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Abstract

We study monopolistic competition among heterogeneous firms under quasi-linear
preferences with an indirectly additive aggregator. Market equilibrium selection of
firms and their sizes turn out to be optimal for a family of surplus functions that
generate linear, exponential and iso-elastic demands, and the overall allocation is ac-
tually efficient for a generalization of the LogSumExp specification. Insufficient entry
generally arises in allocations constrained by equilibrium pricing.

1 Introduction

In a celebrated work, Spence (1976) analyzed monopolistic competition for a
class of quasi-linear preferences with inverse demands based on an aggregator
of quantities. His approach was paralleled by Dixit and Stiglitz (1977), who
formalized the canonical model of monopolistic competition based on directly
additive preferences. In these models, equilibrium entry can be either socially
excessive or insufficient, and with heterogeneous firms also their selection by
the market and the associated allocation of production are generally inefficient
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(Dhingra and Morrow, 2019). In fact, in imperfectly competitive market struc-
tures there is a bias toward excess entry when at the equilibrium the latter exerts
a negative effect on industry profits that more than compensates the positive
impact on consumer welfare (Mankiw and Whinston, 1986). Here we argue
that, for a setting with product differentiation and monopolistic competition,
the opposite holds, and entry is (weakly) insufficient. Moreover, the equilibrium
allocation turns out to be optimal under some special cases which generalize the
so-called LogSumExp (LSE) specification.

In particular, we consider a class of quasi-linear preferences represented by
an indirect utility function which aggregates the individual surpluses created by
differentiated goods. These preferences generate a demand system with a price
aggregator which is additive with respect to the surpluses, and we explore their
implications for monopolistic competition under heterogeneous firms. A ver-
sion of these preferences has been used in partial equilibrium models of product
differentiation, for instance by Nocke and Schutz (2018) to study multiproduct
pricing, and by Etro (2023a,b) to analyze pricing by sellers on a platform set-
ting commissions on their revenues. Here, in the spirit of earlier work (Bertoletti
and Etro, 2017 and 2021), we aim to establish the properties of the equilibrium
market structure and compare it to the constrained and unconstrained optimal
allocations. The equilibrium and its welfare properties depend on the sub-
stitutability among differentiated products and with respect to the numéraire
determined by the specification of preferences. We show that market selection
of firms and their sizes turn out to be optimal for a particular family of surplus
functions, and that entry is generally insufficient in comparison to the optimal
allocation constrained by equilibrium pricing.

The note is organized as follows. Next section describes our setting and
analyzes the equilibrium. The following section discusses optimality. The last
concludes. Some details and the case of homogeneous firms are presented in the
Appendix.

2 The Model

Consider L consumers with the following indirect utility:

V—H (/Q v(p(w))dw) VB, (1)

where E is expenditure allocated between an outside numéraire and differenti-
ated goods with price p(w) and “incremental surplus” v(p(w)) for variety w € .
The price aggregator A = [, v(p(w))dw is additive across individual surpluses,
with the function v(p(w)) positive, strictly decreasing and convex in the price
(as in Bertoletti and Etro, 2017). The H(A) transformation is assumed increas-
ing and concave, and to satisfy the regularity conditions of an indirect utility
function we assume that it is a convex function of prices, i.e., that A is H-convex.

The value of the price aggregator A is a sufficient statistic for the effects of
prices on consumer welfare. Assuming the suitable differentiability, the Roy’s



identity provides the demand of variety w as:

q(w) = ['(p(w))| H'(A),

which decreases in its own price and in the price aggregator. Therefore a
market providing more and/or cheaper varieties implies a lower demand for
each individual variety. We will often refer to the example of transformation

= log A, which requires that v is log-convex and provides the demand function

q(w) = [v'(p(w))] /A.

2.1 Properties of the demand system

The substitutability among the differentiated goods depends on the shape of the
incremental surplus function. However, their substitutability with the outside
commodity is also affected by the transformation of the price aggregator.

We define two key elasticities:

V' (p(w))| p(w)
((p(w)) = ———~— and ¢(p(w))
v(p(w))
as the first-order and second-order price elasticities of the surplus generated by
variety w. The own price elasticity of demand for a variety w is given by:

'8111 q(w)
Olnp(w)

and coincides with the Morishima Elasticity of Substitution between variety w
and any other variety (see Bertoletti and Etro, 2016).

Let us define the “average” values of the two surplus elasticities across all
varieties as:

o) S OO
/C v(p(w ))dwdb>07 5—/95(10( ) fQP(UJ)q(w)dwd > 0,

and the elasticity of demand with respect to the aggregator as:

=e(p(w)),

—H"(A)A

A

p(A) =

A natural measure of the aggregate “outside substitutability” of the dif-

ferentiated products with respect to the numéraire is provided by how much

the overall expenditure, [, p(w)q(w)dw, reacts to a proportional increase of all

prices for a given set  of consumed varieties (Bertoletti, 2018). One can show
that this measure is given by:

B dIn{ [, Ap (w) [v" (Ap (W) H' ([, v (Ap (1)) de) dw}

v
dln A

A=1
= g-p(4)cC



The average direct impact of an hypothetical proportional price increase on
spending in differentiated goods is captured by the average demand elasticity
g. This is countered by an indirect effect due to the reduction of the price
aggregator, whose average impact is given by p (A4) ¢. The net effect is null only
if the differentiated products cannot be substituted by the numéraire, namely
if £ = p(A)( and the overall expenditure increases in the same proportion as

the prices. A violation of ¥ > 0, or:

p(A) <&/, (2)

would imply an increase of the aggregate demand of differentiated products and
is inconsistent with preference convexity.

To illustrate, consider the LSE specification, which combine the logarith-
mic transformation H = In A with the exponential surplus function v(p(w)) =
e~ P(®) where a > 0 and ¢ (p) = £ (p) = ap and p = 1, to obtain the utility :

V =log (/ e_ap(‘“)dw) + E.
Q

The LSE model provides the demand

ae—op(w)

W)= ——"7/—F,
Q( ) fQ e_ap(b)dL
which corresponds to the multinomial logit demand under discrete choices (see
Anderson et al., 1992: chapter 2) and implies a constant “aggregate” quantity,
namely [, ¢(w)dw = a.
For another example, consider the specifications in which an iso-elastic trans-

formation H (A) = % (the logarithmic transformation arises for p — 1)
is coupled with a isoelastic surplus function v(p(w)) = p(w)!=¢ with ¢ > 1,

=57 > p > 0 : accordingly,

(Jop(w)'—odw)' ™"
L—p

(e~ Dp(w)*
(Jop(e)t==de)”

which provides an instance of the classic iso-elastic demand.?

V =

+E, qw)=

2.2 Pricing

Each variety is provided by a single firm with an idiosyncratic marginal cost ¢
and a common fixed cost F'. Each marginal cost is independently drawn from a
continuous distribution G(c) with support [0,¢] upon the payment of an entry
cost F,, a la Melitz (2003). The profits of an active firm setting price p are:

m=(p—c) ' (p)| H'(A)L - F, 3)

2More generally, q(w) = (¢ — 1)p(w) " H' (A) whenever v (p) = p* =%, ¢ > 1.



where the impact of a price choice on the aggregator is null, as usual under
monopolistic competition.
Monopolistic competition delivers the price rule p = p(c) such that:

_ elp(c))e
p(c) = Wa (4)

where to satisfy the first- and second-order condition for profit maximization it

is assumed that e(p) > 1 and 2e(p) > ¢ (p), where ¢ (p) = —Z::'((Z)Z;)p_ The price

increases in the marginal cost and with undershifting (overshifting) whenever
demand elasticity ¢(p) is increasing (decreasing): see Bertoletti and Etro (2017).

2.3 Entry and firm selection

The equilibrium profits of an active firm with marginal cost ¢ are then given by:

m(c) = (p(c) — ) [v'(p(c)) | H'(A)L — F, ()

and are decreasing in the marginal cost by the Envelope theorem (7'(c) =
v (p(e)) H(A)L = —q(c)L < 0). Accordingly, there is a cut-off firm with
marginal cost ¢ such that:

7w(¢) =0,

and we assume that ¢ < €. Given this, the equilibrium value of the aggregator
can be written as:

ANAE@@MQQ, (6)

where N is the mass of created firms and we define with n = G(¢) N the measure
of active firms.

In addition, the free entry condition requires that the expected profit is equal
to the entry cost, namely:

é
/ 7(0)dG(c) = F..
0
The equilibrium conditions can then be expressed as follows:

(p(é) = &) [v'(p(e))| H'(A)L = F, (7)

fﬂ@g[@@—@W@@WW@=G©F+n: (®)

they determine (¢, N) or more simply (¢, A), and therefore consumer welfare.
To derive the relevant comparative statics, note that (7) and (8) can be

combined as: . (5(6) — ' (p()
“(p(c) — ) (p(c _ ke s
/0 AG(e) = 7 + G(@). )




Formally, the LHS of (9) is a marginal rate of exchange between N and ¢é in
terms of gross profitability, while the RHS is the corresponding rate in terms of
fixed costs. Intuitively, the equilibrium value of ¢ depends on the ratio between
the average profitability and the profitability of the cut-off firm. In fact, (9) de-
fines the cut-off ¢ independently from the market size L and the transformation
H, and as an increasing function of F./F. As a consequence, the equilibrium
values of the mass of firms N and of the aggregator A are increasing functions
of the market size and decreasing functions of the entry cost F,. Their values
depend also on the transformation adopted, which affects the substitutability of
the differentiated products with the numéraire. Finally, since from (7) the equi-
librium value of H'(A)L only depends on é and F, it follows that the equilibrium
firm size ¢ (¢) L does not really depend on market size L.
Our main findings are summarized in the following proposition.

Proposition 1. In a monopolistic competition equilibrium of our setting: a)
the marginal cost threshold ¢, which is an increasing function of F,/F, depends
neither on market size L mor on the transformation H; b) firm size q(c) L
depends neither on market size L nor on the transformation H; c¢) the measure
of created firms N and consumer surplus A depend upon the transformation H,
increase with respect to L and decrease with respect to Fp.

The only (possibly) surprising result in Proposition 1 is the “dichotomy”
according to which L and H do affect neither ¢ (firm selection) nor ¢ (¢) L (firm
size): this is due to the fact that the former have an impact on gross profitability
which does not depend on ¢. To see more, let us define:

It is easy to see that 7 is a measure of curvature of the incremental surplus v such
that v is (locally) log-convex if and only if > 1. Since convexity of preferences
requires that condition (2) holds everywhere, namely, for any pricing function
p (c), distribution G, cutoff ¢ and measure N, it also implies that everywhere
n(p) > p(A).

7(p) plays a key role in characterizing the monopolistic competition equilib-
rium and its welfare properties. In fact, it is an inverse measure of profitability,
since the equilibrium profit (5) can be written as

o [P o p e
H (A)L/O (o) 160 = Fe+ G@F, (11)



and the expression (9) as:

o) n@@) o Fe
1;n@@»v@@»“X@—zr+G<> (12)

Notice from (10) that, for a given value of ¢, the equilibrium value of A increases

with respect to %. Moreover, the equilibrium consumption of a variety

produced with marginal cost ¢ is given by:

(p(e) F
é)L -

To illustrate, let us consider the logarithmic transformation H = In A. Then
we obtain:

(13)

vp@L L
ne@)F " T n@F. + GAF)

N I S o) B
e = Vo n(p(c)) fo%(p(c))de(c)dG( )

(14)

where .

is the weighted harmonic mean value of n(p(c)) across active firms, which cap-
tures the average profitability.

In the LSE specification we have p(c) = ¢+ 1 and n(p) = 1 for any p, and
therefore: I I
=~ and N= — "
Feltac an Fe + G(é)F’

where the cut-off ¢ satisfies F, + G(&)F = F foc e®=¢dG(c). In the specification
with isoelastic surplus functions, instead, we have p(c) = ec/ (e — 1) and n =
¢/ (e —1) > 1, and therefore:

A:<6—1> D A Glut )
€ ¢

with F, + G(&)F = F& ' [ ¢! <dG(c).

3 Optimality

We now consider the allocation selected by a social planner. We start with
the unconstrained problem where the social planner selects prices, cut-off and
measure of firms, which provides the first-best allocation. We then consider
constrained optima where pricing is the equilibrium pricing obtained under
monopolistic competition in the spirit of Mankiw and Whinston (1986). In
a second-best analysis the social planner selects both the cut-off and the mea-
sure of firms. In a third-best analysis the social planner selects only the measure
of firms. In each case we compare the solution with the equilibrium allocations.



3.1 The first best

A social planner that maximizes the Marshallian welfare chooses the measure
N* of created firms, the threshold for active firms ¢* and the price schedule
p*(c) under the resource constraint,® determining the price aggregator:

Ak

A* = N* /0 o(p*(c))dGc). (15)

Assuming that income is large enough to allow us to ignore the resource con-
straint (so that the consumption of the numéraire is positive, as implicitly as-
sumed in the previous section), the planner’s problem can be stated as:

max W= H (A" [ HADL [T (0% (e) — ) |0 (0" ()] dGe)
p*(c%é*’N*W H (A*) L+EL+N [ 0 P o F, ]

Point-wise maximization of W shows that it must be the case that p*(c) = ¢,
c € 10,¢é*]. Accordingly, the previous program can be rewritten as:

N*,é*

max W = {H (N* / v(c)dG(c)) L+ EL— N*[G(e)F + Fe]} .

The FOCs then give (assuming ¢* < ©):

o(¢)H (AL = F, (16)

Py

H’(A*)L/OL v(c)dG(c) = G(&*)F + F.. (17)

Condition (16) says that the contribution to consumer surplus of the optimal
cut-off firm is equal to its fixed cost of activation, while condition (17) shows
that the expected contribution of the marginal entry is equal to its expected
fixed costs. Together they imply:

(&
/ ) 46e) = Ge) + L. (18)
0 ) F
Formally, the LHS of (18) is the marginal rate of substitution between N* and ¢&*
in terms of consumer surplus, while the RHS is the corresponding marginal rate
of transformation in terms of fixed costs (Bertoletti et al., 2018). Intuitively,
the optimal value of ¢ depends on the ratio between the average incremental
surplus and the incremental surplus provided by the cut-off firm. In fact, (18)
determines ¢* as independent from market size and from the transformation

3The resource constraint is:
(&
N* U c|v'(p*(c))| H'(A*)LdG(c) + Fe + G(¢*)F| < EL,
0

and it is satisfied if E is large enough.



adopted, and an increasing function of F,/F. As an implication, the optimal
mass of firms N*and the optimal individual consumer surplus A* increase with
respect to L and decreases with respect to F,.. Notice that from (16) the optimal
consumption is:

(19)

so that the optimal production of each variety does not really depend on market
size.

These results parallel those of Proposition 1 (in particular, a similar di-
chotomy arises), and for the sake of brevity we do not summarize them into
a formal proposition. It is more interesting to compare the equilibrium values
to the optimal ones but, not surprisingly, this comparison is made difficult by
the rather different pricing. We can illustrate this difficulty by referring to the
simple case of the logarithmic transformation H(A) = log A, for which we get:

L L
7 N T F.+G(eF’

Since in this case preference convexity requires 7 (p) > 1, a comparison to (14)
suggests that the equilibrium should deliver a smaller consumer surplus and an
insufficient measure of created firms, as it does in the case of homogeneous firms
(see Appendix C). However, to ensure that these results always (whatever L, F,
F, and G) hold we also need that ¢* < ¢, namely, that optimal firm selection
is not looser than the equilibrium one. Unfortunately, the latter need not to be
the case, and accordingly in general anything goes: namely, the equilibrium and
optimal cut-offs are different and either one could be larger.

In fact, comparing the integrand in the LHS of (12) to the integrand in
the LHS of (18) shows that the market chooses ¢ by considering v (c) /v (¢),

where 7 (c) = 22O ig a sort of “virtual social surplus”. Thus the market
n(p(c))

equilibrium distorts the surplus v(p) by evaluating it at p (¢) > ¢ and dividing it
by n(p(c)). The relative pattern of v (c) /v (¢) versus v(c)/v (¢) is not obvious,
since it depends on the curvature features of v (p). However, by defining ® (¢) =

7,(1;((62))7 where f (¢) = % < 1: one can prove the following proposition.

Proposition 2. A sufficient condition for & < (>) é is that ®(c) is
monotonic increasing (decreasing). Accordingly, with a decreasing (increasing)
n(p) a sufficient condition for ¢ < (>) ¢ is that f (c) is increasing (decreasing).

The conditions of Proposition 2 are rather involved: while in general ¢’ (p)
and ¢’ (p) need not agree in sign, they do agree when ¢ (p) is monotonic,* and
in such a case a fortiori we cannot predict the sign of 7/(p).> Moreover, f’(c) >

40One can prove that when |v’ (p)| is so-called (see Mrézovd and Neary, 2019) super(sub)-
d? v’ (p)|
d(lnp)?

convex, meaning d{;li(z)} > (<)0, then under some technical conditions also

2
v (p) is super(sub)-convex, meaning dd(llf:l;gg) = d{d_li(g)} > (<)0.

5But notice that n’(p) > 0 is equivalent to ¢ (p) + ¢ (p) < 2¢ (p), which would be satisfied
under log-convexity of v if demand were locally concave (i.e., if ¢ (p) < 0).



(<) 0 is equivalent to ¢ (p(c)) dldnliz(cc) < (>)¢(c), and we have dInp(c) /dInc <

1if &’ (p) 2 0. In general the equilibrium and optimal cut-offs are different and
either one could be larger. Notice in particular that it might well be the case

that ¢* > ¢, implying that a planner would like to activate firms which cannot

survive at the market equilibrium: for instance, this happens if v (p) = prl,
: _
since then @ (c) = o

However, a simple case arises if the surplus function exhibits a constant
71, a property which holds only for the “translated power” family of surplus
functions discussed in Appendix A (which includes the exponential and the
isoelastic surplus specification). In such a case we have that also f is constant
and thus ® is constant too and smaller than 1,% and as a result the equilibrium
cut-off is equal to the optimal one. Moreover, a comparison of (13) and (19)
reveals that the equilibrium consumption ¢ (c) is at its optimal level ¢* (c).”

Finally, (16) can be rewritten as

F

A = Hlfl(v(é*)L),

so that a comparison with (10) shows that A* > A is equivalent to ZEZ%; <

v (¢*), which is certainly satisfied if ¢* < ¢ and v is log-convex. Notice that
A* > A is equivalent to ® < 1 for the class of surpluses for which 7 is constant,
and thus it is always satisfied in those cases.

To illustrate these results, consider the well-known case of a power function.

This provides ® = Lf—l] * and then é = &, q¢* () =q(c) and A* > A. In our
setting, the constant equilibrium markup makes both the market selection and
the equilibrium size of active firms optimal. However, under the logarithmic
transformation, the equilibrium mass of created firms would be too small, i.e.,
too large the equilibrium consumption of the outside commodity (very much as
in the case of homogeneous firms: see Appendix C).

For the negative exponential surplus function, we get ® = =, thus again
¢ =¢, ¢ (c) = q(c) and A* > A. Moreover, in the LSE case (n = 1 = p)
N = N* and then the overall equilibrium allocation must be optimal: in fact
the reduction of consumer surplus is fully compensated in terms of welfare by
the increase of profits.

These interesting findings can be generalized as it follows: suppose that a
surplus function with a constant 1 # 1 is coupled with the iso-elastic transfor-

mation H (A) = f}l::, with (to satisfy convexity of preferences) n > p > 0.

1
e

6 Computation shows that ® = f = % when n =1 (in the case of the exponential surplus)

n ’
and that otherwise ® = % =nl-n.
"Computation shows that the relevant condition

holds.

10



Comparing (10) to (16) we can see that it must be the case that:
H'(A*) = H'(A)®,
and accordingly we get A* = Aq)%l, and then
N*=Nf®7 =N (n®)d7 = Nnd“7 = Nyu-i7,

which shows that N* > N and thus the measure of goods is in general sub-
optimal. However, the overall allocation is indeed efficient if 7 = p and then
N* = N, as in the previous LogSumExp example. The intuitive reason is that in
this special case the curvature of the transformation function H exactly compen-
sates in terms of a positive impact on profits the reduction of consumer surplus
in establishing the equilibrium value of N. It is worth mentioning that one
can show that no efficient allocation could arise in a monopolistic competitive
equilibrium with preferences a la Spence (1976) and heterogeneous firms.

We summarize these results in the following proposition.

Proposition 3. In our setting equilibrium firm selection and consumption
levels are optimal when the surplus function v exhibits a constant curvature
n (which cannot be lower than the curvature p of the transformation H). In
these cases the equilibrium measure of firms is generally sub-optimal, but there
1s overall efficiency when n = p.

3.2 The second best

Following Spence (1976), Dixit and Stiglitz (1977) and Mankiw and Whinston
(1986) it is interesting to characterize what happens if the planner cannot affect
equilibrium pricing, given by (4), but can control the mass of firms created and
also the activation of firms. In such a case the planner chooses (¢, N ), and
therefore Z, to solve the second best problem:

IQ?VXW (6, N)=H(A)L+EL+N / 7(c)dG(c) — F,
c, 0

under constraint (6). Differentiating the latter we get:

IA R R 0A A
%:Nv(p(c))g(c)>0 and a—N—N>0, (20)

while the welfare derivatives are given by

ow dA S ¢ or(c) dA
oW . 0A ¢
o = H (A Lgw+ /O 7(c)dG(c) — F, (22)

11
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Conditions (20)-(22) show that a rise of the cut-off and the creation of an
additional firm have three similar welfare effects:

1) a positive consumer surplus effect, through a rise of the value of the price
aggregator A;

2) an impact on producer surplus given respectively by the profit 7(¢) of the
marginal firms (whose measure is Ng (¢)) and by the expected profit: this effect
is null in the market equilibrium,;

3) a negative business stealing effect, through the reduction of the profits
of active firms due to the decrease of demand which follows a rise of the price
aggregator A.

The second-best inefficiency of the equilibrium depends on the comparison
of the consumer surplus effect and the business stealing effect. For a given value
of A and of either dA/d¢ or dA/dN, the latter is captured by:

¢ on(o) _ 4
N/O T e = 2 ()L

Accordingly, the indirect impact on profits of a greater ¢ or N is larger (in
absolute value) the larger is p (4) (which captures the elasticity of demand with
respect to the price aggregator) and the smaller is 77 (¢) (which is an inverse
measure of average profitability). On the contrary, the impact on consumer
welfare depends neither on p (A) nor on the curvature of the surplus function.
As a result, the net welfare impact of ¢ and N through A, that is the net result
of consumer surplus and business stealing effects, is given by:

[1 - ”(fl)] H'(A) L,

1(6)
and therefore it is non-negative since 7 (¢) > p (A).

Thus, when evaluated at a market equilibrium both 8W/8€ and QW/aN
are non-negative. In particular, if 77 (¢) = p(A) the equilibrium is second-best
efficient. However, if 77 (¢) > p (A) the equilibrium involves insufficient entry and
excessive selection, and the planner could achieve a local welfare improvement
by subsidizing both entry and activation. We state this finding as follows:®

Proposition 4. In our setting, monopolistic competition pricing generates
(weakly) insufficient entry and excessive selection of firms at the equilibrium.

In summary, we find that in our setting the business-stealing effect of an
additional entry and/or activation is (weakly) more than compensated by the
direct positive impact on consumer surplus. These results should be compared

8As a corollary of Proposition 4, when the surplus functions belong to the “translated
1_
power” family considered in Appendix A, and the transformation is given by H (A) = %ﬁn,

then market allocations qualifies as a second-best.

12



to those of Spence (1976) and Mankiw and Whinston (1986) who use preferences
represented by the direct utility function:

U= ( [ utanas) +v. (23)

where Y is consumption of the outside numéraire, and G and w are increas-
ing, concave functions. In a setting with these quasi-linear, directly additive
preferences and homogeneous firms they find that entry can be either insuffi-
cient or excessive. Indeed, one can show that in their setting (at the equilib-
rium): i) a necessary condition for excess entry is that the surplus elasticity
v (q) = v(q)g/u(q) is decreasing; ii) the business-stealing effect is larger the
larger is p(B) = —G"” (B) B/G’ (B). The intuitive reason for our different re-
sults is that in their setting there is no upper-bound to the curvature of the
transformation function G (namely, U is concave whatever the value of p).

Finally, assuming 77 (¢) > p (E), equating the derivatives (21) and (22) to

zero and using (20) we get the second-best condition:

u(p(c))dG(c) ° 7(c)dG(c) — F.
[t _ [*rtodcto) . o
0 v (p(2)) 0 m(c)
which says that expected profits and the profits of the cut-off firm should be
either both negative or both positive. Notice that (24) is a generalization of (18)
which takes into account the fact that variable profit are not null: with positive
markups the second-best trades-off the change in consumer surplus with the
impact on profits.
The second-best conditions can also be rewritten as:

7 (p(e) (A AE[L ke
e R OF R o] RS
o (A)AL7@ - p(4) +1
G GOF + Fe

Notice that in general the market size L affects both N and ¢ However, (25)
implies that ¢ = ¢* for the family of surplus functions with constant 7, and (26)
implies that if H (A) =1n A, then N < (>) N*if ¢ > (<) ¢*.

(26)

3.3 The third best

It might also be interesting to characterize what happens if the planner, realis-
tically, can affect neither pricing, given by (4), nor the decision of being active
(determined by the non-negative profit condition (7) of the cut-off firm), but
only the creation of the measure of firms N (possibly by subsidizing/taxing
entry). In this case the planner’s program is to choose N¢ by solving

Hl]%XW (N)=H(A)L+EL+ N /OC m(c)dG(c) — F,
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under constraints (6) and (7), which determine the indirect welfare impact of
N through A and ¢.

Differentiating these constraints we get % < 0 and % > 0 (see Appendix
B): while the overall impact of N on the aggregator depends on j—]f[ and thus on
transformation H (and distribution G), its sign is necessarily positive, as one
would expect. Intuitively, a rise of N decreases ¢ by reducing demand and then
necessarily the profit of each active firm. The size of this effect depends on the
elasticity of demand with respect to the aggregator, given by p: the larger this
elasticity the larger the reduction of ¢ induced by an increase of N.

The welfare derivative is thus given by:?

YN — B A [° p(A) . dA
W' (N)=H' (A) L== + w(c)dG(c)fFefﬁ(é)H(A)Ld—N,

dN 0
which again exhibits the three welfare effects discussed in the previous section.
Accordingly, the indirect impact on profits of a larger mass of firms is dominated
by the positive impact on consumer surplus since p (4) < 7 (¢).
Indeed, evaluating W’ (N) at the market equilibrium value of N we get:

p(A)} dA
n(¢) ] dN "

which is non-negative, and in fact strictly positive if 77 (¢) > p (A), saying that
in such a case the market equilibrium is creating (with respect to its third-best
value) a too small mass of firms and overall activating too much too inefficient
firms (and not enough the most efficient firms). We summarize this finding as
follows:

W' (N) = H' (A) [1 -

Proposition 5. In our setting, monopolistic competition pricing and firm
selection generates (weakly) insufficient entry of firms.

Notice that the planner is here willing to accept a reduction in firm activa-
tion, while it would like to increase activation if he could incentivate it separately
(as in the second-best).!?

4 Conclusion

We have characterized the monopolistic competitive equilibrium with heteroge-
neous firms & la Melitz (2003) under an unexplored class of quasi-linear pref-
erences, and compared it to the unconstrained and constrained social optima.
In general, firm selection by the market can be either tighter or looser than the
optimal one, but entry is insufficient in comparison to the optimal allocation
constrained by equilibrium pricing.

9The impact on welfare of N through ¢ is null by condition (7).

Al—n
1-n
constant n deliver a market equilibrium which is constrained optimal.

100nce again, under a transformation H (A) =

, the surplus functions exhibiting a
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Further results can be achieved by making specific assumptions on the ex-
ante distribution of firms’ marginal costs, and/or on preferences. For instance,
we have shown that market selection of firms and their sizes are indeed optimal
for the family of surplus functions exhibiting a constant curvature, and that the
overall allocations turns out to be efficient for a generalization of the LogSumExp
specification.

Appendix A

One can prove (see Etro, 2021) that a positive, strictly decreasing and strictly
convex surplus function v (p) can exhibit a constant ratio n = e (p) /¢ (p) only
in the following cases:

1. if n =1 then v (p) = ae~ P, where a, a > 0, with € (p) = ap = ( (p);

2. if n < 1 then v(p) = [a—Oep]l%"7 where a > 0, a > ap, with € (p) =
e = ¢ ()
T=nla—ap] = 15 \P);

3. if p > 1 then v(p) = [ap—a]ﬁ, where a > 0, ap > a, with £ (p) =

% = n¢ (p). Notice that for a = 0 we get the power surplus

function v (p) = apﬁ, with € = % =nC.

Appendix B
Differentiating (6) and (7) we get:
o ¥ 1 —Nv(p(@)g(©)
dIN = wher = ~
JE R ERIE LR B ’
with

Bl=+@ - “Dyvp@g@r<o

Thus, by Cramer’s rule: % = % B > 0, 4 — N h < 0.

Appendix C

Suppose that all firms have the same marginal cost, ¢ > 0, and that the
only fixed cost is the activation cost F' > 0. It is easily established that in a
monopolistic competition equilibrium with free entry:

_ e _t@-1F G F_vP)
e(p)—1 c L L np)
where n is the number of active firms. Notice that H only affect the number

of firms n, which increases with respect to L/F, and that firm size ¢L does not
depend on L.

H' (nv (p)) ,
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To illustrate, suppose that H (A) = In A and that the surplus function is the
negative exponential, i.e., v (p) = e~ *P:!! then

L F oL
=—+4c¢,gq=a—andn=—.
P=5re1=9 F

Al-r
1

, with n = =5

Suppose that, on the contrary, H (A) = and that the surplus function is

l1—¢

—p
the power, i.e., v(p) =p > p > 0 (to satisfy the convexity of

preferences): then

gc e—1F q € ’ L ’ (1—e)(1-p)
= = — and n = — 12 .
P=c 1971 c—1 F) €

First best The Marshallian welfare can be written as:

W=H(A)L+EL+n|[(p—c) |l (p)|H (A)L-F].

Maximizing it with respect to p and A under the constraint A = nv (p) we get
the FOCs:

H (A L+n(p-c | (|H (AL = -
" (p)| = (p—c)v" (DI H (A)L = M (p),

which can be rearranged as

(=) cme = (5) e,

A= [—1 + (p;c> c (p)} H'(A)L.

These conditions are satisfied for p* = ¢ and A = —H’ (A*) L (while they would
require p (A*) = n (p*) for p* > ¢). Assuming p* = ¢ we immediately obtain

c) F F
q = %f and 7= (c) H (n*v (c)),
so that the optimal firm size ¢* L does not depend on market size L, while the
optimal number of firms n* increases with respect to L/F.
To compare the equilibrium allocation to the optimal, notice that it must
be the case that
H' (n*v(c)) = @ (c) B (nv (p))

where @ (¢) = U(Z)(g zp)' Accordingly, ® (¢) < 1, which holds if v is log-convex,

ensures that A* > A. When H is the logarithmic transformation we immediately
get n* = %, and since in the equilibrium n = W and it must be the case,

1n this LSE setting ¢ = % whenever all firms use the same price, and indeed ¥ = 0 in
such a case.
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to satisfy convexity of preferences, that n(p) > 1, we get A* > A and that
the number of firms is in general suboptimal. This happen for instance in the
cases of the surplus functions exhibiting a constant 7, for which computation
shows that ¢ (¢) = ¢ (p) — 1 and then the equilibrium firm size is instead optimal
(moreover, since in these cases ® < 1, we also get that A* > A for any admissible
transformation H). Accordingly, the total amount of resources allocated in
the monopolistic equilibrium to the differentiated sector under a logarithmic
transformation is generally insufficient, and the consumption of the numéraire
too large. However, in the case of the LSE specification (since n = 1 = p) also
the equilibrium number of firms is optimal, and optimal must then be the overall
allocation (the fact that A* > A is compensated in the optimal allocation by
the alleged profit loss due to marginal cost pricing).

More in general, when H (4) = ?::,
constant n # 1, with n > p > 0, we get

and the surplus function exhibits a

1 n—p
n* = nf® r» = n@=1r,

Accordingly, the equilibrium number of goods is in general sub-optimal, unless
when 1 = p and the overall allocation is efficient, as in the LSE example.

Second best Suppose that the planner can control the number of firms n but
cannot affect the monopolistically competitive pricing. Then the Marshallian
welfare becomes:

W:H(E>L+EL+?1\B8;;H’(E>L—F},

where A = fiv (p) and the derivative with respect to the number of firms is:

W _ g (E) v(p) L+ {”(mH' (E) L —F] 720 g (ﬁ) v(p) L,
dn 1 (p) 1 (p)

where we can distinguish the three welfare effects of the introduction of an
additional firm: a positive consumer surplus effect, a profit effect which is null

in the equilibrium and a negative business stealing effect. This derivative can
be rewritten as:

_ ) p(D] v -
%V:H'(A)v(p)L —77(@3 +ngigH (A)L—F,

where the last two terms add to zero in equilibrium. Hence, equilibrium is
second-best optimal only if p (ﬁ) = 7 (p), and equilibrium entry is (weakly)

insufficient since 1 (p) > p (A) to satisfy convexity of preferences.
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