

which diverges to infinity as « tends to zero. This contradicts the fact that v(s;) is below and away

from one. u

5 Other Standard Auctions

We have shown that rushes cause the open ascending auction to be inefficient. Since rushes occur
because the format of this auction type allows all active bidders to aggregate the same negative
information, it is natural to explore whether other standard formats that do not allow information
aggregation can be optimal. Indeed, we show, for a particular case of the setup discussed in the
previous section, that the allocation implemented by the open ascending auction is the worst among
the standard auctions: all other standard auctions except the open ascending auction implement the

second best. To the best of our knowledge, no such result previously existed in the auction literature.

solution to Equation (6) with initial condition (0, 0) increases until the point (3,~(5)) where it crosses with the graph of
p; and v(S,s1) — 9(s1) > 0 for s; > (5). It can be shown that these three properties are verified in the example for o

small.
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Proposition 4. All the standard auctions except the open ascending auction (i.e. the first price
auction, the Dutch auction and the second price auction) implement the second best if ¢(0) = 1,
F; = F for all®° i and:
/1 v(0, s1)dFi(s1) > 0(1).
0

Proof. We propose some strategies, check that they form an equilibrium and show that they implement
the second best. The procedure is identical for each of the standard auctions (excepting the open
ascending that has been analyzed already in Section 4.1). Let V(s;) = fol v(8;, 81)dF1(s1) for any
i # 1 and consider the unique symmetric equilibrium of each of the standard auctions for n bidders
with value function V(s;) and types i.i.d according to a distribution function F', see for instance
Krishna (2002). Our proposed equilibrium is that the entrants use this strategy and the incumbent
bids her value. To see why this strategy profile is an equilibrium of our model, note that all the
entrants bids are larger than V(0) and hence than ©(1). This means that neither the incumbent nor
the entrants have incentives to deviate: the incumbent, because she does not find it profitable to win
at any price at which she can win and indeed her proposed bid always loses; and the entrants, because
the event of winning or losing is not informative of the incumbent type s; and so entrants compete
as in a private value auction. Finally, when all bidders follow the proposed strategies, the good is

allocated to the entrant with highest type, as required by the second best when ¢(0) = 1. |

Under the conditions of the proposition, the second best allocates to the entrant with the largest
type. An equilibrium that implements this allocation in each of the standard auctions except the open
ascending auction is that the incumbent bids her value, and entrants bid as if there were no incumbent.
This is the case, for instance, for Example 1 of Section 4, for which we have: bi(s;) = % + s,
bi(si) = %—i— %, Vi, for the second price auction; and, by (s1) = %4— s1, bi(s;) = %—i— %, for the first price
auction and the Dutch auction. Certainly, this argument only applies under the special conditions
of the proposition. In general, standard auctions do not implement the second best because, beyond
the special case of this section, the second best requires some information to be aggregated. Using
a multi-stage second price auction allows to achieve the second best. The next section presents such

solution.

29The assumption F; = F for all 4 is not necessary in the case of the second price auction.
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6 A Multi-Stage Auction

In this section, we show that the two-stage sealed bid auction analyzed by Perry, Wolfstetter, and
Zamir (2000) has an equilibrium that implements the second best allocation. In a first stage, all
bidders submit a bid, and in a second stage, the first stage bids and identities of all the bidders but
the two highest, the top bidders, are made public and the top bidders are allowed to revise their bids
upwards to make their final bids. The good is allocated to the top bidder that submits the highest
final bid at a price equal to the final bid of the other top bidder.2!:22

As pointed out by Perry, Wolfstetter, and Zamir (2000), this mechanism shares many features
with the open ascending auction. To underline the parallelism, note that the open ascending auction
is strategically equivalent to the following multi-stage mechanism. The auction starts with all the
bidders being active and the minimum price set to zero. At each stage, all active bidders submit a bid
larger than the current minimum price. At the end of each stage, the bidder submitting the lowest
bid becomes inactive, her identity and bid are made public and the current minimum price is reset to
her bid. The auction ends when no more than one bidder remains active. This bidder wins and pays
a price equal to the bid of the last bidder declared inactive.

Our two-stage sealed bid auction differs from this mechanism in two aspects. First, our auction
only has two stages. Second, in our auction, the minimum price set after the first stage is different
across bidders and it is equal to the bidder’s bid in the previous stage. The second difference is key
to our results. By allowing for exogenous differences across bidders in the minimum prices, it avoids
ties in case bidders choose their minimum feasible bids without upsetting the good properties of the
open ascending auction. The first difference does not seem essential for our results. Increasing the
number of stages allows bidders to condition their bids on more information and thus expand the
set of allocations that could be potentially implemented. In our setting, as in Perry, Wolfstetter and

Zamir’s (2000), two stages prove to be sufficient, and we expect our results to hold true in a general

21We do not make explicit the tie-breaking rule in this section because it is not relevant for our analysis because ties

occur with zero probability in our equilibrium.
22 An alternative rule is to reveal only the identity of the two bidders that qualify to the second stage, while keeping

unaltered all other details. This alternative rule is more parsimonious in the amount of information that is transmitted
across stages, and therefore simplifies some of the analysis below and makes the interpretation of the break even condition
(8) easier, see footnote 27. However, we do not observe it in practice. The reason might be that it does not allow for the
aggregation of the private information of the non qualifying entrants, which is irrelevant given our assumptions, but in

general might matter.
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multi-stage version of our proposed auction.

We can use the same arguments used in Section 4.1 to analyse the open ascending auction to
conclude that: it is weakly dominant for the incumbent to bid her value ©(s1), both in the first and
in the second stage;?3the optimal bid in the second stage of an entrant top bidder of type s is either
v(s;, 97 1(p)) or her first stage bid, whichever is larger; and if the incumbent is the other top bidder,
an entrant of type s that bids less than v(¢(s;)) in the first stage, finds it optimal to increase his bid
in the second stage to 0(¢(s;)).

The former play implies that the following property must be verified in information sets in which

the top bidders are entrants:

Property P1: The top bidder entrant with higher first stage bid wins if his type is larger than the
type of the other top bidder entrant.

Note also that an entrant of type s; finds it weakly dominated to bid less than v(s;,0) in either of
the two stages. This is his minimum possible value and bidding less could mean losing the opportunity
of winning at profitable prices without affecting the price paid in case of winning.

We propose an equilibrium in which the arguments above pin down the incumbent’s strategy and
the entrants’ bids in the second stage. Further, in our proposed equilibrium an entrant with type
s; uses a strictly increasing bid function b(s;) in the first stage that it is equal to v(s;,0) if either

v(si,0) > 0(1) or ¢(s;) = 0,24 and otherwise it is equal to ©(¢(s;)) where ¥(s;) € (0, ¢(s;)) is a strictly

23Note that the incumbent’s first stage bid cannot affect the second stage bid of her opponent simply because first

stage bids are not revealed.
24Note that if v(s;,0) > ¥(1) our proposed bid is greater than #(1) whereas if ¢(s;) = 0, our proposed bid is less than

©(0). The former is direct and the latter is because ¢(s;) = 0 requires that v(s;,0) — 9(0) < 0.
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increasing function implicitly defined by:25:26

s s
[ ) ot amiGs + / f( )) (v(s5, 1) — (1)) dFi(51) = 0. @
8

Condition (8) can be interpreted as a break even condition for a type s; entrant conditional on his
first stage bid, 0(¢(s;)), resulting in a tie with the highest of the other entrants. Conditional on such
event, there are two possibilities to be considered: the incumbent placed a bid lower than (¢ (s;)),
or above 0((s;)). The sum of the expected profits under these two possibilities is equal to zero by
construction, which means that expected expected profits must be non positive in one case, and non
negative in the other.The non positive part has to corresponds to the case for which the incumbent
bid is below the entrant’s first stage bid. The reason is that in such case the top bidders are the
two entrants, and since they have the same type, they cannot gain strictly positive profits. This non
positive component is captured by the first integral in the left hand side (LHS) of Equation (8). The
non negative part corresponds to the case the incumbent bid is above the entrant’s first stage bid. In
that case, the entrant that breaks the tie qualifies with the incumbent. Expected profits in this case
cannot be strictly negative, as in the second stage the entrant can always opt not to revise his bid,
which would yield zero profits. This non negative component is captured by the first integral in the

left hand side (LHS) of Equation (8).27
Notice that also in a second price auction with private values the equilibrium bid is derived by a
break even condition. However, in private values, conditional on a tie, there is ex-post break even,
while here, conditional on a tie with the highest of the other entrants, the break even is only in
expectations. To continue the parallelism with the second price auction with private value, recall that
a bidder never regrets having won or lost, given the ex-post information about the bidding of the other

bidders. While this is not the case in our model, what is true is that the entrant would not regret

25Tf ¢(si) € (0, 1], one can deduce that there is a unique 9(s;) € (0, ¢(s;)) that solves Equation (7) from the fact that
its left hand side is a continuous strictly decreasing function in (s;), strictly positive at 1(s;) = 0 and strictly negative
at ¥(si) = ¢(s;). The first fact is direct, the second fact follows from the definition of ¢ using that ¢(s;) > 0, and
the third fact because either ¢(s;) € (0,1) and then the definition of ¢ requires that v(s;, ¢(s)) = 9(¢(s:)) and hence
v(84,81) < O(P(s4)) for s1 < P(ss), or ¢(s;) =1 and then it follows from the condition that v(s;,0) < 9(1). Finally, that

the left hand side of Equation (7) is strictly increasing in s; means that ¢ (s;) is a strictly increasing function.
26That b(s;) is strictly increasing follows from the fact that v(.,0), © and 1 are strictly increasing functions and the

optimality conditions of the problem that defines ¢ imply that v(s;,0) —9(0) < 0 if ¢(s;) = 0.
2"Note that if we had used the rules in footnote 22 condition (8) would be modified to include also the positive terms

in the first term of the LHS, and we could interpret the first stage bid as the maximum reservation price at which an

entrant would be happy to enter a SPA against the incumbent.
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his first stage bid if he were informed about the bidding of the other entrants. The proof verifies that
indeed there are no profitable deviations.

The next proposition shows that the proposed strategies are indeed an equilibrium.
Proposition 5. The proposed strategies are an equilibrium.

Proof. We show in this proof that when all the bidders follow the proposed strategies, an entrant does
not have incentives to deviate in the first stage. This is sufficient because the incumbent does not
have incentives to deviate, and we have already argued that our proposed strategy for the entrants
is a best response in the second stage. It is still necessary to specify how a deviating entrant plays
after a first stage bid p > v(¢(s;)) when he is a top bidder together with the incumbent. Adapting
the arguments used for the case p < 9(¢(s;)) at the beginning of Section 4.1, one can conclude that

the optimal bid is equal to p if p > (1), and if p € (3(¢(s:)),d(1)], it is equal to 9(¢(s;, p)) where:23

~

Hsp) = argmaxs -1y /0 (0(s1,51) — 9(s1)) dF (s1)

S1 ~ dFi(s
= argmaxz c(o-1(p).1] ) (U(Si,s1)—v(51))l_ﬂl(;_ll)(l~))),

for any b, where b denotes the largest bid revealed in the first stage. The equality follows because the
two maximands are an affine transformation of each other with parameters constant in §;.2° Clearly,
B(si) = d(si,p) if p < 0(P(s;)). We assume that the deviating entrant plays these second stage bids.

In our analysis, it is convenient to generalize the definition of 1 to the whole interval [0, 1]. We let
¥ (s;) = 0 for those values of s; such that ¢(s;) = 0 and we let 1(s;) = 1 for those values of s; such
that v(s;,0) > 0(1).

We first study the incentives of an entrant of type s; to deviate upwards to a bid p > b(s;). All
along the proof, we denote by y(;) the highest type of the other entrants. We show that there are no

strict incentives to deviate distinguishing two cases:

(a) Ifo(s1) > b(y(1)) (i-e. s1> ¥ (yq1))) our entrant can be top bidder only when the incumbent is the
other top bidder, and hence pays price 0(s1) if he wins. In this case, bidding p or b(s;) changes
whether the deviating entrant wins only if either (i) b(y(1)) € (b(si),p) and s1 < d(ss,p); or (ii)

b(y1)) < b(si) and s1 € (P(si), d(s:,p)) C (Y(ya)), 1] (since ¢(si) > P (si) > ¥(y(1y)). If either

28 As for the case of ¢, the solution to this maximization problem is unique except in a set of measure zero. It is

irrelevant how we define ¢ in the case of multiple solutions, as a convention we take the minimum solution.
298ee Footnote 15.
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b(yay) > p or s1 > d(si,p), our entrant loses with both b(s;) and p, as it is outbid by another
entrant and the incumbent in the first stage or by the incumbent in the second, respectively,
whereas if b(y(1)) < b(si) and s; < ¢(s;), our entrant wins with both b(s;) and p. In case (i) and
(ii), however, our entrant wins with the bid p but loses with b(s;). In case (i), this is because
our entrant is a top bidder with p but not with b(s;) and in case (ii) because our entrant outbids
the incumbent in the second stage when she bids p in the first stage but not when she bids b(s;)

in the first stage. The expected increase in payoffs that corresponds to case (i) is equal to:

b1 (si,p)
/ /w o(si, 51) — 0(s1)) dFy (s1)dF ()" (8)

(y(1))

b= p) polsip)
/ / v(yy, s1) — 9(s1)) dFy(s1)dF (ya))™ ™" (9)

Y(y(1))

b (p y(1))
/ /w (o), 51) — 0(s1)) dF (s1)dF (yy)™ ", (10)

(Y1)
where we have used the monotonicity of v in the first inequality and the fact that 51 = ¢(y(1))

maximizes fj%yu)) (v(y(l), s1) — {)(31)) dFy(s1) subject to §1 > w(y(l)) in the second inequality.

The expected increase in payoffs that correspond to case (ii) is equal to:

si [d(sip)
L s sy ani )

which is non positive by definition of ¢.

(b) If 9(s1) < b(yay) (i-e. s1 < ¥(yq))), our entrant can only be top bidder with the entrant of
type y(1) and hence pays a price equal to max{v(y(),s1), (¥ (y1)))} if he wins. Bidding p or
b(si) changes whether the deviating entrant wins only if b(y(1)) € (b(si),p). If b(y)) < b(s;)
our entrant wins with both b(s;) and p, whereas if b(y(;)) > p, our entrant loses with both b(s;)
and p. In both cases, this is a consequence of Property P1. If b(y(1)) € (b(s:),p), then y(1) > s,
and our entrant is the top bidder with highest bid if he bids p but he is not when he bids b(s;).
Property P1 implies that he loses when he bids b(s;). However, he wins with bid p if the other
top bidder does not find it profitable to win, i.e. v(y(1),51) < max{p,v(s;,s1)}. In this case, our

entrant makes profits v(s;, s1) — max{v(y(1), s1), 9(¥(y(1)))}, which are are less than:

v(y(1), 1) — max{v(yy, 51), 0 (yay))} = (v(yays s1) — 0(b(yy)))

39We are using again a variation of the argument in Footnote 15.
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Note that since b(x) = 0(1(x)), v(yq), s1) < 0(¢(y1))) implies that v(y(1), s1) < b(y(1)). Hence,
b(ya)) < p implies that v(y(y),s1) < max{p,v(s;,s1)}, which means, as explained above, that
the deviating entrant wins with p whenever v(y(1),s1) < 9(¥(y(1))). Consequently, the expected

increase in payoffs that corresponds to the case 0(s1) < b(y(1)) is less than:

b1 (p) (Y1) )
[ s = o) iR )dr ) (1)

The sum of Equation (10) and (11) is equal to zero by definition of 1. Hence, we can conclude
that our entrant does not have strict incentives to deviate upwards in the first stage.

We follow a similar approach for downward deviations in the first stage, p < b(s;):

(a) If 9(s1) > b(yay) (i-e. s1 > 9(y())), our entrant can be top bidder only with the incumbent and
thus pays ©(s1) if he wins. In this case, bidding p or b(s;) changes whether the deviating entrant
wins only if b(y(1)) € (p,b(s;)) and s1 < ¢(s;). If either b(y(1)) > b(s;) or s1 > ¢(s;) our entrant
loses with both p and b(s) because either he is outbid in the first stage by another entrant or in
the second stage by the incumbent, respectively. If b(y(;)) < p and s1 < ¢(s;) our entrant wins
with both p and b(s;). However, if b(y«)) € (p,b(s;)) and s1 < ¢(s;), the bid b(s;) causes our
entrant to be a top bidder in the first stage that outbids the incumbent in the second, whereas
this is not the case when the entrant bids p instead. Thus, the deviation decreases the expected

payoffs in:

/ / o(si, 51) — 0(s1)) dFy (s1)dF (y))""" (12)
(Y1)
> [0 / osirs1) = 2(s0)) dFy (s1)AF (yy)" ™ (13)

> [ / (v(yay. 1) — (s1)) dFs (s1)dF ()™ (14)
b=1(p) J(y1))
where we have used the definition of ¢, first, and the monotonicity of v, second.

(b) If 9(s1) < b(y(1)) (i.e. s1 < ¥ (y(1))), our entrant can only be top bidder with type y(;) entrant
and hence pays price max{v(y(1),s1),9(¢(y(1)))} if he wins. In this case, bidding p or b(s;)
changes whether the deviating entrant wins only if b(y(1)) € (p,b(s:)). If b(y(1)) < p our entrant
wins with both b(s;) and p and if b(y)) > b(s;) our entrant loses with both b(s;) and p, in
both cases, as a consequence of Property P1. If b(y)) € (p,b(si)), then yqy < s; and our
entrant is the top bidder with highest bid if he bids b(s;) but he is not when he bids p. Property
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P1 implies that he wins with b(s;) and hence get payoffs v(si, s1) — max{v(y), s1), 0((ya))}-
However, the bid p only wins if the deviating bidder is a top bidder and finds it profitable to
outbid the other top bidder entrant, i.e. v(s;,s1) — max{v(y(1),s1),0(¥(y(1)))} = 0. Thus, the
payoffs after the deviation are at most (v(s;, s1) — max{v(y(), s1), @(w(y(l)))})Jr. Consequently,

the deviation decreases the expected payoffs at least in:

s Y(ya))
[ / (0(si, 51) — max{o(yy, s1), 0@ (y))})~dFL (s1))dF (g™ (15)
b=1(p) JO
> / /W(l))(v(y 51) — max{v(yr), s1), ()}~ dF (s1))dF (g (16)
= 1) Jo (1), 51 (1)»51)s (1) 1(51 (1)

s P(yay)
- / / (o(yny, 51) — D@ () dFy (s1))dF (g™ (17)
b=1(p) JO

To conclude why our entrant does not have strict incentives to deviate downwards, note that the

sum of equations (14) and (17) is equal to zero by definition of . [
Finally, we conclude our argument with the following result.

Proposition 6. If all bidders play our proposed equilibrium, the second best allocation associated to

¢ is implemented.

Proof. Let sy = max{s;}ix1. If ¢(s(1)) > s1, the second best allocates the good to the entrant with
the highest type. To see why our auction implements this outcome, note that the monotonicity of the
entrant’s first stage bid means that the entrant of type s(q) is a top bidder. The bid functions in the
second stage mean that the entrant of type s(;) wins if the other top bidder is the incumbent, since
#(s(1y) > s1. This entrant also wins when the other top bidder is another entrant because of Property
P1. If ¢(s(1)) < s1, the second best allocates the good to the incumbent. To see why our auction
implements this outcome, note that ¢(s(1)) < s1 implies that ¢)(s(;)) < s1 and hence b(s;) < s1 and
0(¢(s(1))) < 9(s1), i.e. the incumbent submits the highest bid in both stages, and hence wins the

auction as required. |

7 Alternative Solutions to Rushes

In this section, we discuss three alternative solutions to the multi-stage format that we have proposed.
We focus on mechanisms that use an initial ascending phase because we want to understand whether

our negative message regarding the use of open ascending formats is robust the use of some natural
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variant of the format introduced in section 4. All natural alternatives we could consider suffer severe
limitations. First of all, we have assumed in our description of the open ascending auction a standard
random tie breaking rule in case of a tie. A natural question is whether the open ascending auction
could be amended with an efficient tie breaking rule. The fact that bidders know ex-ante that, in case
of a tie, an efficient tie breaking rule is adopted does not avoid the occurrence of rushes. Suppose in
fact that an efficient tie breaking rule is in place and that this rule prevents the occurrence of rushes.
Then the argument by contradiction employed in the proof of Proposition 1 can be used to show
that the resulting allocation cannot be implemented because a profitable deviation exists. Thus, the
main difference between our proposed solution and those alternatives that use as a base the standard
open ascending auction (as the first two proposals below) is that the multi-stage auction avoids the
occurrence of rushes, while any open ascending auction can, at best, resolve them ex-post. Solving
rushes ex-post is not as effective as avoiding them. The reason is that it is harder to deal well with
the fact that, at the price at which the rush occurs, even the highest entrant would be better off losing
the auction. How to select such highest type to be the winner in an incentive compatible way? We
see two possibilities.

The first proposal for an efficient tie breaking rule is to decrease the price from the one at which
the exit of the incumbent caused the rush to a lower one, and then proceed with a second ascending
phase. The idea behind such solution is to select the entrant with the highest type by making sure that
in equilibrium the final price determined by the second ascending phase is lower than the valuation
of the entrant who wins. That is, this solution ensures that the efficient tie braking rule is incentive
compatible by guaranteeing that there is no ex-post regret for the winner. The obvious drawback
is that the final price must be lower than the one at which the incumbent exited the first ascending
phase, which requires to discriminate against the incumbent, which we do not find realistic in practice.
For this reason, while we conjecture that it is possible to fill in the details of the rules, so that this type
of solution could work, we do not analyze it formally. Moreover, those details will involve setting a
starting price for the second ascending phase that requires fine knowledge of the ex-ante distributions
of bidders’ types.3!

The second proposal is to take the price at which the rush occurred as binding. Since the entrant

with the highest type is the one that suffers the least from ex-post regret, if allocated the asset at the

31The price cannot be decreased back to zero, as it would not be compatible with the entrants dropping from the
auction according to some increasing bidding function in the first ascending phase: any entrant would have a profitable

deviation to stay active till a rush occurs, and to participate to the second ascending phase.
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binding price, a natural way to proceed is to have entrants compete for the right not to be allocated
the object at the binding price. The loser of this competition (and thus the winner of the object)
is necessarily the entrant with highest type. We investigate this second option more formally below
because we find it more appealing than the first one. A drawback of this mechanism is that bidders
who do not get the asset have to pay.

Suppose a modified open ascending auction, in which bidders that tie participate in the following
auxiliary auction. Each bidder submits a (non-negative) sealed bid, the one submitting the lowest bid
gets the good and pays the current price of the open ascending auction. The other bidders do not get
the good, but have to pay the lowest bid in the auxiliary auction. In case of a tie, the object is allocated
according to the uniformly random tie breaking rule. This auxiliary auction can indeed be interpreted
as a Vickrey auction, in which the m bidders that tie bid for the right to lose in the tie breaking rule.
In general, a bidder whose value is privately known to be equal to V' and that has tied with others at
a price p finds it optimal to bid (p — V)T. The argument is the standard one for second price auction
with private values. 32 Under this tie-breaking rule, it is still weakly dominant for the incumbent to
stay in the auction until the price reaches her value and bid zero in the tie breaking auction. After the
incumbent quits, entrants can infer the incumbent’s value and therefore, in case of a tie, the previous
argument pins down their optimal bid in the tie breaking auction. The entrants’ optimal play in the
open ascending auction after either the other entrant or the incumbent quits is as in the case of the
standard tie breaking rule. Finally, the entrant’s equilibrium bid behavior in information sets in which
no bidder has quit must be described. We propose a bid function constructed as in Section 4.1, just
replacing Equation (5) by the following equation:

5/ v(si; 81) = 0(s1)) 77— i) (1 —ﬂ)l/m(m)(v@ V(si)) — 0(v(s:)))dF (5) =
() 1= Fi(y(si)) 1= F(si) Js, ’

(18)
where (3 is defined as in Equation (5), and in which entrants bid in the second price auction that solves
the ties as described above. The proof that entrants do not have incentives to deviate from this bid
function is the same as the proof of Proposition 2. It is straightforward to check that this equilibrium
implements the second best.

The two proposals described so far use as a building block the standard open ascending price

32To see why there is no other bid that does better, we shall argue that this bid lets the bidder get the object, and
hence gives payoffs V — p whenever it is more profitable than paying the minimum bid (in the auxiliary auction) of the
other bidders, say b. In the case V —p < 0, this is because bidding (p — V)" means winning if and only if (V —p) > —l~),

whereas in the case V — p > 0, bidding 0 maximizes the chances of winning which is preferable to losing in any case.
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auction, which leads to rushes because it allows all active entrants to react at the same time to
potential negative information that can be aggregated when observing the exit of the incumbent. This
suggests a third alternative proposal that uses a modified ascending format, which is not standard,
as it limits the information available to bidders. By restring the access to available information this
mechanism avoids rushes, and implements the (second best) efficient allocation as our multi-stage
sealed bid format. As a matter of fact, the two mechanisms share also the same equilibrium analysis.

We propose the following variation to the open ascending auction we described in section 4. This
is also a dynamic game in which bidders decide when to quit. The price starts from zero, and increases
continuously until one entrant quits. Then, the price stops increasing and the following algorithm is
implemented until only one entrant is active. The identify of the entrants that last quit is made public.
The bidders that have not quit yet can decide (independently and simultaneously) whether to quit.
If some other entrants quit, we repeat the former algorithm. Otherwise, the price begins to increase
continuously again until some other entrant quits. In this case, we repeat the former algorithm. At
the end of algorithm, the auctioneer reveals whether the incumbent is still active, or not, and, if
not, at which price she exited the auction. In the former case, the ascending auction is restarted at
the price at which the penultimate entrant exited, and the remaining entrant competes against the
incumbent under the standard rules of the open format. In the latter case, the penultimate entrant
to exit is readmitted, and the ascending auction is restarted at the price at which the penultimate
entrant exited. The two remaining entrants compete under the standard rules of the open format. In
case both simultaneously exit at the start of the new ascending phase, the winner is the entrant who
was still active at the end of the first ascending phase.

These rules imply that the equilibrium price at which an entrant exits in the first ascending phase
is the same as the first round bid in the multi-stage sealed bid format. Further, the equilibrium prices
at which the two remaining active bidders quit in the second ascending phase are the same as the
second round bids in the multi-stage sealed bid format. The second part follows from the first part
holding true, and the fact that an open ascending auction is strategically equivalent to a second price
auction, when there are only two bidders. To see why the first part is true, notice that the only extra
information that the modified open auction offers to an entrant in the first ascending phase compared
to the first stage bidding of the multi-stage auction, is the drop out prices of the other entrants.
However, such information is irrelevant in order to determine the highest price at which is profitable

to be active in the first ascending phase. The condition that determines such price is equation (8)
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from section 6, and, in fact, the same interpretation for this break even condition holds here.

The proposed modified ascending auction works because it conceals information about the bidding
from the incumbent. The obvious drawback compared to the multi-stage auction is that it discrimi-
nates against entrants by not allowing them to observe the incumbent’s behavior.

We find the fact that these rules can implement the second best instructive as it clarifies that the
reason behind the failure of the standard open ascending auction to implement the second best is due

to the release of all available information publicly and as it becomes available.

8 Closing Remarks and Conclusions

In this paper, we have studied a realistic setting for privatizations in which open ascending auctions
do not perform well in terms of efficiency. We have shown that a two-stage auction used in reality,
e.g. ENI, Telebras not only dominates the open ascending auction, but also maximizes the total
expected social surplus.

The key element of our two-stage auction is that bidders submit binding offers in an initial round
and the two bidders submitting the highest bids are allowed to raise their offers. This is also a
reasonable model of how bargaining is conducted in some environments in which trade is not organized
through a formal auction, as it is sometimes the case of takeovers. Consequently, our analysis also
applies to these cases.

The novel source of inefficiencies of the open ascending auction that we point out is due to rushes.
We have provided a relatively general, yet tractable, model that fits the applications mentioned above
well. It further illustrates that is impossible for ascending formats to implement the (second best)
efficient allocation under standard tie breaking rules. The study of the second best under a fully
general specification would allow, for instance, coverage of applications where there are multiple in-
cumbents. We think that in most applications of interest there is typically one main incumbent and,
as a consequence, our model should capture the key source of inefficiencies, and our proposed solution
will approximate the (second best) efficient one. That said, we expect that, in a general environment,
a multi-stage variation of the mechanism proposed here will implement the (second best) efficient
allocation.

More generally, we think that our model points out a relevant drawback of open ascending formats
that is inherent in their nature of providing all new available information publicly and as it becomes

available. Thus, our results suggest that the use of these mechanisms is not ideal when some market
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participants have a superior information that affects the valuations of the other market participants.
This contrasts with the standard view that open formats are desirable when information aggregation is
an important issue. We hope that our work will stimulate further research in the design of mechanisms
that optimally regulate the amount of information released to the market.

One implication of rushes that we have not fully explored, which could be seen as an extension of
the current model for future research, is that rushes preclude information aggregation. As we pointed
out, this is so as, after a rush occurs, bidders with different private information share the same optimal
action, which implies that the detailed information they carry is not aggregated. In our model this does
not matter, as the entrants’ private information does not affect the valuations of the other entrants,
nor that of the incumbent. In general, and independently of the implications for efficiency, one might
argue that is desirable for the market price to incorporate this detailed information, so that the market
price can reflect the fundamental value behind it. A further implication is that rushes would matter
with a higher frequency that our model suggests, because they would be detrimental even if they
involved a subset of the active bidders, and if they did not affect the final allocation.

Finally, our model analyses a single unit framework. While the analysis of a multi-unit market
model is beyond the scope of this paper, we expect that our primary insights will carry over to more
complex environments. In particular, the effect that we point out suggests that the volatility of
markets, pointed out in a private value set up by Bulow and Klemperer (1994) will exacerbate in a
setting with private and common components, and in which some market participants have superior

information.
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