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Abstract

In this thesis, I study instrumental variable models and propose new methods for
their analysis. I derive novel theoretical results, based on which I propose new statistical
procedures that are relevant for applied research. In addition to analytical derivations, I run
simulations and apply the proposed methods to relevant empirical contexts. In Chapter 1, I
consider a nonparametric instrumental variable model with binary treatment and propose
a simple test of unobserved heterogeneity of treatment effects. The test is built on a novel
statistical result that allows for the identification of the average second regression derivative
by quadratic least-squares projections. Based on this statistical result, I propose a test of
heterogeneity of average treatment effects across margins of participation, using the marginal
treatment effects (MTE) methodology. In particular, I exploit the link between the slope
of the MTE curve and the second derivative of an unknown regression function. The test
is easy to implement and can be run using off-the-shelf software. Further, I illustrate the
performance of my test with simulations based on an influential empirical setup. Finally, I
propose a version of my test that checks for a monotone MTE curve and, more generally,
monotone regression derivatives. Both versions of my test have implications for welfare
maximization and policy analysis. In Chapter 2, we study the setting with many weak
instrumental variables and clustered dependence. We propose a new estimator of structural
parameters, which is simple in implementation. The estimator combines leave-cluster-out
methodology with inverse-root-cluster-size reweighting, which together provide robustness
and desirable asymptotic properties. We also propose an asymptotic variance estimator,
which allows for valid inferences based on pivotized test statistics. Finally, we show the
properties of our procedure using simulations and real data from an influential study.
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Introduction

Instrumental variables are one of the main tools in empirical practice and are important
for causal analysis. When the variable of interest is endogeneous, conventional regression-
based methods for estimation and testing are invalid and a popular identification strategy is
to use some instrumental variables, which are exogeneous and correlated with the treatment
of interest. In these chapters, I propose new econometric methods for estimation and testing
in instrumental variable models. In addition to deriving novel theoretical results, I illustrate
the properties of my proposed methods with simulations, based on important empirical
settings, and directly with real data.

In Chapter 1, I study unobserved heterogeneity of average treatment effects. In
particular, I study a nonparametric instrumental variable model with a binary treatment
and develop new methods for testing treatment effect heterogeneity. I propose tests for (i)
constant marginal treatment effects (MTE) and (ii) monotone decreasing MTE curves. The
analysis builds on a novel identification result showing that the average second derivative of an
unknown regression function can be recovered via a quadratic least-squares projection. This
result enables identification of the average slope of the MTE curve through a reduced-form
projection. Building on these insights, I construct simple, projection-based tests for constant
and monotone MTEs that are easy to implement and have direct implications for policy
evaluation and empirical welfare maximization. Monte Carlo simulations and an empirical
application demonstrate the tests’ finite-sample performance and practical relevance. The
procedures I propose can be directly applied more generally to test shape restrictions on the
underlying regression function outside of the MTE framework. In particular, one can test for
concavity or convexity of the unknown regression function.

In Chapter 2, co-authored with Stanislav Anatolyev, we study the high-dimensional
setting with many possibly weak instruments under data clustering. Clustered dependence is
relevant for applications but it complicates inferences about structural parameters and might
threaten the consistency of conventional estimates. We propose an alternative approach to
both estimation of and making inferences about structural parameters, which is computation-
ally attractive and allows general structures of intra-cluster correlations, presence of many
instruments and possibly weak identification. We use the natural extension of jackknifing,
the leave-cluster-out methodology, applied to the instrument projection matrix. On top of
that, we reweigh the elements of the projection matrix by an inverse geometric average of
cluster sizes to flexibly adjust for cluster size heterogeneity, which helps avoid typically strong
requirements on their growth rate. We set out a formal asymptotic framework to analyze
the proposed weighted leave-cluster-out instrumental variables (WLCOIV) estimator, with
an increasing number of clusters, possibly increasing cluster sizes, and presence of many
possibly weak instruments. We prove a central limit theorem for the influence function
embedded in the WLCOIV estimator under both strong and weak identification, construct
an associated WLCOIV variance estimator, and show its consistency. Finally, we run a
simulation experiment to verify the ability to control the actual size by the t-test based on
WLCOIV estimation, and apply our methodology to an influential applied paper by Angrist
and Krueger (1991)).



1 Treatment Effects Identification and Testing via Reduced-
Form Projections

1.1 Introduction

A crucial question in policy analysis is that of external validity. Namely, can we
extrapolate the average effects of specific subpopulations to other, possibly more general,
subpopulations? The answer crucially depends on the process of selection into treatment. In
particular, if individuals select themselves into treatment based on their perceived effects
of this treatment, the average effect for participants might be markedly different from the
average effect for non-participants. In these cases, it is useful to have an instrumental variable
(IV) that is exogenous, i.e. affects outcome only through the treatment selection, because
it identifies average effects for certain subpopulations of compliers, i.e. individuals whose
treatment status changes with the instrument. At this stage, a straightforward question
that applied researchers face is the one of external validity. Specifically, is this average effect
for compliers representative for other subpopulations or for the general population? If the
selection into treatment decision is based on individual effects, then there is meaningful
heterogeneity of average effects across individuals with different willingness to participate in
treatment, and hence the average effect for compliers is not scalable to other subpopulations.
However, if the data hints at the absence of selection on individual effects, such extrapolations
of average effects might be justified. In this paper, I propose a novel test of treatment
effect heterogeneity, that might be used to assess if the extrapolation of average effects is
appropriate. The test is simple in implementation and is asymptotically valid.

Application of IV models to policy evaluation is important under non-compliance
and selection into treatment on unobservables. While regression-based methods like OLS or
difference-in-differences identify the average treatment effect (ATE) or the average treatment
effect on the treated (ATT), a conventional IV-based two-stage least squares estimator in
general identifies the [ocal average treatment effect (LATE, Imbens and Angrist, (1994)). ATE
and ATT have straightforward interpretations: the average effect over the whole population
and the average effect in the subpopulation of treated individuals (actual effect of the policy),
respectively. At the same time, LATE has the interpretation of the average treatment effect
for compliers, i.e. the unobserved subpopulation whose treatment status responds to a change
in the instrument: e.g. for a binary instrument Z, compliers select into treatment if and only
if Z7 = 1.[] While LATE is identified by conventional methods, its policy relevance might be
questioned. There is no way to identify compliers from the data, and the policy relevance
of the effects for compliers has been a focus of some discussion (see Imbens, 2010; Deaton,
2009; Heckman and Urzua, 2009)). When a policy maker has a specific policy in mind, she
might be naturally interested in its effect on those who will be affected by this policy, i.e.
PRTE (policy relevant treatment effect, Heckman and Vytlacil, [2005, Heckman et al., [2006).
Unfortunately, PRTE is usually not point identified, and there is a clear distinction between
what we can identify (LATE) and what we care about (usually PRTE, ATE or ATT) — see

'Tf the instrumental variable Z has k distinct values, e.g. 21, .., 2k, there exist k(k — 1)/2 groups of
compliers, each corresponds to a pair of values of Z



Mogstad and Torgovitsky (2024) for a recent review.

All causal parameters discussed above (LATE, PRTE, ATE, ATT) have the same
underlying concept — MTE (marginal treatment effect, Bjorklund and Moffitt, |1987). MTE
shows how average effects vary with the margin of participation: from most willing to
participate in treatment to least willing (see Section 2 for formal discussion). In fact, LATE,
PRTE, ATE and ATT are different averages of MTE (see Heckman et al., (1999 and Heckman
and Vytlacil, 2005). I use this insight to develop a novel test of heterogeneity in IV models:
when MTE is constant, all averages of it, including LATE and PRTE, are the same, and
hence LATE is externally valid.

I contribute to several strands of literature. First, I contribute to the literature on
MTE identification. So far, this literature has largely focused on the identification of the whole
MTE curve. Specifically, MTE is nonparametrically identified by reduced-form regression
derivative (Heckman et al., |1999) when the propensity score has full support (Heckman et al.,
2006). When the propensity score has limited support (e.g. with a binary or a multivalued
instrumental variable), MTE is identified under linearity or additive separability (Brinch
et al., 2017). Instead of focusing on the identification of the MTE curve, I focus on the
identification of its average slope: 1 show that a quadratic projection of outcome on propensity
score identifies the average MTE slope.

Second, I contribute to the literature on the identification of causal effects in IV
models. Usually, in such models only LATE (or an average of LATES) is point identified
(Imbens and Angrist, (1994, Angrist et al., 1996, Mogstad et al., [2024]). Mogstad et al. (2018)
developed a procedure that partially identifies causal parameters different from LATE (e.g.
PRTE or ATE), and Voronin (2025) discusses inference on these parameters. In this paper,
instead of identifying the bounds on policy relevant causal parameters like Mogstad et al.
(2018)), I test if these policy relevant causal parameters are equal to LATE. Thus, my test
provides guidance when simple extrapolation of LATE is justified.

Third, T contribute to the literature on testing for treatment effect heterogeneity
in the MTE framework. Two workhorse tests were developed by Heckman et al. (2010
and are based on the linearity of reduced-form regression in propensity score under no
heterogeneity. One test requires the regression estimation of polynomial approximations of
different orders and testing of every one of them. Another test is a conditional moment
test based on Bierens (1990). Compared to these two tests in Heckman et al. (2010)), my
test is easier in implementation, and I also formally show the asymptotic validity of my
test. Another test that can be used was developed by Li and Nie (2008]), and uses local
linear regressions to nonparametrically estimate the reduced-form regression and test for its
linearity. In contrast, I use local quadratic regressions to nonparametrically estimate the
average slope of the reduced-form regression and test that it is zero. Further, I use a different
test statistic: instead of the residual sum of squares of Li and Nie (2008]), I use the maximum,
following the literature on many moment inequalities (Chetverikov, 2018, Chernozhukov
et al., 2019, Chetverikov, |2019). Another distinct feature of my procedure is that I outline a
simple extension of it that aims at the detection of observable subpopulations with nontrivial
heterogeneity. Namely, by utilizing concepts from multiple hypotheses testing literature I
suggest applying my test to multiple subpopulations defined by values of covariates and



aggregate p-values by the sequential procedure of Benjamini and Hochberg (1995) to control
the false discovery rate.

Fourth, I contribute to the literature on welfare maximization. In the MTE framework,
Liu (2022)) and Sasaki and Ura (2024) derived welfare maximizing rules for general shapes of
MTE in terms of incentive assignment and treatment assignment, respectively. In contrast,
I focus on two shapes of MTE, namely constant MTE and monotonically decreasing MTE.
In these two cases, the optimal policy is easy to derive because it does not require the
unconstrained estimation of the MTE curve. My procedure directly tests for constant MTE
and its straightforward extension tests for the monotonically decreasing MTE, providing
guidance on the optimal incentive assignment.

Fifth, I contribute to the literature on regression derivatives identification. In particular,
I derive a novel statistical result that connects quadratic least squares projections with the
average second regression derivative. While it has been known that the linear projection
identifies the average regression derivative (see Yitzhaki, 1996, Angrist and Krueger, 1999,
Angrist and Pischke, 2009), I extend this result to quadratic projection and a second regression
derivative: I show that the quadratic projection coefficient is the average second regression
derivative if the explanatory variable belongs to [0, 1] interval.

The rest of the paper is organized as follows. Section 2 formally introduces the model.
Section 3 presents the novel statistical result on the connection of projections and unknown
regression. Section 4 develops testing procedures and shows their validity. Section 5 proposes
a feasible version of the tests. Sections 6 and 7 illustrate the procedures using both simulations
and data. Section 8 concludes.

1.2 Model

In this Section, I formally lay out the model and introduce marginal treatment effects
(MTE) and some of their applications. In particular, in Sections 2.3-2.4, I discuss the
implications of MTE for heterogeneity analysis and optimal policy and motivate the tests of
constant MTE and monotone decreasing MTE that I propose later in Section 4.

1.2.1 Setup

I consider a nonparametric instrumental variables model with binary treatment
D € {0,1}. Let the observed outcome be Y let the potential outcomes be Y (0) when
an individual is untreated and Y (1) when an individual is treated. As usual with a binary
treatment, the observed outcome is Y = Y (0) for untreated individuals, and ¥ = Y'(1) for
treated individuals, or equivalently
Y=Y(D)=DY(1)+ (1 —-D)Y(0) (1)
=Y (0)+7D,
where 7 = Y (1) — Y(0) is the individual treatment effect.

In general, the treated potential outcome Y (1) is identified only for the treatment
group, and the untreated potential outcome Y (0) only for the control group. Hence, the
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individual treatment effect 7 is not identified without additional assumptions. Multiple
causal estimands are averages of 7; e.g., the average treatment effect (ATE) is E[r]. In
many applications of interest, treatment D is confounded, so a simple comparison of mean
outcomes in treated and control groups does not identify a valid causal parameter. One
way to overcome treatment confoundedness is to employ an instrumental variable Z that is
exogenous and helps one to identify causal effects. Let X be observed covariates.

Assumption 1.

1.1 D= 1{p(Z,X) > U}

12U LZ|X

1.3 E[Y(d) | X, Z,U] = E[Y(d) | X,U] for d € {0,1}
1.4 U ~ Uniform[0, 1]

1.5 [Supp(Z)| >3

Assumptions 1.1-1.4 are standard in the literature (see e.g. Brinch et al., 2017)), while
Assumption 1.5 is an additional requirement for my test. Assumption 1.1 formally introduces
a threshold-crossing treatment participation mechanism. After instrument Z = z is assigned
to an individual, she selects into treatment if and only if the incentive z (conditional on
X = x) is strong enough that the induced treatment probability p(z, z) exceeds an individual-
specific resistance to treatment U = u (formally, U is the quantile of resistance to treatment).
Assumption 1.2 implies that, conditional on X = z, all individuals can be ordered according
to their U, and if everyone gets the same incentive z* (hence the same treatment probability
p(z*, x)), only individuals with U < p(z*, ) will select themselves into treatment. Changing
Z (and hence p(Z, x)) will either induce additional individuals into treatment or induce some
individuals out of treatment, depending on the p(Z, X). Assumption 1.2 requires assigned
instrument Z to be conditionally independent of the resistance to treatment U. Assumption
1.3 is an exclusion restriction — potential outcomes are conditionally mean independent of
instrument 7, i.e. subpopulations with different Z do not differ in mean potential outcomes,
and in average treatment effects: E[7|X, Z, U] = E[r|X,U]. One case when Assumption 1.2
and Assumption 1.3 are ensured is when Z is randomized. Further, Assumptions 1.1 — 1.3
are equivalent to the well-known IV monotonicity assumption (Vytlacil, [2002), i.e. if an
instrument induces someone into (out of) treatment, it must not induce anyone out of (into)
treatment . Assumption 1.4 is a common normalization (see Mogstad and Torgovitsky, 2024)).

Assumption 1.5 is crucial for this paper. It requires the support of the instrumental
variables Z to have at least 3 distinct values. It permits continuous Z and multivalued Z but
effectively rules out binary Z. The intuition for this additional requirement is that my test
effectively compares various LATEs (see Section for a concrete discussion of what they
are and how they are identified), while binary Z identifies only one LATE. With multivalued
or continuous Z, multiple LATEs are identified and I can compare them with each other.
Thus, binary Z does not provide sufficient variation for the construction of my test.



1.2.2 Marginal treatment effects

Marginal treatment effects (MTE) are a useful way to represent treatment effect
heterogeneity. MTE are defined (see e.g. Mogstad and Torgovitsky, |2024) as ATE for
subpopulations with the same margin of participation U = u (conditional on covariates
X =ux):

MTE(z,u) = E[7|X = 2,U = u. (2)

The thought experiment behind MTE is that (conditional on X)) we can order individuals by
their resistance to treatment U from lowest (i.e. individuals that are the easiest to induce into
treatment) to highest (i.e. individuals that are the hardest to induce into treatment). Before
conducting an experiment, we are agnostic about unobservable U, so we can not predict the
expected treatment effect based on U. At the same time, we know observables X and can
predict the expected treatment effect based on X. For the majority of the paper, I suppress
the dependence of MTE on observed X for the clarity of exposition; hence the analysis is
implicitly conditional on X.

The average treatment effects might be different across different margins of partici-
pation (i.e. MTE is non-constant), which would be the evidence supporting the “selection
on gains” hypothesis — that individuals select into treatment depending on their (perceived)
treatment effects. Statistically, “selection on gains” implies that individual resistance to
treatment U and treatment effects 7 are dependent: e.g. individuals with higher perceived
treatment effects may have smaller resistance to treatment U, i.e. they are easier to induce
into treatment.

Alternatively, if the MTE curve is constant in u, the average treatment effects do
not vary between different margins of participation: there are no systematic differences in
average treatment effects between individuals that are more or less eager to select themselves
into treatment. In this case, there is no evidence in favor of “selection on gains”. Instead,
the endogenous selection bias of the OLS estimand comes from the correlation of untreated
outcomes Y'(0) with realized treatment status D:

E[YD] _  E[Y(0)D] E[(r—7)D?

=T s
E[D?] E[D?] E[D?]
and under no selection on gains, the last term is 0, so only the second term contributes to
the endogenous selection bias.

While the definition of MTE in provides a useful interpretation as the average
treatment effect conditional on the resistance to treatment U, it is not instructive for the
construction of MTE as U is inherently unobservable. Heckman and Vytlacil (1999) provide
an alternative representation of MTE as a derivative of the regression function of Y given

propensity score p(Z) = pE]

MTE(u) = (;;Emp(Z) . p1) 3)

p=u

2Note that under Assumption 1, the regression of Y given Z (reduced-form regression) is the same as the
regression of Y given p(Z): E[Y|Z] = E[Y|p(Z)] (see Lemma Al in Appendix).



The expression in implies that the MTE curve is identified by the derivative of the
regression function of Y given propensity score p(Z) = p. In particular, MTE is identified
at every point if p(Z) has full support. As noted in the discussion after Assumption 1, I
do not require the full support of p(Z) because I do not need to identify the MTE at every
point. For the remainder of the paper, I will use p = p(z) for generic Z = z and p; = p(Z;)
for brevity.

Example 1. (Linear reduced-form regression) If the reduced-form regression function
is linear in treatment probability p, i.e. E[Y|Z = z| = a+bp(z) with b # 0, then representation
straightforwardly implies constant MTE:

=b.

p=u

MTE(u) = (ng(a + bp)>

Under the linear reduced-form regression, the MTE curve is constant, and there is no
treatment effect heterogeneity across different margins of participation w. 0

Example 2. (Quadratic reduced-form regression) If the reduced-form regression
function is quadratic in treatment probability p, i.e. E[Y|Z = 2] = a + bp(z) + cp*(z) with
¢ # 0, then representation straightforwardly implies linear MTE:

= b+ 2cu.

p=u

MTE(u) = (CZ)(CL +bp + cp2)>

Under quadratic reduced-form regression, the MTE is linear, and its slope is constant in the
resistance to treatment U = u. Suppose that ¢ > 0, i.e. the MTE is upward-sloping. In this
case, the individuals with higher resistance to treatment U (more difficult to induce into
treatment) have higher treatment effects on average. Suppose that ¢ < 0, i.e. the MTE is
downward-sloping. Then individuals with lower resistance to treatment U (less difficult to
induce into treatment) have lower treatment effects on average. UJ

Unlike in Examples 1 and 2, if the functional form of the reduced-form regression
E[Y|Z = z] is unknown, then one could use (3)) and directly obtain the MTE by estimating
regression derivatives. Alternatively, one could try to approximate the unknown MTE by
some basis functions (Shea and Torgovitsky, 2021)).

Alternatively, in this paper I propose two procedures that test the shape of the MTE
curve without directly estimating it. In Section 3, I use the regression derivative representation
in to identify the average slope of the MTE curve, and then, in Section 4, I propose two
tests: a test of constant MTE and a test of monotone decreasing MTE.

1.2.3 MTE and causal parameters

One appealing feature of MTE is that it is an important building block of many
causal parameters (Heckman and Vytlacil, 2005). Some relevant average causal effects can be

7



represented as

T = [ MTEG) ()dp, )

i.e. T is a certain average of MTE, with weights w” (p). Some notable examples include ATE
and average treatment effect on the treated (ATT). ATE is T in with weights w7 (p) = 1,

i.e. ATE = [} MTE(p)dp; ATT is T with weights w7 (p) = ﬁ%};g)dt, where F' is the cdf of
0

p,ie. ATT = [ %MTE(p)dp. See Heckman and Vytlacil (2005)) for more examples
0

of T and corresponding w” (p).

While multiple causal parameters are average MTE, not many of them can be identified
with the usual methods. In IV models, the usual two-stage least squares estimator identifies
one particular average causal effect, the local average treatment effect (LATE, Imbens and
Angrist, [1994), the average treatment effect for compliers — the subpopulation whose treatment
status is changed by a given instrument. It is plausible that compliers have treatment effects
that are on average different from those of other individuals, so LATE is different from
other effects, e.g. ATE. Hence, the external validity and policy relevance of LATE is not
straightforward.

One case when LATE is policy relevant is under no (average) treatment effect het-
erogeneity, which corresponds to constant MTE, i.e. MTE(u) = C' for some constant C. In
this case, average effects are constant over margins of participation, and the manipulation of
treatment probabilities will not change average effects. In particular, from ,

/01 MTE(p)w (p)dp = 0/01 w’ (p)dp = C

for any proper (non-negative, integrates to one) weighting function w7 (p). Hence, a test of
no (average) treatment effect heterogeneity (i.e. test of constant MTE) that I develop in
Section 4 provides a useful tool that can signal the policy relevance of LATE.

1.2.4 MTE and welfare maximization

One use of the MTE curve is to inform policy on optimal allocation of incentive Z
(Liu, 2022)F] Fundamentally, individual resistance to treatment U is unobservable (and in
general not point identified), so the only possible MTE-based policy is essentially uniform
across margins of participation u. Suppose for a moment that no covariates X are available.
There is no way to determine where on the MTE curve individuals are because {U;}; are
unobservable, and the only policy possible is to set a common cutoff z*, such that individuals
with U < p(z*) select themselves into treatment, according to the treatment selection
mechanism in Assumption 1.2. Thus, the actionability of the MTE curve is limited by
threshold-setting policies.

3Sasaki and Ura (2024) use the MTE framework to derive optimal allocation of treatment D directly.
However, in some applications it might be infeasible or undesirable to allocate treatment, hence I focus on
the optimal allocation of incentive Z that induces individuals to self-select into or out of treatment.



If there are additional covariates X, the same argument applies to separate covariate-
specific MTE curves. E.g. if X is a set of dummy variables for each US state, then we can
consider separate MTE curves for each state; within each of these covariate-specific MTE
curves there is no way to distinguish individuals with different U (same as in the absence
of X). Hence, the policy is still limited by cutoff policies that now depend on observed
covariates, i.e. z*(X).

Existing methods are based on the fact that multiple causal estimands can be repre-
sented as various averages of MTE (Heckman et al., |1999, Heckman et al., 2006) and rely on
an estimated MTE curve. In particular, the empirical welfare criterion in Liu (2022) is

,\

n p(X“z —
Z/ MTE(u, X;)du,

1
n i=1"P X“Z)

and the maximization of W, essentially requires comparisons of various integrals of MTE.
Hence, while allowing for general shapes on the MTE curve, the method of Liu (2022) relies
on functionals of estimated MTE. However, I show that for certain shapes of the MTE curve,
the optimal policy can be derived without estimation of the curve itself.

The easiest example is when the MTE curve is constant as in Figure [T} It is straight-
forward that optimal policy z* in Figure[l|is given either by maximum incentive arg max, p(z)
(Panel A) or minimum incentive arg min, p(z) (Panel B). The former case corresponds to a
positive average treatment effect for every margin of participation u, and hence it is optimal
to induce everyone into treatment — set the maximum incentive possible. The latter case
corresponds to a negative average treatment effect for every u, and hence it is optimal to
induce everyone out of treatment by setting the minimum incentive possible. In practice it is
straightforward to distinguish between the two cases. Under the null of constant MTE, the
regression of outcome on treatment probabilities is linear Y = a+bp+e by (as in Example
1), and can be estimated by OLS. Then a straightforward t-test of b > 0 against b < 0 pro-
vides evidence in favor of non-negative constant MTE (Panel A, optimal z* = arg max, p(z))
against negative constant MTE (Panel B, optimal z* = arg min, p(2) )}

Panel A Panel B
MTE MTE
7 ,‘ ‘ 7] P(Z*‘) ‘ ‘ ‘ u
020406 08 1 - 02040608 1
p(z"

Figure 1: MTE curve example under no selection on gains

If the MTE curve is not constant as in Figure[I], the optimal policy can still be derived
in a simple way. If the MTE curve is monotone (Figure , the optimal policy corresponds

4If treatment probabilities p; are not observed, one can apply a two-step procedure, similar to the one
discussed in Section 5; the corresponding variance estimator uses estimated p;



to zeros of the MTE curve (in line with the results of Chen and Xie, [2022)). In particular,
if the MTE curve is monotone decreasing as in Figure , Panel A), then it is optimal to
induce into treatment individuals with low resistance to treatment U, namely U < 0.6, and
induce out of treatment individuals with higher resistance to treatment, U > 0.6. Hence,
the optimal cutoff policy is z* such that p(z*) = 0.6 — at the intersection of the MTE curve
with the u-axis. However, if the MTE curve is monotone increasing (as in adverse selection),
there is no simple optimal policy available. To see this, notice that in Figure [2 Panel B,
it is desirable to induce into treatment those individuals with U € (0.5, 1], for whom the
average treatment effects are positive, and induce out of treatment those individuals with
U € [0,0.5), for whom the average treatment effects are negative. The difficulty is that
individual resistance to treatment U is unobservable, so the cutoff policy that induces into
treatment those individuals with positive average effects must also induce into treatment
those individuals with negative effects. There are two candidates for optimal policy: induce
as many as possible and set z* equal to arg max, p(z) or induce as few as possible and set z*
equal to arg min, p(z)ﬂ Which one of them is truly optimal depends on the area of positive
effects | i s MTE(u)du| relative to the area of negative effects | fi-> MTE(u)du/|, and hence
requires the estimation of the MTE curve.

Panel A Panel B
MTE MTE

0.2 0.4 0.6 081 —6704 0.6 0.8 (1 |
p(z*

p(27)

Figure 2: Monotone MTE curve example

Further, if the MTE curve is not monotone, the optimal policy requires the estimation
of the curve. Figure[3|shows two MTE curves that have the same intervals of monotonicity but
different optimal policies. The general principle for optimal policy setting in non-monotone
settings is to compare the areas of positive effects to the areas of negative effects and set
cutoffs at the zeros of MTE or extreme points of the support — 0 and 1. In both Panels of
Figure[3] 1 is not an optimal policy (dominated by 0.8), 0 is not an optimal policy (dominated
by 0.3), and 0.5 is not an optimal policy (dominated by 0.8), so in fact only 0.3 and 0.9 are
valid candidates. The decision rule depends on the integrals of MTE:

z =

. z:p(z) = 0.8if [{PMTE(u)du + [0 MTE(u)du > | [ MTE (u)dul,
z : p(z) = 0.3 otherwise,

SA simple argument is that for every cutoff p’ € (min, p(z), max, p(z)) with a corresponding policy
2" p(2') = p’ there exists an alternative cutoff p”’ > p’ such that the corresponding policy z” : p(z") = p”
induces more individuals into treatment, and the average treatment effect of these additionally treated (under
2" relative to under 2’) is bigger than the average treatment effect at any margin of participation u that is

treated (under z’) due to monotone increasing MTE. Thus, 2" yields a higher total effect than 2.
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and thus the feasible decision rule requires an estimate @(u, ).

Panel A Panel B
MTE MTE

NN

Uu
0.2 04 0.6 (()T%l 0.2 04 0.6 0.8
p(z* 2

*

p(z%)

Figure 3: Non-monotone MTE curve example

Example 3. (U-shaped MTE) Brinch et al. (2017) recover a U-shaped MTE curve with
negative average treatment effects for non-extreme margins. Without the use of covariates,
the optimal policy based on such an MTE curve is either to treat everyone with u < u!, where
u! is the first zero of the MTE curve, or to treat everyone. Which of these two options is
optimal is governed by the relative size of | f;ﬁz MTE(u)du| and | [> MTE(u)du|, and therefore
requires the identification of the whole MTE curve. O

From the discussion above, the constant MTE and monotone decreasing MTE have
direct implications for optimal incentive assignment. In Section 4, I propose nonparametric
adaptive testing procedures that check for constant MTE and for monotone decreasing MTE,
i.e. tests for the “simple optimal policy”: if the tests suggest that the MTE is constant (no
selection on gains) or monotone decreasing, then the optimal policy can be easily determined,;
if the tests reject, then the MTE needs to be estimated for the determination of the optimal
policy.

1.3 Identification by projection

In this section, I show how least squares projections can identify average regression
derivatives. This identification result is the foundation of the testing procedure I propose in
Section 4. I start with a well-known statistical result that the linear projection coefficient
identifies the average regression derivative. Second, I extend this result to quadratic projection
and average second-order derivatives. Third, I show how this result implies identification of
the average MTE slope.

1.3.1 Identification of regression derivatives by projections

It has been well-established in the literature that the linear projection coefficient
identifies an average regression slope (Angrist and Krueger, 1999). In this paper, I extend this
result by showing that the quadratic projection coefficient is an average regression curvature
(i.e. second regression derivative).

11



Let the unknown reduced-form regression be m(p) = E[Y |p(Z) = p|, and let f be
the probability density function of p. Consider an infeasibleﬁ linear projection of observed
outcome Y on treatment propensities p:

Y =ar + Brp+e. (5)

By usual arguments (see e.g. Angrist and Pischke, 2009)), the population projection coefficient
of Y onpis

%%:CWOML:HW@@—EMH

Var(p) Elp(p — E[p])]

While the true regression m(p) might be non-linear and is usually unknown, projection ({5))
provides the best linear approximation and is straightforward to estimate and do inference
on. Additionally, 8, identifies the average derivative of the unknown regression m(p).

(6)

Lemma 1 (Angrist and Pischke, 2009). Assume reduced-form regression m(p) is differen-
tiable, and Var(p) > 0. Then

1
B= [ m (et 7)
with weights

_ S (e —E[p)f(p)dp
E[p(p — E[p])]
Elp — Ep|lp > t] Pr{p > t}

- E[p(p — E[p])] =0 ®)

Proof. See Angrist and Pischke (2009), Section 3.5.

w(t)

Remark 1. (Average MTE identification by projection) Notice that from and
the definition of m(p),

wi(p) = EEEZLZE  arreg) )

Combine and @D to obtain

fu= [ MTE()e(p)d,

i.e. linear projection ({5)) identifies average MTE, and the weights are given by in Lemma
1.

Sfor the majority of the paper, I implicitly discuss infeasible projections; except for section 5, where I
discuss the feasible version of my tests
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Remark 2. (LATE identification by projection) As noted in Section 2.3, multiple
causal parameters are certain averages of MTE. However, unlike other causal estimands (e.g.
ATE or ATT), LATE is point identified by conventional methods. Namely, LATE is identified
by the two-stage least squares estimand (Imbens and Angrist, |1994), which is essentially a
coefficient of a linear projection of outcome on treatment probabilities.

Now consider a quadratic projection of Y on p
Y =a+ fp+yp*+e. (10)

Let L[Y|X] be the population projection of ¥ on some variables X and a constant. § and
7 are ratios of covariances to variances of orthogonalized variables (p and p?, respectively,
Angrist and Pischke, 2009, chapter 3.1):

_ Cov(Y,p—L{p|p*]) _ Cov(m(p),p — Lplp°])

(11)

Var(p —Llp|p?]) —  Var(p — L{p[p?)
_ Cov(V,p* — L[p*[p]) _ Cov(m(p),p* — L[p*|p]) (12)
Var(p? — L[p2|p]) Var(p? — L[p?|p])

Example 2. (Quadratic reduced-form regression, continued) If the true reduced-
form regression function is quadratic in p (i.e. E[Y|Z = 2] = a + bp(z) + cp*(2)), then
this regression coincides with the quadratic projection, E[Y|p] = L[Y|p, p?], and v = c. As
shown in Example 2, the MTE in this case is linear: MTE(u) = b + 2cu = b + 2vyu, and 7 is
(proportional to) the constant MTE slope. O

If the reduced-form regression is not quadratic or linear in p (see Examples 1 and 2),
the MTE slope is not constant. However, the coefficient v of the quadratic projection of
outcome on treatment probabilities still identifies the average MTE slope.

Proposition 1. Assume reduced-form regression m(p) is twice differentiable. Let =

p? — L[p?|p], and assume Var(p?) > 0. Then

1
= [ (. (13)
0
with weights

E[p(p—t)lp > t|Prip >}
E[pp?] ;

w(t) = 0. (14)

Proof. See Appendix.

The intuition is that higher order polynomials in projection reflect higher order
properties of the regression curve. At the same time, inclusion of lower order polynomials
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plays the orthogonalizing role, and removes lower order effects. E.g. inclusion of p removes
first order effects from v; without p, v would not have a clean interpretation of the average
second derivative. By arguments similar to the proof of Lemma 1, it can be shown that the
linear coefficient 5 in is a weighted slope of the reduced-form regression m(p).

Weights w(t) are nonnegative, and they are the average approximation errors p? —
L[p?|p], i.e. the difference between the quadratic function p* and its linear projection on p.
Notice that for m”(t), only larger observations, p > ¢, influence the weights w(t). Further, the
approximation errors are inversely rescaled by the distance to ¢: so closer (in p) observations
have less influence on w(t).

While Proposition 1 provides the average regression derivative interpretation to the
unweighted projection coefficient v in , it is useful to provide a similar interpretation to
the coefficient of a weighted projection. Proposition 2 below formalizes the interpretation of
a quadratic coefficient in a weighted projection as the average second regression derivative.
Later, in Section 4, I apply Proposition 2 to kernel-weighted projections in order to construct
a test statistic of the null hypothesis of no treatment effect heterogeneity.

Fix parameter s and consider a weighted projection of Y on p with some weights
K(p, s). Denote the K(p, s)-weighted projection of A on B and a constant as L;[A|B]. The
coefficients of this weighted projection are

(@(5), 8(s),7()) = argmin B (p.5) (¥ = a(s) = bs)p - e(s)p”) . (15)

Proposition 2 Assume reduced-form regression m(p) is twice differentiable. Let ﬁ =

p? — L,[p?|p] and assume Var(p?) > 0. Then

with weights

E[p(p — ) K (p,s)lp > ] Pr{p >t} _ 0.

o By K (7. ) )

(16)
Proof. See Appendix.

Proposition 2 extends the result of Proposition 1 to weighted projections, i.e. it
provides the interpretation of the average second regression derivatives to the quadratic
coefficient. One useful example of weighted projections that I use in this paper is the kernel-
weighted projection, K (p,s) a kernel function K with parameters s, evaluated at point p.
Hence, by Proposition 2, the kernel-weighted projection estimand is a proper average second
regression derivative, and can be tested as a moment restriction.

Weights w(t, s) in are nonnegative, and are similar to the weights w(t) in , ie.
they are the average approximation errors p? = p? — L[p?|p] for p > t inversely weighted by
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the distance to t. However, the weights w(t, s) in (16| are further rescaled by the weighting
function K (p,s). For K(p, s) a kernel function, this additional rescaling gives proportionally
more weight to observations close to t. The degree of this adjustment depends on the kernel
and the bandwidth.

1.3.2 MTE identification by projections

In this subsection, I show how Propositions 1 and 2 help to identify the slope of the
MTE curve. By , the MTE curve is a derivative of the unknown reduced-form regression:
MTE(p) = m/(p). Therefore, if the reduced-form regression m(p) is smooth enough, the slope
of the MTE curve is given by m”(p). Proposition 1 directly implies that the average slope of
the MTE curve is identified by quadratic projection of outcome Y on treatment probabilities

p.

Corollary 1. Suppose Assumption 1 is satisfied, the reduced-form regression m(p) is twice
differentiable, and p has at least 3 distinct points. A quadratic projection of outcome Y on
treatment propensity p is the average slope of the MTE curve

/01 w(u)MTE' (u)du,

and the weights w(u) are given by (14).
Proof. See Appendix.

Corollary 1 shows that the shape of the MTE curve can be identified by a straightfor-
ward projection. Knowledge of its shape provides guidance on both the optimal incentive
assignment (see Section 2.4), and the effects heterogeneity, which is indicative of global
validity of local effects (see Section 2.3).

While Corollary 1 is a global result, i.e. it identifies the average slope over the whole
support of p, it can be applied locally by manipulating the weights w(t). E.g. one possibility
is to split the support of p by quartiles and run the quadratic projection for each of four
subintervals defined by quartiles. The result will be the average MTE slope for each such
subinterval. Another possibility is to reweigh observations to obtain another average MTE
slope. One particular reweighting scheme I consider is kernel weighting, and Corollary 2
extends the identification result in Corollary 1 to weighted projections.

Corollary 2. Suppose Assumption 1 is satisfied, the reduced-form regression m(p) is
twice differentiable, and p has at least 3 distinct points. Let K(p, s) be a kernel function
with parameter s. The K (p,s)-weighted quadratic projection of outcome Y on treatment
propensity p is the average slope of the MTE curve

1
/ w(u, s)MTE' (u)du,
0
and the weights w(u, s) are given by ((16)).
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Proof. See Appendix.

One important advantage of Corollaries 1 and 2 is that they identify the (average)
slope of the MTE curve without estimating the curve. Another important advantage is that
Corollaries 1 and 2 do not require a continuous instrumental variable and a full support of
treatment probabilities.

Remark 3. (Smooth m(p) with discrete Z) Propositions 1 and 2 require a differentiable
reduced-form regression function m(p). In practice, however, the distribution of p might be
discrete (if available instruments are discrete) and hence m(p) = E[Y|p| is identified only at
some points. It turns out that the distribution of p matters only for the weights w(t) (or
w(t, s)), while the smoothness of m(p) (which might be unidentified at some points) is crucial
for Propositions 1 and 2 to hold for either continuous or discrete distribution of p. In the case
of the discrete support of p, one might think about hypothetical experiments that change p
to values other than those retrieved from the data. These hypothetical experiments would
fully describe the MTE curve, even though MTE will be identified only at some points.

1.4 Adaptive nonparametric tests

In this Section, I propose two tests: one is a test of treatment effect heterogeneity in
the MTE framework, and the other is a test of monotone decreasing MTE. My proposed
tests are based on Proposition 2 and Corollary 2, derived in Section 3; the inference is
based on bootstrap. I discuss how to use the tests for optimal incentive assignment and
interpretation of causal effects. Finally, in Section 4.5, I suggest a multiple testing procedure
that detects the observable subpopulations (defined by covariates) with non-trivial treatment
effect heterogeneity.

1.4.1 Null hypothesis

1.4.1.1 Heterogeneity test

treatment effect homogeneity is equivalent to constant MTE curve

MTE(u) = const a.s. (17)
For twice differentiable m(p), is equivalent to
m”"(p) =0 a.s. (18)

m”(p) is not always nonparametrically identified at every point, so testing directly might
be complicated. However, a straightforward testable implication of is that every weighted
average MTE slope m”(p) is zero. For some parameter s € S and a weighting function
A(p, s), I propose the null hypothesis of equality of average slope to zero

Hy : E[A(p, s)m"(p)] = 0, for all s € S,

H, : E[A(p, s)m” (p)] # 0, for some s € S.
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In contrast to the second regression derivative m”(p), the average second regression derivative
E[A(p, s)m”(p)] is nonparametrically identified by kernel-weighted projections (by Corollary
2) with a two-dimensional parameter s. Specifically, s € & = {(u,h)} with p being a
location parameter and h being a scale parameter (bandwidth). u € {p,...,p,}, where p;
is observed (or estimated — see Section 5) propensity score, and h is some fixed bandwidth,
e.g. h €{0.1,0.2,0.3}. By construction, it might be that |S| > n, i.e. the number of tested
moment conditions can be larger than the sample size. Thus, in constructing my test, I follow
the literature on testing many moment inequalities.

1.4.1.2 Monotone decreasing MTE test

As noted in Section 2.4, it might be useful for optimal incentives assignment to know if the
MTE curve is monotone decreasing. In this case, the MTE is characterized by non-positive
slope

m”(p) <0 a.s. (19)

Similarly to the argument in Section 4.1.1, a straightforward testable implication of is
that every weighted average MTE slope m”(p) is non-positive. For some parameter s € S, |
propose the null hypothesis of non-positivity of average slope

Hy' : E[A(p, s)m"(p)] <0, forall s € S,
H™ : E[A(p, s)m" (p)] > 0, for some s € S.

As noted in Section 4.1.1, the average second regression derivative E[A(p, s)m” (p)] is nonpara-
metrically identified by kernel-weighted projections for s € S = {(u, h)} with p € {p1, ..., pn},
and h is some fixed bandwidth.

1.4.2 Test statistics

1.4.2.1 Test function by quadratic projection

In line with Hy (and H"), let test function b(s) be an average MTE slope with weights
A(p, s), where s is some parameter that defines the weighting scheme:

b(s) = EIAG. shm' ()] = [ Als, " (1) (1. (20)

Under the null of no heterogeneity, b(s) = 0 for every weighting scheme s. Test function b(s)
is an average, which is common in the nonparametric testing literature (see e.g. Chetverikov,
2019). If the second regression derivative m”(p) is observed, the test function b(s) in ([20)
is straightforward to estimate. However, usually m”(p) is not observed. In this case, one
could estimate m” (p) at every point and then estimate b(s) using first-step estimates m”(p).
Instead of estimating m”(p), I suggest computing multiple weighted quadratic projections,
each corresponding to every s, and use the quadratic coefficients y(s) of each of them as test
functions b(s).
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I focus on the kernel weighting scheme with a two-dimensional parameter s. Namely,
for s = (p, h) and some kernel K (p, s), by Proposition 2, v(s) identifies average m” (p)

LE[(p* = (ao + bop))(p — t)K (p, s)lp > t]Pr{p > t}
(s) = /0 R K (p.s)] m’ (t)dt,
= E[A(p, s)m" (p)] (21)

with
E[(p* — (ao + bop))(p — ) K (p, s)|p > t] Prip > t}
E[p?p*K (p,s)] f(t)

if f(t) # 0, and 0 otherwise. A straightforward benefit of using a weighted projection
coefficient 7(s) as a test function is that it is easy to compute using the regular weighted
least squares formula (see B. Hansen, [2022)):

Alt,s) =

a(s) 1\ /1\T) 1
Bs)| =|E|Kps)|p]||P E|YK(p.s)|p|]- (22)
’Y(S) p2 p2 p2

Another benefit of using a weighted projection coefficient (s) as a test function is that it is
straightforward to obtain an estimate ’y/(g) by the sample analog of Finally, the inference
on (s) is straightforward, and the variance V'(s) of b(s) is the usual weighted least squares
variance (also straightforwardly estimable).

Example 4.1. (Test function weights with rectangular kernel) Let K be a rectan-
gular kernel, i.e. K(p,p,h) =3 if [p— p| < h and 0 otherwise. Weighting by a rectangular
kernel gives the same weight to all observations with p within the distance h from location
parameter p. As w(t, s) in reweighs approximation errors asymmetrically (only for p > t),
additional weighting by a kernel function will also be asymmetric. 0

Example 4.2. (Test function weights with triangular kernel) Let K be a triangular
kernel, i.e. K(p,p,h) = max{(1 — %)/\/6,0}. Weighting by a triangular kernel gives
maximum weight to observations with p = u, and the weight decays linearly with distance
|p — u|. As in Example 4.1, weighting by a kernel function will be asymmetric by the form of

w(t,s). O

1.4.2.2 Test statistics and adaptivity

In this paper, I focus on the maximum test statistic in line with the literature (see Chetverikov,
2018|, Chernozhukov et al., 2019)

T,, = max v/l (s)|/\ V(s). (23)
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The intuition of using a two-dimensional parameter s = (u, h) is to make the test adaptive to
both the location () and the scale (h) of deviations from the null Hy (similar to the test of
Chetverikov, 2018)). By optimization over S, T,, captures deviations of the average slope b(s)
from the null of the zero slope by inspecting different locations p and smoothing parameters
h. Larger deviations from the null (i.e. larger |b(s)|) that are identified with better precision
(i.e. smaller V(s)) indicate stronger evidence against the null hypothesis of the constant
MTE curve, hence the decision rule is to reject the null if

T, > cp,. (24)

I discuss how to construct critical value ¢, in Section 4.3.

The adaptivity of means that the test statistic 7;, automatically adapts to various
alternatives. To see this, consider an example MTE curve in Figure [d There are two
deviations from the null of constant MTE Hj: a steady downward slope on [uq, us], and
a sharp drop on [ug, us|. In order to detect these violations of the null, one needs to test
locations in these intervals; hence the importance of location adaptivity. Further, in order to
detect the sharp drop on [ug, uy], one needs to adapt not only to the location but also to the
shape of the deviation. Using large bandwidth even for locations in [ug, us] might overlook
this deviation by using a lot of points that do not contradict the null of constant MTE, but a
smaller bandwidth will help to detect this deviation by more heavily relying on points that
violate the null. Hence the test statistic in (23]) is more powerful against deviations similar to
the one on [ug, uy] when using smaller bandwidth h.

As for the deviation from the null hypothesis Hy on [ug, us], it is not necessary to
have a smaller bandwidth in order to detect it, but having a larger bandwidth is useful
for better precision. With a larger bandwidth, variance V (s) is smaller and the pivotized
test function |b(s)|/V (s) is larger; hence the test statistic in (23]) is more powerful against
deviations similar to the one on [uy, us] when using larger bandwidth h. Thus, optimizing
over both larger and smaller bandwidth h provides the adaptivity of the test statistic T, (23)
to the shape of various alternatives.

The algorithm is:

Adaptive test of heterogeneity

1. Let {p;}I; be a collection of treatment probabilities; for every u € {p1,...,p,} run a
kernel-weighted (with bandwidth k) quadratic projection, obtain quadratic coefficients
(g, h) = b(u, h). Repeat for every p € {p1,...,p,} and h € {0.1,0.2,0.3}

2. Construct T,, = maxs—(,,n)} \/ﬁ|ﬂ;)]/\/?(s\)

3. Reject the null of no heterogeneity if T, > ¢,

Finally, the same test function b(s) can be used to construct the test of monotone
decreasing MTE from Section 4.1.2. The test statistic 7,, in penalizes deviations from
zero slope, b(s) # 0 (i.e. constant MTE). One way to modify 7}, is to penalize only deviations
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Figure 4: Adaptivity example

from non-positive slope, b(s) > 0 (i.e. monotone decreasing MTE):

T7 = max i (s) /|| V (s), (25)

Similarly to T;,, the test statistic 7" is adaptive to the location and shape of deviations from
the null hypothesis Hf'. Larger 7" indicates larger and more precisely identified deviations
from the non-positive slope; hence the decision rule is to reject HJ" if

" > dm, (26)

The algorithm is:

Adaptive test of monotone decreasing MTE

1. Let {p;}I; be a collection of treatment probabilities; for every u € {p1,...,p,} run a
kernel-weighted (with bandwidth k) quadratic projection, obtain quadratic coefficients
~v(p, h) = b(p, h). Repeat for every u € {p1,...,pn} and h € {0.1,0.2,0.3}

—

2. Construct T)" = max{s—(u,n)} Vny(s)/ ‘7(5\)

3. Reject the null of monotone decreasing MTE if 17" > ¢!

1.4.3 Ciritical values and asymptotic validity

It remains to discuss how to construct critical values for the decision rules and
. [ follow the literature on testing many moment inequalities (Chernozhukov et al., 2017,
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Chernozhukov et al., 2019, Y. Bai et al., 2022); namely, I propose bootstrap-based procedures
for the construction of ¢, and ¢]' and show their validity.

In Section 4.2.1, by (21]), the test function b(s) is set to be the kernel-weighted least
squares estimand v(s). Hence, by construction of the weighted least squares estimand in (22)),
the test function is linear in the outcome Y:

1
b(s) =~(s) =C'E |YK(p,s) ]92
b

= E [M{] (27)
for some constant vector C', where the moment function M, is

1
M,=M(Y,p,s)=YK(p,s)C' | p|. (28)

p2

Notice that for fixed s, M; is a function of (Y, p) only, so if the data {Y;,p;}; is a random
sample, then the moment function M; is i.i.d. across observations 4, but can be dependent
across test parameters s. Thus, v(s) is an expectation of i.i.d. terms, and therefore I can
apply results from Chernozhukov et al. (2019) for the construction of critical values. Let

E,[.] denote a sample mean, i.e. E,[Q] = >, Q;/n for some random variable @, and let
E*[.] denote a mean over the bootstrap distribution.

The algorithm for the construction of critical values for the heterogeneity test is:

Algorithm B1
1. Generate a bootstrap sample {Y;*, p; };

2. Construct the test statistic

Vil (s) = 1(s)]

——

V(s)

W = max
S

3. Calculate ¢,(a) as 1 — o quantile of W

where v*(s) = E*[M]] = E*[M(Y*,p*, s)], i.e. bootstrap weighted projection quadratic
coefficient.

Similarly, the algorithm for the construction of critical values for the test of the
monotone decreasing MTE is:
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Algorithm B2
1. Generate a bootstrap sample {Y;*, pi'};

2. Construct the test statistic

3. Calculate ¢'(«v) as 1 — « quantile of W™

For the proof of the validity of the proposed bootstrap algorithms, I follow Cher-
nozhukov et al. (2019) and use the standardized moment function Mj:

M _ Ms - 7(3) )
Vi(s)

Notice that ]\;[s~is iid. over i, E[M,] = 0, Var(M,) = 1. Let A, , = max,(E[|M,,*])/*,
B, = (E[max, M{ ])*/*. Intuitively, A, , and B, contain information about heavy-tailedness
of the distribution of the standardized moment function M.

Proposition 3. (Validity of B1 and B2 methods) Suppose that there exist constants
c1 € (0,1/2) and ¢ > 0 such that

(max{A? , A2

n,37 “n,4>

B, })?log"?*(|S|n) < eynt/*r,
Then there exists ¢3 > 0 and ¢4 > 0 such that under Hp,

Pr{T, > c,()} < a+czn™™
and there exists ¢5; > 0 and c¢g > 0 such that under Hf',

Pr{T" > ()} < v+ esn™ .

This bound holds uniformly over all distributions of data (Y, p) such that
(max{A3 5, A2 ;, B, })?log"?(|S|n) < con'/?~1, E[M?] < oo and Var(M;) > 0 for all s.

Proof. See in Appendix.

Proposition 3 shows that bootstrap procedures B1 and B2 provide critical values that
asymptotically control size a (i.e. the probability of the incorrect rejection of the null Hy or
H{") uniformly over different distributions of data.

Remark 4. (Connection to local quadratic regression) The algorithms of my adaptive
tests require the construction of kernel-weighted quadratic projections; while technically
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similar to local quadratic regressions, there are important differences. First, there is a
fundamental difference in motivation. Coefficients of local quadratic regression are usually
interpreted as “regression derivative at a point”, and this interpretation is based on the Taylor
theorem (“function in the neighborhood of some point is well approximated by a polynomial”);
my result, in contrast, provides the interpretation of an average regression derivative. Instead
of the regression derivative identification at every point, I focus on the average regression
derivative identification. It turns out that for my tests this average derivative interpretation
is sufficient. Second, and related to the previous point, bandwidth plays different roles in
my weighted projections and in local quadratic regressions. For the latter, a bandwidth is
required to be small so that one can invoke the Taylor theorem and fill-in asymptotics. For
the former, a bandwidth is a tool for adaptivity towards various alternatives (“smoothness
parameter”), and it is not required to be asymptotically small.

Remark 5. (Alternative testing procedures) The test of m”(p) =0 (or m”(p) <0) is
essentially a specification test. There are a number of approaches how one can conduct it, and
these approaches have different power properties. For concreteness, in this paper, I follow
Chernozhukov et al. (2019) and use the maximum of moment conditions as the test statistic
T,, (or T!™). The procedure of Chernozhukov et al. (2019) is minimax optimal with respect
to the £>*-norm. Alternatively, one can use the procedure of Horowitz and Spokoiny (2001),
which is minimax optimal with respect to the #2-norm. Different testing procedures then
have different power properties, and their performance depends on the alternative (namely,
the distance between the null and the alternative).

Remark 6. (IV-like estimands) From and (28), My, = M(p,Y,s) = M(p)Y
for some function M, hence the kernel-weighted projection estimand E[M;] is an [V-like
estimand (Mogstad et al., |2018) for every s. Mogstad et al. (2018) use the MTE analysis
in partially identified models to construct an identified set for causal parameters of interest
(e.g. ATE). In particular, they use multiple IV-like estimands to identify the set of structural
functions that are compatible with the data, and use this set to bound causal parameters
of interest under (average) treatment effect heterogeneity. While in this paper I also use
multiple IV-like estimands, the goal here is different — instead of targeting the identified set
for some average causal effect, I want to test for treatment effect heterogeneity, i.e. for the
equality of various average causal effects. In this sense, my paper is complimentary to the
paper of Mogstad et al. (2018): one can use my test in order to check if LATE is actually
policy relevant, and if it is rejected by my test, one way to proceed is to construct (maybe
using the same [V-like estimands — weighted projections) the identified set for the average
causal effect of interest.

1.4.4 Implications and extensions

1.4.4.1 Implications for optimal welfare

As discussed in Section 2.4, constant MTE and monotone decreasing MTE provide simple
guidance to optimal policy assignment. The test in is a simple and powerful procedure

23



that provides evidence in favor of or against the null of constant MTE. If it does not reject
the null of no selection on gains, the optimal policy is given either by argmax, p(z) or
arg min, p(z) in line with the discussion in Section 2.4. In this case, it is left to determine
which of two candidate policies should be chosen. Figure [I] suggests that it depends on
whether the MTE is positive or negative, and it can be easily checked. If the null of constant
MTE is not rejected, one can run a linear regression of Y on p (which is equivalent to
constant MTE by (3)), and t-test test the slope coefficient (i.e. MTE) 8 > 0 vs 8 < 0; if no
rejection, the MTE is non-negative for all margins of participation u, and the optimal policy
is arg max, p(z) — induce as many as possible into treatment; if rejection, the MTE is negative
for all u, optimal policy is arg max, p(z) — induce as many as possible out of treatment.

If constant MTE is unlikely to hold in a particular application, there is still a possibility
of a simple optimal policy if MTE is monotone decreasing, which can be checked by . If
the test rejects, optimal policy assignment would require estimation of MTE and explicitly
solving the welfare optimization problem (Liu, 2022)). If the test does not reject, it is necessary
to find the intersection of the MTE curve with the u-axis, u*, and set z* such that p(z*) = u*.
implies that the intersection of the MTE curve with the u-axis is given by m/(p) = 0,
which can also be found by local linear regression.

1.4.4.2 Redirecting power

Sometimes a researcher might be interested in a particular average treatment effect (e.g. a

policy relevant treatment effect (see Heckman and Vytlacil, 2001 and Heckman and Vytlacil,
2005)), i.e. not the whole MTE curve but a fragment of it on a certain proper subinterval
[u1,us]. In this case, it might be desirable to modify T,, in in order to make a test
more powerful against deviations of the null on u € [uy, us|, possibly at the expense of power
against other alternatives. Namely, let Q(u, h) = 1 for every bandwidth A and location
parameters p € [uq, us) N {p1,...,pn}, and Q(u, h) = 0 for p & [uy, us] N {p1, ..., pn}; then

T,,(92) = max v/nf2(s) |7 (3)|/y/ V (9).

Under the decision rule similar to (24)) — reject if T,,(€2) > ¢! — the critical values ¢ can be
constructed similarly to Algorithm B1 (see Appendix D for the algorithm).

1.4.5 Detection of subpopulations with nontrivial heterogeneity

Finally, I propose a procedure designed for detection of observable subpopulations
(defined by covariates) with nontrivial heterogeneity. The heterogeneity test in Section 4.1-4.3
is implicitly conditional on covariates; however, covariates can provide the foundation for
covariate-specific, and hence individualized, optimal incentive assignment (more efficient than
unconditional common policy). Further, in the case where the null of no heterogeneity Hj
is rejected for the whole sample, maybe there are subpopulations for which the null of no
heterogeneity is true, and (in line with the discussion in Section 2.3) conditional LATE for
such subpopulations is indeed policy relevant.
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I propose to apply the heterogeneity test developed in Sections 4.1-4.3 for each value of
covariates x, collect bootstrap p-values p(x) for each z, and reject the null of no heterogeneity
for subpopulations with

p(z) < MIT, (29)

The decision rule in involves running a heterogeneity test for each value of the covariates
(e.g. if the only covariate is race, then it involves a separate test for each race). If there are
multiple distinct values of covariates (hence multiple tests conducted), there is a problem of
multiple hypotheses testing, which is especially important when the number of such values
(and tests) is large. Ignoring multiplicity of hypotheses leads to multiple incorrect inferences.

One way to mitigate the problems of multiple hypotheses testing is to construct ¢M#7

in such a way that controls the false discovery rate (FDR), i.e. the expected proportion
of false negatives (Efron, 2007). Compared to the alternative (i.e. familywise error rate),
FDR is less conservative, and is better suited for detection of non-trivial effects. I propose
to construct ¢MAT by applying the sequential Bonferroni-type approach of Benjamini and
Hochberg (1995). One of the most important requirements of their approach is that test
statistics are independent. In my setting, this requirement is satisfied automatically because
test statistics are computed using different subsamples, defined by non-overlapping covariate
cells. The details of the procedure are given below.

The algorithm for the detection of observed subpopulations with nontrivial treatment
effect heterogeneity is:

Detection of non-trivial heterogeneity algorithm
1. Let X be the support of covariates X, i.e. X € X, and let X be finite

2. For every x* € X, apply the heterogeneity test from Sections 4.1-4.3; collect p-value
p(e*)
3. Obtain ¢MHT by Benjamini and Hochberg (1995) procedure:

3.1 Order p-values p(z*): p(z7) < ... < p(afy|), where |X| is the cardinality of X

3.2 Let k* be the largest i for which p(z}) < ﬁF DR, where FDR is the prespecified
level at which FDR is to be controlled

3.3 Set M = £ FDR

4. Apply decision rule and find the subset X4 C X, for which rejects

Based on this procedure, one can argue the policy relevance of conditional LATEs
(see Section 2.3) and construct optimal incentive assignments (see Section 2.4) conditional on
observed characteristics.
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1.5 Feasible test

So far in the paper, I have treated treatment probabilities p = p(z) as observed.
However, usually they stem from individual choice decisions and are unobservable, and in
this sense the test is infeasible. In this case, one can set apply a two-step procedure, in which
p is estimated using available instrumental variables Z. Then, in the second stage one would
use estimated p and p? instead of p, obtain the feasible estimate v(s), and run the tests
proposed in Section 4 with this feasible 7/(;) - Proposition 4 provides high-level conditions
under which a non-parametric estimate of p yields the feasible projection coefficient that has
the same probability limit as the feasible projection coefficient, which uses the true p.

Proposition 4. (Feasible estimator converges to infeasible estimand) Let py =
po(z) = E[D|Z = z] be the true regression function; D € {0,1}. Let P, be the set of
estimators of py. Denote

(o), A(s).(5)) = _argmin BIE (py,5) (¥ —a(s) = ool —e(s)pd) ] (30)

wﬂﬁﬁﬂﬁﬂﬂﬁﬁzﬁﬁgﬁﬁMK@ﬁNY—a@%W@m—d$ﬁf] (31)

for some p € P,. Suppose for some constant C'

(i) sup E[p?*] < C for k € {1,2,3,4}

PEPn
g 1/2
(i) sup (E[(p—po)?]) "~ —0
PEPn
(4ii) sup E[Y?p**] < C for k € {1,2,3,4}
pE'Pn

(i) (E[Y?))Y? < C.

Then (OAéF(S), BF(S), &F(S» £> (OC(S), 5(8)7 ’7(8))
Proof. See Appendix.

The conditions of Proposition 4 impose restrictions on the estimator of p and on
the moments of Y. (i) requires the powers of the estimator to be bounded, (ii) requires
the estimator to concentrate around true p, and (iii) and (iv) impose restrictions on joint
moments of the estimator and the outcome Y.

The most crucial condition is (ii), which essentially requires that the mean squared
error converges to 0. While it is possible to guarantee for p(z) that depends on a small-
dimensional parameter (e.g. with finite support of p, i.e. finite support of the instrumental
variable Z). Alternatively, when condition (i) is not satisfied, one can apply a sample-splitting
algorithm that might help with non-trivial mean squared error.

As a simple example, consider first a feasible version of the linear projection in ({5)):

Y, =apr+ Brrpi + ezF7 (32)
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where p; are estimated in the first step with some approximation error u;. In general, this
approximation error is correlated with the projection residuals ef: E[u;ef] # 0. In this case,
Br.r in can be different from infeasible estimand (37 in . One can deal with this
problem by using one half of the sample to estimate p; = p(Z;) and impute them to the other
half of the sample based on observable Z. Then one would run for the other half of the
sample; it is straightforward that in this case the first step estimation noise is uncorrelated
with the projection residuals as the first step was estimated on a different dataset than the

second step.

This sampling-splitting idea can be applied to the quadratic projection as well. Let
the sample be split into four batches. Use three batches to estimate p(Z;) by projecting D
on Z. Let three estimators be p\V(Z;), p®(Z;) and p®(Z;). All three use different batches
of data, so they are independent estimators of p;. Use the fourth batch to run the projection

Y; = ap + Brpi +rb; + €

Apply the first estimator to impute p; = ﬁ(l)(ZZ-); apply the second and third estimators to
impute 1/752 = p@(Z)p®)(Z;). Finally, run a projection of outcome Y on imputed p; and ;932
(and a constant), using the fourth batch of data. In this case, first step estimation errors do
not correlate with each other or with the projection residual £ because different subsamples
are used.

1.6 Simulations

In this section, I illustrate the performance of my proposed heterogeneity test by a
simulation study. I use a data generating process calibrated to Walters (2018)) E] In his paper,
Walters (2018) studies the effects of attending a charter school, and pays special attention to
the issues of selection. For the sake of tractability, I focus on the population of applicants to
charter schools (hence I treat the application decisions as given) that have received an offer
from a charter school. For this population, I model the treatment (charter school attendance)
selection mechanism as

Di(Z;) = 1{Ari + (1= N)§& — Z; = 0} (33)

where 7; is the individual treatment effect that combines functional form assumptions and
parameter estimates from Walters (2018) with calibrated data, &; is an individual preference
shock, and instrumental variable Z; is the differential distance to the closest charter school
versus the closest public school. According to treatment assignment model , 1 selects
into treatment if the combination of treatment effect 7; and preference shock &; offsets the
disutility of distance to a charter school Z;.

Parameter A governs selection on gains, and under constant MTE, A = 0, i.e. the
treatment effect 7; does not influence the selection into treatment. By shifting A, I model the
selection on treatment effects: for A = 0, individuals select into treatment independent of their
treatment effect 7;, purely based only on their individual shock &; and the disutility of the

"See Appendix C for details on the simulation design
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differential distance to a charter school Z;. As A increases, the impact of 7; on the selection
decision increases. Intuitively, for higher A\, my proposed test should be more powerful — it is
easier to detect the violations of the null hypothesis of no heterogeneity Hy if the impact of
treatment effect 7; on the selection decision is stronger.

The resulting dataset contains 1600 observations. The IV is a continuous variable
(distance to school), which provides 1600 distinct values of (estimated) treatment probabilities.
Thus, with a “default” set of bandwidths {0.1, 0.2, 0.3}, the tests proposed in Section 4 require
estimation of |S| = 1600 x 3 = 4800 weighted projections. Even though the computation
time is not restrictive, for this simulation study I need to repeat the test multiple times,
so I reduce the dimension of |S|. In particular, instead of using all observed p as location
parameters u, I use only certain quantiles of p as u. Different rows of Table |2 represent
different choices of quantiles: row 1 uses 10 10% quantiles, row 2 uses 20 5% quantiles, row 3
uses 40 2.5% quantiles.

Table [2| shows the actual rejection rates of the heterogeneity test. Each column
represents a distinct value of A, i.e. the degree of the deviation from the null of no heterogeneity.
For A = 0 (Column 1), there is no selection on gains, the null is true, hence the test should
reject in 5% of all such datasets. In line with this argument, the figures in Column 1 are close
to 0.05 for all values of |S|, which indicates the correct size control (in line with Proposition
3).

Columns 2-6 represent various deviations from the null hypothesis of no heterogeneity;
higher A\ corresponds to stronger such deviations, and it is reasonable to expect that stronger
deviations are more easily detectable by the test. Indeed, as A increases, the test rejects more
often; hence it becomes more powerful.

Columns 2 and 3 indicate low power against alternatives that are close to the null
hypothesis. One possible reason is that by decreasing the number of possible location points
1, we reduce the simulation intensity and also reduce the amount of information we use for
the construction of the test statistic. At the same time, increasing the number of location
parameters does not improve power. One possible reason is that increasing the number of
evaluated test functions (i.e. increasing |S|) that are not far from the null mechanically
increases the critical value but does not affect the test statistic. Under small to moderate
deviations from the null, adding moment conditions to the evaluated set S might be unhelpful,
which is indicated by the small differences between the lines of Table 2]

A=000 A=020 AX=040 A=0.60 A=0.80 A=1.00
|S| =30 0.06 0.11 0.19 0.56 0.97 1.00
|S| = 60 0.06 0.16 0.17 0.46 0.98 1.00
|S| = 120 0.06 0.09 0.10 0.48 0.96 1.00

Table 1: Actual rejection rates
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1.7 Application

In this Section, I apply the tests proposed in Section 4 to the data of Ashraf et al.
(2010). In their paper, Ashraf et al. (2010) study the effect of prices on product use, namely
a home water purification solution. Ashraf et al. (2010) run a field experiment, in which
prices of the solution were randomized among households. For the purpose of illustration, I
choose the attitude towards water purification as the outcome of interest. LATE of buying a
solution on the attitude towards water purification is identified by two-stage least squares.

—

For every point of observed p, and h € {0.1,0.2,0.3}, I construct b(s) and corresponding

‘7(?). All b(s) are negative, which suggests a decreasing MTE curve, consistent with the
idea of people with low U; having higher treatment effects on average. The test statistic is
T,, = —1.36, and the 95th quantile of the bootstrap distribution is ¢/*(0.05) = 2.46, hence the

test does not reject monotone decreasing MTE.

1.8 Conclusion

In this paper I propose a test of treatment effect heterogeneity in IV models and
a test of monotone decreasing MTE curve. First, I show a novel statistical result on
the identification of an average second regression derivative via a quadratic projection. I
further show that this result extends to the case of weighted projections. Second, I show
how my statistical result helps to identify the average slope of the MTE curve. Third,
I propose two separate tests of constant MTE and monotone decreasing MTE that are
based on the many moment inequalities literature. These tests have implications for the
interpretation of causal parameters, in particular on the external validity of LATE, and for
welfare maximization. Finally, I suggest a multiple hypothesis testing procedure that aims at
the detection of observable subpopulations with nontrivial heterogeneity, and illustrate the
tests with calibrated simulations and real data.

1.A Appendix: auxiliary results

Lemma Al. Suppose Assumption 1 is satisfied. Then E[Y'|Z, X] = E[Y|p(Z, X), X].
Proof.
E[Y|Z, X] = E[DY (1)|Z, X] + E[(1 — D)Y(0)|Z, X]

E[EDY(1)|D, Z,X)|Z, X]+E[E[(1 - D)Y(0)|D, Z, X||Z, X]
E[E[Y (1)|D = 1, 2, X|Lip-1)|Z, X]
+ EEY (01D = 0,2, X]L(p—oy|Z, X]
= Pr{D =1|Z, X}E[E[Y(1)|D = 1, Z, X]|Z, X]

+Pr{D =0|Z, X}E[E[Y(0)|D =0, Z, X]|Z, X]
=p(Z, X)E[E[Y(1)|D =1,Z,X]|Z, X]

+ (1 - p(Z, X)EE[Y (0)|D = 0, 7, X]|Z, X,
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where the first equality follows from the definition of observed Y in , the second equality
follows by LIME, the third equality follows from D being binary, the fourth equality follows
from the pull-out property, and the fifth equality follows from the definition of propensity
score p(Z, X). Further, notice that event {D = 1} is equivalent to the event {p(Z, X) > U}
by Assumption 1.1, and similarly {D = 0} is equivalent to {p(Z, X) < U}. Thus,

E[Y(1)|D=1,Z X]|=EY(|U < p(Z, X), Z, X]
and

E[Y(0)|D =0,Z,X] =E[Y(0)|U > p(Z, X), Z, X].
Combine with Assumption 1.3 to obtain

E[Y(1)|D=1,Z, X]=E[Y(1)|U < p(Z, X), X]
and

E[Y(0)|D =0, Z, X] =E[Y(0)|U > p(Z, X), X].

Finally, notice that the inner expectation depends on Z only through p(Z, X), then by the
pull-out property,

E[E[Y (DU < p(Z. X), X]|Z.X] = EE[Y ()|U < p(Z. X), X]|p(Z, X), X]
and
E[E[Y (0)|U > p(Z, X), X]|Z, X] = EE[Y (0)|U > p(Z, X), X]|p(Z, X), X].
Combine all the above to obtain
E[Y|Z. X] = p(Z, X)E[E[Y (1)|D = 1, Z, X)|Z, X]
+ (1= p(Z, X)E[E[Y(0)|D =0, Z, X]|Z, X]
[E

= p(Z, X)E[EY (W)U < p(Z,X), X]p(Z, X), X]
+ (1= p(Z, X)EE[Y (0)|U = p(Z, X), X]|p(Z, X), X].

Now consider E[Y |p(Z, X), X]. Similarly to the argument for E[Y|Z, X] at the beginning of
the proof and using the fact that (Z, X) is finer than (p(Z, X), X),

E[Y[p(Z, X), X] = E[DY(1)|p(Z, X), X] + E[(1 — D)Y(0)|p(Z, X), X]
E[DY ()|D,p(Z, X), Z, X]|p(Z, X), X] + E[E[(1 — D)Y(0)|D, p(Z, X), Z, X]|p(Z, X)

D)Y(0)|D, Z, X]|p(Z, X), X]
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which provides the conclusion. 0

Lemma A2. Assume conditions of Proposition 1 are satisfied. Then
1
p= / m'(t)wg(t)dt.
0
Proof. By the fundamental theorem of calculus, the reduced-form regression is

m(p) = lim m(p) + /Op m'(t)dt.

p—0

Plug this expression into (({11)):

g — Elmp:)(pi — Lipipi])]
Var(p; — Lpi|p;])
_ E[(limy0 m(p) + J§" m'(t)dt) (p: — L{pi|p])]
Var(p; — L[pi[p7])
_ B[ m’ (t)dt(p: — Lipilp7])]
Var(p; — Lpi|p}])
Lo, Elp—Liplp?]lp > t] Pr{p > t}
B /0 () Var(p; — L[pi|p?]) a

Lemma A3. For some non-degenerate random variable X, let b = %&)X) and a =

E[X?] — bE[X]. Then X? and a linear projection E*[X?|X] = a + bX have two intersection
points.

Proof. First, I consider unbounded X, i.e. Supp(X) = (—00,00), and let z € Supp(X)
be its generic element. I show that 3 zq € Supp(X) such that 22 < a + bz, is equivalent to
z? and a + bx having two intersection points. Then I show that 2> > a + bz V x € Supp(X)
contradicts the projection FOC.

Suppose Supp(X) = (—00,00) and 3 x5 € Supp(X) such that 22 < a + bzy. Consider
{(z) = 2*—(a+bzx). Notice that £(x) is a polynomial and hence a continuous function. Further,
U(x) < 0 and lim, o £(x) = lim,—, o £(z) = 00. Then 3 z_ such that ¢(x) > OV x < z_ and
Jdxy such that {(z) > OV z > z,. By the Intermediate Value Theorem, 3 z € (z_, zy) such
that ¢(z) = 0 = 2% — (a + bx). Similarly, 3 Z € (x¢,x,) such that £(7) =0 = z? — (a + bT).
Finally, notice that ¢(x) is a quadratic polynomial that has at most two real roots, hence
there are at most two intersection points of z* and a + bx. Therefore, 3 ¢ € Supp(X) such
that 22 < a + bxg implies that there are two intersection points of x? and a + bz.

Now I show that the converse is true. Suppose Supp(X) = (—o0,00) and 3 (z_, x4 ) €
Supp(X) such that z_ < x4, 22 = a+bxr_ and 2% = a+br. x? is a strictly convex function
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of x, then the epigraph of 2%, i.e. x = {(z,2?)|z* > a + bz}, is strictly convex. (z_,z%) € ¥,
(z4,2%) € x and x_ # x4 then there exists 2y € (x_, z;) and, by the definition of a strictly
convex set, (zg, z2) € int(x), where int() is an interior of x. Equivalently, 3 zo € Supp(X)
such that x3 > a + bzy. Combining all above, for Supp(X) = (—o0, 00),

3 1 € Supp(X) such that 23 < a+bxy < there are two intersection points of 2% and a+bx.

Now I show that the above is implied by the projection FOC. Suppose towards
contradiction that 2?> < a + bz V o € Supp(X). Then there is at most one point g such
that o = a + bxg (if there were more than one, their linear combination would be in the
epigraph of 2, violating z*> < a + bz V x € Supp(X)). Then by Supp(X) = (—o0, ),
E[z? — a + bz] < 0. However, by the projection FOC, E[z? — (a + bz)] = 0, contradiction.
Therefore, the projection FOC implies the existence of two intersection points of 22 and the
linear projection a + bx.

Second, let the support of X be compact: Supp(X) = [Lx,Ux]. The Intermediate
Value Theorem is impossible to invoke straightaway. Instead, notice that for 1, 25 € Supp(X)

Var(X) = ;E[(h — 12)%],
Var(X?) = ;E[(:c% — z3)7,
Cov(X, X?) = ;E[(Sﬁ — o) (2} — 23)],

Cov(X, X?) = ;E[(l'l — I)(x] — x3)]

because Var() and Cov() are second-order U-statistics (Vaart, 1998, Chapter 12, hoeffding1948).

Below, I show that U% > a + bUx and L% > a + bLy, which implies that there are two
intersection points of 2 and a + bx.

Notice that for any z € Supp(X) and using the U-statistic representation
Cov(X, X?)
Var(X)

o — Var(X)(z® — E[X?]) + Cov(X, X?)(z — E[X])
= — Var(X?) — 2*Var(X) 4+ 2zCov(X, X?) + Cov(X, X?)

a+br —2* = E[X?] — 2® + (x — E[X])

_ ;E :(xf —a3)’ 40 (01— 22) — 2 (21— w2) (2 — 23) — (21 — @) (o — 2
= - ;E (21— 22)" (21 + 22)° + 27 — 2 (21 + 2) — (] + 2172 + 23) )]

_ ;E (21— 22)” (22 — 2 (21 + 1) + 7123 )|

= E[ - ml @ —m) - w).

(21 — 22)* > OVzy, 25 € Supp(X). Further, (Ux — ) > 0Vz € Supp(X) and (Lx —z) <
0Vz € Supp(X); then (Ux — 1) (Ux — x3) > OVz, 29 € Supp(X) and (Lx — x1) (Lx — x3) >
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OVz, zo € Supp(X). Then

a+bUx —Ug <0, (34)
a+bLx — L% <0, (35)

i.e. 2% is larger than the projection line a + bp at the endpoints of the bounded Supp(X).
Now I show that there are points in Supp(X) where x? is strictly smaller than the projection
line a 4 bp that implies that there are two intersection points of 22 and a + bp, which would
conclude the proof for the bounded Supp(X). Suppose towards contradiction that such that
a+ br — x*> < 0Vz € Supp(X). Then E[a + bz — 2?] < 0 because X is not degenerate. The
FOC of the projection problem is E[z? — (a + bz)] = 0 — contradiction. Then 3z € Supp(X)
such that a + bz > x3. Then either the endpoints (Lx,Uy) are the intersection points of
2% and a + bx if and hold with equality. If is strict and is equality, then
by the Intermediate Value Theorem, 37 € (xg, Ux) such that a + bz — 7% = 0. If is
equality and is strict, then by the Intermediate Value Theorem, 3z € (Lx, xo) such that
a+ bx — z? = 0. Finally, if both and hold with strict inequality, 3 € (zo, Ux) such
that a + bz — 7® = 0 and Jz € (Lx, o) such that a + bz — 2? = 0.

O

Lemma A4. Assume conditions of Proposition 1 are satisfied. Then

E[p*(p — t)lp > t| Pr{p > 1}

— >0 a.s.
E[p?p?]

w(t) =

Proof. From Proposition 1, the weights are

1
0 = —L Bl — (0+bp) (o — Dlp = ] Prip > 1},
E[p*p?]
where (a,b) are the coefficients of projection of p* on p. For t = 1, w(l) = E[(p* -
(a+bp)(p— Dlp > 1/E[p*p?| Pr{p > t} = 0 trivially. For every ¢ € [0,1), notice that
E[(p* = (a+bp))(p—t)|p = 1] Pr{p = t}/E[p?p?] = 0if and only if ¢(t) = E[(p* - (a+bp))(p—
t)lp > t]Pr{p >t} > 0. Denote € = £(p) = p* — (a + bp) and rewrite

o) =Blelp— Ol 2 0 Prip 2 0 = [ (o= 0/ @)p = [ pf)p—1t [ f(p)dp.

The derivative of ¢(t) is

G0 = et DVes — [ £F@p +tef Plee = — [ 21N
and the second derivative of o(t) is
" (t) = [ef(P)lp=t = (t* = (a+bt)) f(t)-
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Notice that ¢”(t) is zero at the intersections of p? and the projection line a + bp. By Lemma
A3, there are always two such intersection points. Denote these intersection points as t;
and tq, t; < to, so that ¢"(t1) = ¢"(t2) = 0. ¢"(t) > 0 for t € [0,t1] U (ta, 1], ¢”"(t) < 0 for
t e (t,t].

Att =0,

#0) =~ [ <Fp)dp= ~E[] =0

by FOC of the projection coefficients (a, b). Together ¢'(0) and ¢”(t) > 0 for ¢ € [0, 1] imply
that ¢’ is monotone increasing on [0,t], then ¢'(t) > ¢'(0) > 0 for all t € [0,¢], and then
w(t) > 0 for all ¢ € [0,t].

Now consider t € (3,1]. Recall that p = t, is the intersection of p? with projection
a + bp, then p* — (a + bp) > 0 for all p > ¢, for all t € [ty, 1]. Further, p —t > 0 for all p > ¢,
for all ¢ € [0,1]. Then w(t) = E[(p? — (a +bp))(p —t)|p > t] > 0 for all ¢ € (t5, 1].

It is left to show w(t) > 0 for all ¢ € (t1,ts]. Recall that ¢”(t) <0 for all t € (¢4, ts],
hence ¢ is concave on (t1,ts] and ¢(t) > min{p(t1), p(t2)} for all t € [t1,ts]. From the
argument above, ¢(t;) > 0 and @(t2) > 0, hence ¢(t) > 0 for all ¢ € [t1,t5]. It implies
w(t) >0 for all t € (t1,ts). O

1.B Appendix: proofs of main results

Proof of Proposition 1. By the fundamental theorem of calculus, the reduced-form
regression is

m(p) = limm(p) + /Op m/(t)dt. (36)

p—0

Application of the fundamental theorem of calculus to m’ yields

M@:MM@+fW@# (37)
p—0 0
Plug (37)) into (36) to obtain
m(p;) = hmm +/ hmm dT—i—/pi /T m" (t)dtdr
0 Jo

= ¢1 + Cop; +/ / t)dtdr, (38)

where ¢; = lim, ,om(p) and ¢y = lim, o m'(p) are constants. Intuitively, both (36| and (3§ .
(partly) linearize m(p;): the first term is a constant, the second term is linear in pl, the third
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is potentially of higher order or nonlinear in p;. Plug into ((12)):
_ ]E[m(pﬁ}yé il
Elpip?]
_ El(er +copi + J5" Jy m”<t)dtd7—>5§i]
Elpip?]
E[p?, foi fJ "( Jdtdr

t)p2dtdrdF (p)

o /// t\p2drdF (p)dt
- /O m" (H)w(t)dt,

where the third line follows from orthogonality between p; and ;)5“ the fifth line follows from
changing the order of integrations and weights w(t) are

0= g [ b))
_ 1 / /t (¥ — (a0 + bop) ) drdF (p)

E[pip*] :
- gyt 7~ o) ([ o)

1 1,
= g o @~ (@) (=0 aF )

1 2
= B (0% = (a0 + bop))(p — t)[p > t] Pr{p > 1}
(ap, by) are coefficients of projection of p? on p and a constant, L[p?|p] = ag + bop:
Cov(p*, p)
by = b 2P
Var(p)

ap = E[p?] — boE[p].

By Lemma A4, w(t) > 0. O

Proof of Proposition 2. Let fy, be the joint density function of ¥ and p, denote
9s(y.p) = fyvp(y,p)K(p,s) and G5 = [ gs(y,p)d(y,p). Let E;[.] denote the expectation with
respect to the joint probability density function gs(y,p)/Gs. The optimization problem in
(15)) is equivalent to

omin B[KG(s) (i - a(s) = bs)pi = c(s)p?)” /Gl (39)

35



The objective function in is equivalent to
E[K;(s) (Y; — als) — b(s)pi — c(s)p}) /G|
= [ (v als) = b(s)p = c(s)?) " K (p, ) frply, p)/Gid(y, )
= [ (y=als) = b(s)p = (1) 9.(.p) /Gy, ).

Note that gs(y,p)/Gs > 0 for every s, and [ g,(y,p)/Gsdp = 1 by construction, hence
9s(y,p) /G5 is a proper probability density function. Then can be interpreted as an
unweighted quadratic projection when the joint density function of (Y, p) is ¢s(y,p)/Gs and
by Proposition 1,

where

w(t,s) = MEgs [(p2 — (ag + bop))(p — t)|p = t} Eg{p > 1)
N MEQS [(pQ — (ao +bop))(p — t)|p > t} Eg{p > 1),

that are non-negative by Lemma A4. Let L[p?|p] = ao + bop:

Cov(p?, p)
Var(p)

= E[p*] — boE[p].
Consider the numerator of the weighting function w(t, s):
Eqs |(v" — (a0 +bop))(p = D)lp > t] Pr{p > t}
= /\Y/tl(p2 — (a0 +bop)) (p — )gs(y, p)/Gsd(y. p)
= [ 07~ (ot bop) o~ DK )/G ([ Fralyp)d ) dp

= [0~ (o +-bop) (o~ K (p,)/Gof )
= E[(p* — (a0 + bop))(p — ) K (p, s)[p > t] Pr{p > t}/G..

The denominator is

Egspp //ppgsyp)/Gd(yp)
= /0 p’p*K(p,s)/G, (/Y fy,p(y,p)dy) dp

- [ " PRK (p, 5)/G.f (p)dp
= E[p*p*K(p, 5)/Gs.

by =
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Combine to obtain
1

]E[pszzK(p, S)]E[(p2 — (ag 4+ bop))(p — t)K(p, s)|p > t| Pr{p > t}.

w(t,s) =

Proof of Corollary 1. Consider a quadratic projection of outcome Y on treatment
probabilities p: Y = a + Bp + 7p? + e. If reduced-form regression m(p) = E[Y[p] is twice
differentiable, then by Proposition 1, 7 is an average second derivative of m(p). By ,
MTE(u) = dm(p)/dp|,—. = m/(u). Then the slope of MTE at point w is m”(u), hence
v = [y w(u)MTE(u)du, the average slope of the MTE curve with the weights w(u) given by
Proposition 1 in ((14)). O

Proof of Corollary 2. Similarly to the proof of Corollary 1, consider a weighted quadratic
projection of outcome Y on treatment probabilities p: Y = a(s) + B(s)p + v(s)p? + ¢
with some weights K(p,s). If reduced-form regression m(p) = E[Y|[p] is twice differ-
entiable, then by Proposition 2, 7(s) is an average second derivative of m(p). By (3),
MTE(u) = dm(p)/dp|,—. = m/(u). Then the slope of MTE at point u is m”(u), hence
v(s) = Jy w(u, s)MTE(u)du, the average slope of the MTE curve with the weights w(u, s)
given by Proposition 2 in ((16]). O

Proof of Proposition 3. By the argument in Section 4.2, the moment function M, ; is
i.i.d. across i, then v(s) is an expectation of i.i.d. terms.

Then show that conditions of Theorem 4.3 in Chernozhukov et al. (2019)) are satisfied
for two test statistics 7,, and 7" and two algorithms Bl and B2. Consider first 7" and
algorithm B2.

which corresponds to algorithm EB in Chernozhukov et al. (2019) with the choice set dimension
p = |S|, choice variable j = s and bootstrap moment function Xis = M;,. Further, by
the statement of Proposition 3, (max({Af’L’g,AfLA,Bn})210g7/2(|8|n) < cnt/?7e for some
constants ¢; € (0,1/2) and ¢ > 0. Hence by Theorem 4.3 in Chernozhukov et al. (2019),
there exists ¢ > 0 and ¢g > 0 such that under H',

Pr{T" > ()} < v+ esn™ .
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Now first the test statistic 7,, and algorithm B1. The test statistic is

Let § € S = 8 x {0,1}. Further, let b(3) = b(s,j) = (—1)7b(s), where j € {0,1}, so that

v

b(s,0) = b(s), b(s,1) = —b(s). Notice that Var(b(3)) = V(3) = Var(b(s)) = V(s). Hence,

Similarly, let (s, j) = (—=1)’y(s) for j € {0,1}. Notice that ¥(5) = b(3). Finally, let the
M; 5= M;,; = (=1)’M;, for j € {0,1}, and let M, be the bootstrap version of M; ;. The
bootstrap test statistic in B1 is

Vil (s) = 7(s)]

W = max
: V(o)
_ max{max V() —2(s) | VA (s) = (a(s) }

VI (En[M7] —5(5))
which corresponds to algorithm EB in Chernozhukov et al. (2019) with the choice set dimension
p = |S], choice variable j = § and bootstrap moment function X; = M},

Further, note that for every § = (s, j),

Ml,s - ,.7(5)
V(3)

[ 1yt
V(s)
_ M s —7(s)
V(s)
= | Mg,

then
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Moreover,

Then by the statement of Proposition 3, (max{A? ;, A ;, B, })?log”/?(|S|n) < e;n!/? for
some constants ¢; € (0,1/2) and ¢ > 0. Hence by Theorem 4.3 in Chernozhukov et al.
(2019), there exists c3 > 0 and ¢4 > 0 such that under Hy,

Pr{T,, > c,(a)} < a+cgn™“.

O
Proof of Proposition 4. In the first part of the proof, I show that

]En[K(ﬁ7 S)ﬁ] £> E[K<p07 S)pO]) (40)
En[K (9, 5)p%] #» E[K (po, 5)pj), (41)
E,[K (b, )p°] = E[K (po, s)p); (42)
E,[K (5, 5)p"] = E[K (po, s)pg, (43)
E,[Y K (p,s)p] & E[Y K (po, s)pol, (44)
E,.[Y K (p, 5)p*] = E[Y K (po, s)pj] (45)

First, consider E,,[K (p, s)p] — E[K (po, s)po]. By triangle inequality,

Pr{[E,[K (D, s)p] — E[K (po, s)po]| = 4e} < Pr{|E.[K(p, 5)p] — E[K(p, s)p]| = 2¢}
+ Pr{[E[K (D, )p] — E[K (po, s)po]| > 22}

< Pr{|E.[K(p, s)p] — E[K(p, s)p]| > 2¢}
+ Pr{|E[K (p, s)p] — E[K (D, s)po]| > €}
+ Pr{[E[K (D, s)po] — E[K (po, s)po]| > €} (46)

Notice that for fixed h, kernel function K(p,s) = K(p,pu, h) < C. Consider the first term in
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Therefore, by Markov’s inequality, E,[K(p, s)p] — E[K (D, s)p| = 0,(1), i.e. Pr{|E,[K(p, s)p] —
E[K (p. 9)f]] > 22} — 0.

Now consider the second term in :

PR . . 1/2
B[ (p, )] — E[K (, s)pol| < (E[K?(p, s)|E[(H — po)?])
1/2
< Csup (E[(p—po)’]) 50
PEPn
Finally, consider the third term in (46])):
1/2

(ERIE[(K (5, 5) — K (po, 5))*])

1/2

IE[K (D, s)po] — E[K (po, 5)po]|

IN

< C sup (E[(p - po)Q])l/2 %0,

where the second line uses K (p, s) being Lipschitz continuous in p. Hence, follows by
triangle inequality.

Now consider E,[K (p, s)p*] — E[K (po, s)p2]. By triangle inequality,
Pr{|E.[K (p, )p"] — E[K (po, s)po]| = e} < Pr{|[Eq[K(p, s)p°] — E[K (D, 5)p°]| > 2¢}
ﬁ> S)ﬁQ] —E K(ﬁ7 S>pg” = 5}
ﬁ) S>p(2)] —E K(p()u S)pSH > 5}'

Similarly, I show that all three terms above are 0,(1), hence would follow by triangle
inequality.
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Therefore, by Markov’s inequality, E,[K (p, s)p?| — E[K (p, s)p*] = 0,(1). Further,
[E[K(p, $)0*] — E[K (D, s)ppl| = |E[K (B, s)(0* — pp)]]
= |E[K (D, s)(p = po) (P + po)l|
(ELK(p, 5)(B + po)*JEL(D — po)?])

1/2

IN

1/2
SN

IN

)*
C max sup p2])1/2 : 1} sup (E[(p - PO)QD

PEPn PEPn

Finally,

EK (b, 5)p3) — E[K (po, )| < (EIREI(K (5, ) — K(po,s))?]) "

Hence, follows by triangle inequality.
For and the argument is similar to the above.

EI(E [K (9, 5)5") ~ E[K(p,5)")) < BI(K (. )"

1
< Csup —E[p’] < C/n — 0.
p€77n n

Therefore, by Markov’s inequality, E,[K (p, s)p*| — E[K (p, s)p°] = 0,(1). Further,

E[K(p, 5) (0" — po)ll

E[K(p, 5)(b — po) (5" + po + bpo)|
)

1/2
< C sup (E[(p - po)?])
pEPn

Finally,

EK (b, 5)p3) — E[K (o )pd)| < C (Ep))"” (ELG6 - p0)?])"”
< Csup (E[(p —po)])"”

pEPn

0.

Hence, follows by triangle inequality. Further,

EI(E[K (9, 9)5"] ~ E[K (5, 5)")'] < ~EI(K (5. 9)p")]

< C sup lIE[pg] < C/n—0.

pePy, T
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Therefore, by Markov’s inequality, E,[K (p, s)p*| — E[K (p, s)p*] = 0,(1). Further,

[E[K (p, s)p*] — E[K (D, s)po)| = [E[K (D, s)(p* — py)]|
= |E[K (p, s)(p — po)(D* + pi + D’po + D1})]]
= O (El(p —po)?) " 2

Finally,

ELK (5, )] — K (po, s)pill < € (ERY) " (Bl - p)2) "
< Csup (El(p—po)2) " B 0.
pEPn
Hence, follows by triangle inequality.
Now consider E,[Y K (p, s)p| — E[Y K (po, s)po]. By triangle inequality,
Pr{|E,[Y K (p, s)p] — E[Y K (po, s)po]| = 4e} < Pr{|[E,[Y K (p, s)p] — E[Y K (p, s)p]| = 2¢}
+ Pr{|E[Y K(p, 5)p] — E[Y K(p, s)po]| = €}
+ Pr{[E[Y K(p, s)po] — E[Y K (po, s)pol| > €}
(47)
Consider the first term in (47))

E[(E.[YK(p, s)p] — E[Y K (p, 5)p])*] = —(E[Y K (p, 5)p])”

—3 |~

< —E[Y?K(p,s)*p"]

n
1
< sup —E[Y*K(p, 5)*p’]
pEPy T
1
< C sup —E[Y?p?] — 0.
pEPn n
Therefore, by Markov’s inequality, E,[Y K (p, s)p| — E[Y K (p, s)p] = o0,(1).
Now consider the second term in (46):
< (E[Y?K*(p, 5)])"/* sup (E[(p — po)*])"/*

pEPn

< CE[Y?])'/2 sup (E[(p — po)*])**

< O sup (E[(p — po)*])/* & 0.
PEPn

Finally, consider the third term in (46)):

[E[Y' K (, s)po] — E[Y K (po, s)pol| = [E[Y po(K (p, s) — K (po, 5))]]
< (E[Y?pg))"/? sup (E[(K (p, 5) — K (po. 5))*])"/*

pEPx

< C(E[Y?])"? sup (E[(p — po)’])'/* 5 0.

PEPn
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Hence, follows by triangle inequality.
By the similar argument,

E[(E.[YK(p, s)p°] — E[YK(p, 5)p°])°] = —(E[Y K (p, 5)p°])*

,_.3‘,_.

< —E[Y’K(p, s)*p"]

3|

< sup *E[WK (p, $)°p"]

peEPy T
1
< O sup —E[Y?p*] — 0.
pEP, T
Therefore, by Markov’s inequality, E,[Y K (p, s)p] — E[Y K (p, s)p?| = 0,(1). Further,
E[Y K (p, )p°] — E[Y K(p, s)po]| = [E[Y K (B, 5)(P — po) (B + po)]|
< CE[Y*])"/? sup (E[(p — po)])"/?

PEPR

< C;;lg( [(p—po)’])'* % 0.

Finally,
[E[Y K (p, s)p*] — E[Y K (po, s)pp]| = |E[Y p3(K(p, 5) — K (po, s))]]
< (E[Y2p3])1/z sup (E[(K (p, s) — K (po, 8))2])1/2

pEPn

< C(E[Y?))"? sup (E[(p — po)’])"/* # 0.

pEPn
Hence, follows by triangle inequality.
In the second part of the proof, notice that and are WLS estimators and
) E

have closed-form solutions
1\ /1) 1
K(Poas) Po Po YK(]?O,S) Po
vs) \ws/ | P
1

a(s)

B(s)| = E

v(s)

Gp(s 1\ /1\7\ 1

(5o () <]
p°) \p°) | p

Yr(s
he Slutsky theorem and Mann-Wald theorem,

From —, by
YEK(p,s) b

ap(s) :
Br(s) | = |En E,
Ar(s) |
1 a(s)
YK (po,s) |po || =15(s)]|.
% (s)

1

and

~—

[\

~— ——

—+

-1
2 E

1 1\
K(po,s) | po| | po E
2 2
0 i
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1.C Appendix: details of the simulation design

I will focus on the population of charter school applicants. The IV is the differential
distance to a charter school

Z; = distance to closest charter school — distance to closest public school.

Conditional on covariates, this differential distance is a valid IV (Walters, 2018). Below I
discuss the data generating process in detail. All references to tables in this section implicitly
refer to tables in Walters (2018).

First, I simulate covariates X (Female, Black, Hispanic, Subsidized lunch, Special
education, Limited English proficiency, Value-added of closest district school, 4th grade math
score, 4th grade reading score) and instrument Z and by matching Table 1 (means and
standard deviations of variables).

Second, I simulate individual treatment effects and untreated potential outcome,
according to

7i = Yi(1) = Yi(0) = fin — fio + X[ (A} = A0) + 6:(Ag — AY),
Yi(0) = fio + X/A) + 0:A),

where (fig, in, AL — A% Ab — A9) are taken from Table 7 (Estimates of Charter School Effects
on Eighth-Grade Test Scores), and 6; is an individual preference parameter that is distributed
as a mixture of two normals (N (1.641,0.140%) with probability 0.417, and N'(—1.174,0.093?)
with probability 0.583 — according to Table 6, Distribution of unobservable preferences).

Third, I simulate treatment indicators D in a way that allows me to adjust the
data generating process to various deviations from the null Hy. I assume that the selection
mechanism is

Di(Z;) = 1{Ar; + (1 = N)& — Z; > 0}

& is a an individual preference shock, which is independent of all other variables and & = 2+¢?,
where £ is a standard logistic variable, and shift 2 is needed to make E[¢;] ~ E[r;].

Finally, it remains to simulate outcomes Y (8th grade test scores) by combining
simulated treatment indicators D, potential untreated outcome Y (0) and treatment effects 7,
according to the outcome equation

1.D Appendix: redirection of power

The algorithm for the construction of critical values c], is
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Algorithm B3
1. generate a bootstrap sample {Y;*, pf'};

2. construct the test statistic

3. calculate ¢ («) as 1 — a quantile of W"
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2 Many Instruments Estimation and Inference under
Clustered Dependence

2.1 Introduction

It is well known that two-stage least squares (2SLS) estimation is not suitable in a
many instrument setting (Bekker, [1994) F| Along with the bias-corrected version of 2SLS
(Donald and Newey, [2001)), a number of judicious approaches have been proposed in order
to mitigate the negative consequences of high numerosity of instrumental variables when
data are independent. One such approach is the limited information maximum likelihood
estimator (LIML) (C. Hansen et al., 2008, van Hasselt, 2010|), which, however, ceases to
be consistent under conditional heteroskedasticity and requires corrections (Hausman et al.,
2012)). Another solution, which, in contrast, is robust to conditional heteroskedasticity, rests
on the jackknife, also known as leave-one-out, idea. The jackknife instrumental variables
estimator (JIVE) (Angrist et al., 1999, Blomquist and Dahlberg, 1999) is consistent and
asymptotically normal under many instruments and independent data (Chao et al., |2012).

In clustered environments, the situation gets more complicated. In some settings, the
clustered dependence can render JIVE inconsistent, while in others, JIVE remains consistent,
but asymptotic inferences gets distorted. Furthermore, the asymptotic bias and inference
distortions may be huge, especially when clusters are large. In this paper, we propose
parameter estimation and inference tools that extend existing analogous tools under data
independence to the cluster structure. There are, to our knowledge, four papers that tackle
clustered dependence under many possibly weak instruments, namely Hausman et al. (2011)),
Chao et al. (2023), Ligtenberg and Woutersen (2024) and Ligtenberg (2025)). In an early
work, Hausman et al. (2011]) suggest computationally intensive penalization methods, the
main goal being to achieve the existence of moments. Later, Carrasco (2012)) noted that the
existence of moments and consistency of their procedure are not simultaneously possible.
Another stab is Chao et al. (2023), who propose filtering out the individual effects by a
within-type transformation and subsequently applying the jackknife methodology. However,
this approach is tied to the classical one-way error component model structure of regression
errors, and may not work for more general within-cluster dependencies. Indeed, Ligtenberg
and Woutersen (2024) show that the approach of Chao et al. (2023)) can be unreliable when
cluster effects do not follow the additive error component structure.

We follow another approach to tackle the problem, which is computationally attractive
and is not tied to the rigid error component model structure, allowing a more general setup,
where the structural and reduced-form errors may be conditionally heteroskedastic and within-
cluster heterocorrelated in an arbitrary unknown form. The proposed estimator is robust to
all the mentioned features — many possibly weak instruments, conditional heteroskedasticity
and clustered dependence — and combines two ideas. The first idea is familiar from the
literature: to replace leave-one-out by its natural extension — the leave-cluster-out (LCO)
machinery, which takes the leave-one-out idea of JIVE from the level of observations to

8This Chapter is joint work with Stanislav Anatolyev. Section 2.C contains material from a separate paper
already submitted to a journal.
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that of clusters. Similarly to Ligtenberg and Woutersen (2024) and Ligtenberg (2025),
instead of jackknifing, we use its natural extension — leave-cluster-out methodology, applied
to the instrument projection matrix. In the same way leave-one-out neutralizes the effect of
endogeneity for the same observation in the influence function, leave-cluster-out removes the
impact of endogeneity for all observations in the same cluster. Thus, leave-cluster-out allows
one to dispose of the very source of problems — intra-cluster dependence in the influence
function of the structural parameter’s estimator.

While the leave-cluster-out component is not new and has been utilized in other
contexts such as regressions with many regressors and bootstrapping, the second idea built-in
in our estimator is more fresh: reweighting the observations by the inverse geometric average of
corresponding cluster sizes. The main purpose of this reweighting is to soften the requirement
on the growth rate of cluster sizes, and, as a consequence, to allow for larger clusters. The
presence of large clusters distorts inference due to the unrestricted within-cluster dependence
(see MacKinnon et al., 2023 and references therein). Moreover, even in the regression context,
the cluster sizes are usually required to be by orders of magnitude smaller than the sample size
(e.g. B. E. Hansen and Lee, 2019), while in the many weak IV settings, these requirements
typically become even stronger. In particular, Ligtenberg (2025)) has to impose the condition
nS ../ K — 0, where n,,,, is the size of the biggest cluster, and K is a number of instruments,
which asymptotically grows with a rate no larger than the sample size, and is strictly smaller
when instruments are weak. Such rates are very stringent, and their practical implication is
that the clusters need to be really small. The reweighting allows considerable reduction in the
restrictiveness of the assumptions on cluster sizes and, therefore, larger clusters. In particular,
our rate assumption reads 7,4, /K — 0, which is much weaker, and hence implies a possibility
of a much larger biggest cluster in practice. Technically, in our estimator, a smaller weight is
assigned to observations from larger clusters, and thus the asymptotic order of the influence
function becomes smaller. In the absence of this reweighting, unconstrained within-cluster
dependence increases the complexity of the asymptotic variance due to increasing cluster sizes
and non-negligible covariances terms. Weighting by inverse cluster sizes has been explored
in the literature on randomized experiments (Cox, 1956, Athey and Imbens, 2017, Bugni
et al., 2024). However, to the best of our knowledge, it has not been explicitly applied to IV
settings and more generally to the asymptotic analysis of bilinear forms.

Averaging over clusters and constructing a least squares estimator of a regression using
cluster-specific averages is a well-known between estimator used in panel data regressions (see
Arellano, [2003). It exploits solely the variation between different clusters (or cross-sectional
units in panel settings). In contrast, we do not normalize pairs of clusters by the product
of cluster sizes, which would correspond to cluster-pairs averaging, and would be a direct
extension of the between estimator to bilinear forms. Instead, we normalize pairs of clusters
by the geometric average of corresponding cluster sizes, which is smaller than the product of
cluster sizes. Thus, we still assign relatively larger weights to pairs of larger clusters, and
therefore, in the construction of the estimator, we use not only the between-cluster-pair
variation, but also the within-cluster-pair variation.

Taken together, leaving clusters out and reweighting by cluster sizes give rise to
the weighted leave-cluster-out IV (WLCOIV) estimator. Then, we develop the associated
WLCOIV variance estimator, which is a weighted cluster extension of the Chao et al. (2012)
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variance formula, and also work towards the vectorization of the formula for the WLCOIV
variance estimator to reduce the computational burden. Both the WLCOIV estimator and its
vectorized form are computationally simple and allow for general structures of intra-cluster
correlations.

Subsequently, we set out a formal asymptotic framework with the presence of many
weak instruments, an increasing number of clusters, and possibly increasing cluster sizes (with
a liberal rate!). Within this framework, we prove a central limit theorem for the influence
function embedded in the WLCOIV estimator, thus establishing its asymptotic normality,
and prove the consistency of the associated WLCOIV variance estimator. We closely follow
the steps of Chao et al. (2012), who provided asymptotic analysis of JIVE under many
instruments in a random sampling environment, extending their results to the clustering
setup with reweighting.

Finally, we run a number of Monte-Carlo experiments in a setup featuring various
cluster patterns, various kinds of instrument numerosity, and various degrees of instrument
weakness. We verify the ability of the t-statistic based on WLCOIV to control size in
moderately small samples, which turns out to be good except when the instruments are too
weak.

The remainder of the paper is structured as follows. In Section 2, we set up the model
and discuss limitations of JIVE in terms of asymptotic bias and validity of inference. In
Section 3, we propose the WLCOIV estimator and develop its asymptotic variance estimator.
In Section 4, we present a formal asymptotic theory of WLCOIV estimation and inference.
In Section 5, we present the design and results of simulations. Finally, Section 6 concludes.

2.2 Model

2.2.1 Setup

We consider the following IV model:

y=XB+e,
X="+U,

where y is an n-vector of the outcome variable, X is an n x L vector of explanatory variables,
some of which are endogenous and some are allowed to be exogenous, 3 is the coefficient vector
of interest, € is an n-vector of structural errors, U is an n x L matrix of reduced-form errors,
and Y is an n X L matrix of first stage reduced form. Finally, T is the true reduced form
and it is not observed; however, we assume that we observe an n x K matrix of instruments
Z that asymptotically linearly approximate T well (see Assumption 4). Hence, our model
allows for the nonlinear structure of the first stage. In a special case, our setup nests a
linear IV model with T = ZT", where I' is a vector of coefficients. We conduct our analysis
conditionally on Z = (Z,T) in the spirit of Chao et al. (2012)).

We allow unobservables (g, U) to be dependent within a cluster, but require indepen-
dence across clusters. Let the population be partitioned into G mutually exclusive clusters
with possibly heterogeneous and asymptotically increasing sizes ng,, g € {1,...,G}. Let g(i)
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be the cluster of observation i, i.e. g(i) € {1,...,G}, and its size be ny;). In particular,
we allow E[a;b;|Z] # 0 for a € {¢,U}, b € {¢,U} if i and j are in the same cluster, i.e.
g(1) = g(j). Throughout the paper we assume without loss of generality that observations
1,...,n are ordered so that they are grouped by cluster. We denote stacked-by-cluster vectors
and matrices A = (A;)ieq for A € {e,U, X, Z}. Let P = Z(Z2'Z)"" Z' be the projection
matrix onto the column space of observed instruments Z. Let p;; denote the (i, j)th element
of P, and let P, denote the (g, h)th block of P, which corresponds to observations from
clusters g and h.

2.2.2 Three cases against JIVE

We begin by pointing out the futility of relying on JIVE in the clustered data setup,
expanding on the title of Davidson and MacKinnon (2006)’s article. For simplicity of
exposition, in this section we presume that identification is strong. Let P be a modification
of the projection matrix P with the main diagonal removed; i.e. p;; = p;; for i # j, and
pij = 0 for ¢ = j. The JIVE estimator is

-1
Buve = (X'PX) X'PY = (Z piniX]{) S pXiY,
i7j i7j

where >, is shortcut notation for 77", >7% ;. Then,
J#i

\/E(BJIVE — 5) = (HJIVE + 0, (1) ) \/— > piiXigj,

i#£]

where

Hjrve = plim — n szgX X/
i#j

is assumed to be non-singular.

The JIVE, by dropping the terms related to correlations of endogenous regressors X
with the structural error ¢ for the same unit, removes the adverse effects of endogeneity when
many instruments are present, but gives up on full utilization of information corresponding
to that unit. While this information is possible to utilize under strong restrictions like
conditional homoskedasticity, which is what bias-corrected 2SLS and LIML do, it appears
impossible to accomplish in a non-restricted environment. Thus, in return JIVE buys the
robustness to conditional heteroskedasticity under many instruments and random sampling.

We consider expansions of the JIVE influence function into linear and quadratic
components

\/— > piiXig; = \/— > (1= pi) Tiei + sz]U e = ALIVE + AVE.
i#j #J
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Example 1. Let the matrix of regressors X be a vector (L = 1), the cluster sizes be equal,
with n = n,G, and suppose that all the errors are conditionally homoskedastic and within-
cluster equicorrelated, i.e. E[U;U;|Z] = o 1{g(i) = g(j)}, Eleig;|Z] = 021{g(i) = ¢(j)}
and E [Uig;|Z] = op1{g(i) = g(j)} for some constants o7, o and oy.. Let instruments be
cluster indicators, K = G, then Z; is a G-vector with 1 at g(i)"" coordinate and 0’s elsewhere.
Clearly, p;; = 1/n, if both 7, j € g, otherwise p;; = 0. Then, in particular,

G n—G

-1
Z N, Oye = —F—0ye ™~ \/ﬁ
ﬁieg#]’@ ! \/ﬁ ,

whereas H ;g > 0. Hence, the JIVE is asymptotically biased when cluster indicators are
used as instruments. ]

B [41712]

The case of group indicator instruments is an important empirical setup, for example,
in judge designs (see Chyn et al., 2025| for a review). The key feature of the asymptotic
behavior of JIVE is the biasedness of the quadratic part (A3!VF), which arises from a lot of
within-cluster correlations among the structural (¢) and reduced-form (U) errors falling into
the same cluster, and corresponding weights p;; not vanishing fast enough asymptotically
because of the instrument design. We expand this discussion after the next, conceptually
different, example.

Example 2. Let the matrix of regressors X be a vector (L = 1), the cluster sizes be equal,
with n = ny,G, and suppose that all the errors are conditionally homoskedastic, within-cluster
equicorrelated, i.e. E[U;U;|Z] = o21{g(i) = g(j)}, Eleig;|Z] = 021{g(:) = g(j)} and
E[Uig;|Z] = op-1{g(i) = g(j)} for some constants oy., o and o2. Let the elements of Z
except the first one be i.i.d. standard normal, and the first one equal 1. Then, the off-diagonal
elements of P, by symmetry, possess the same marginal distribution. The properties of the
linear component in the expansion for the JIVE are the following :

E[A}V712] =0, V(A{[VF|Z) ~n,,
and the properties of the quadratic component are:

n
B[AF|2] ~ T2V (4fFIZ) ~
(see Appendix Q1-Q2 for derivations). Hence, clustering induces a (higher-order) bias into the
quadratic component, leading to a bias for the JIVE of order n='/?n,/\/n = G, which is of
smaller order than n~! when clusters grow asymptotically. Furthermore, the linear component
A{IVE and the quadratic component A3/VF are in general correlated (see Appendix Q3).
Thus, in this example, the JIVE is consistent, under some restriction on the rate of growth
of ny in case it does increase asymptotically. The JIVE influence function is not clean but

is contaminated by various factors that complicate modification and/or pivotization of the
JIVE. O

In the two examples above, the orders of the bias term are so different that they
resulted in JIVE inconsistency in one case and its consistency in the other. The JIVE
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(in)consistency depends largely on the instrument design. Consider a more general condition-
ally heteroskedastic environment, and denote of}' = I [e;U;| Z] for ¢ and j within the same
cluster. Then, a necessary condition for JIVE consistency is

n

Z Z pijoy; = o(n). (48)
=1 ji
90)=9(0)

This does not hold in Example 1, where p;;’s for ¢, j € g don’t vanish fast enough and o}
does not depend on (i, ), so that 3,.; /(5)=g) Pij = O(n). However, this condition does
hold in Example 2. Heuristically, the instrument design in Example 1 results in all non-zero
elements in P, although individually small, being of the same sign, so en mass they weigh
much higher than an analogous sum of elements of P in Example 2, as these tend to be
distributed around an asymptotically zero mean [

Even when the JIVE is consistent, the use of the standard JIVE variance estimator
without accounting for clustering can lead to biases and, as a result, to inferential distortions
when the clusters are asymptotically increasing, beyond those that could be expected when
a wrong variance estimator is used. The pivotization of JIVE is unable to keep up with
asymptotically increasing cluster size.

To summarize, the three cases against JIVE are: (1) in some setups, JIVE is inconsis-
tent; (2) when JIVE is consistent, under-independence JIVE inference is invalid; (3) even
when JIVE is consistent, the linear and quadratic terms in the JIVE influence function are
correlated and the quadratic term has a non-zero (higher-order) bias, which greatly compli-
cates asymptotic derivations and pivotization. These properties of JIVE motivate one to
deviate from such a construct instead of attempting to “save” it, which is arguably impossible
if one does not impose strong restrictions on the within-cluster correlation structure, and
resort to the leave-cluster-out machinery instead.

2.3 Weighted leave-cluster-out IV

2.3.1 Leaving cluster out

As an extension of the leave-one-out idea, consider the “intermediate” leave-cluster-out
IV (LCOIV) estimator Broorv. Let P be a modification of the projection matrix P with
the diagonal blocks (corresponding to pairs of indices from the same clusters) removed; i.e.
Pij = pi; for (i, j) such that g(i) # ¢(j), and p;; = 0 for (4, 7) such that ¢g(i) = g(j). Thus,
B rcorv excludes the terms that correspond to observations within the same cluster:

-1
a o 1 o
Broory = (X'PX) X'PY = 3 piniX;-) > piXay, (49)
i,J 0]
9(1)#9(j) 9(8)#9(5)
9The sum of elements of P equals Z#ipij = i Pij — > :pii = n — K, so their average is
1

(n — K) / (n* — n) , which asymptotically ofs of order n='.
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where >3 ;=37 >" ;=1 ,asum over all i and j such that ith cluster is different
9(9)#9(j) J:9(5)#9(i)
from jth cluster. Then,

\/H(BLCOIV - 5) = (Hrcorv + 0, (1 7 Z Dij Xi€;,

where

1
Hicorv = plim - > pi XX
1,
9(1)#9(5)
is assumed to be non-singular.

As mentioned in Section 2.2, in some situations JIVE is inconsistent, and this inconsis-
tency originates from the correlation in pairs of observations that belong to the same cluster.
These observations are omitted in the construction of the LCOIV estimator and therefore
is satisfied; as a result, the correlations within the cluster do not bias the estimates.

Example 2 (continued). For the example with random instruments, the LCOIV estimator,
out of n? —n = n (n — 1) off-diagonal elements, removes G (n/G)*> —n =n (n/G — 1) more
elements, the proportion of (n/G — 1) / (n — 1), which is asymptotically inversely proportional
to G. 0

The influence function of the LCOIV estimator contains two terms:

1 1 Loory Loory
—— E ngX €j = E pijTigj E p”LJU €j = = A A .
\/ﬁ n i \/_ i

o(i)29(7) 9(8)#9(j) 9()29(j)

The orders of these two terms differ sharply from those for JIVE, hence resulting in different

asymptotic properties of the LCOIV. In particular, leave-cluster-out removes any bias in
ALCOIV.

E 45712 = == 3 puElUs|2] =0,
7‘7
9(7)#9(i)
because E [U;e;|Z] = 0 whenever ¢ and j belong to different clusters. Also, leave-cluster-out
makes the two components ALCOTV and ALCOIV uncorrelated:

1
C (AfCOIV, ALCON | 2) = - Z pi; T Z P [e;Ured 2] = 0,
9(Jj )#g() 9(15)#9( )

because E [¢;Uke¢| Z] = 0 whenever k and ¢ belong to different clusters, regardless of which
cluster 7 belongs to. This is a very desirable feature that is not shared by JIVE, which greatly
facilitates the derivation of proper inference tools.

52



To summarize, LCOIV goes further than JIVE and drops, along the terms related
to correlations of endogenous regressors with the structural errors for the same observation,
the terms related to such correlations for the other observations in the same cluster. In
exchange, the estimation gains robustness to arbitrary patterns of within-cluster conditional
heterocorrelatedness.

2.3.2 Weighting by cluster sizes

In addition, on top of the leaving-cluster-out idea, we also weight pairs of observations
by the geometric mean of the corresponding cluster sizes. This reweighting aligns the amount
of information coming from observations in different clusters, so that larger clusters still get
more weight than smaller clusters, though the difference is smaller than in the unweighted
case, where larger clusters receive larger weights proportionally to their size. Both with and
without this reweighting, the variance of the estimator grows with the largest cluster size;
however, for the weighted version this growth is much slower.

The main purpose of this reweighting is to soften the requirement on the growth rate
of cluster sizes, and, as a consequence, to allow for larger clusters. The reweighting allows
considerable reduction of the restrictiveness of the assumptions on cluster sizes and therefore
allows for larger clusters. Our estimator mechanically assigns smaller weights to observations
from larger clusters, and thus the asymptotic order of the influence function becomes smaller,
while in the absence of such reweighting, unconstrained within-cluster dependence increases
the complexity of the asymptotic variance due to increasing cluster sizes and non-negligible
covariances.

Taken together, leaving clusters out and reweighting by cluster sizes lead to the
weighted leave-cluster-out IV (WLCOIV) estimator:

Bwrcorv = (X’]5X) 71X’FU’Y,

where P is a reweighted leave-cluster-out projection matrix with a typical element p;; =

Pij/ /Mg Tg()» 1-€- Dij = Pij//rg@)Tg(y) if 9(2) # g(j) and p;; = 0 if g(i) = g(j). Then,

-1
meow=< > pinz’Xﬁ/\/ng(z’)"gU)) > P X/ Mg
o) 29() o) 29(0)

Thus, WLCOIV combines both leave-cluster-out methodology with weighting the observations
on X and y by an inverse square root of the size of the cluster, to which these observations
belong.

Due to the reweighting, the WLCOIV numerator is a sum of pair-of-clusters-specific
averages, and the contribution of each pair of clusters to the asymptotic variance is of the
same order (i.e. independent of cluster sizes). Hence, this weighting scheme allows for larger
clusters to be accommodated by our framework. In particular, this normalization by cluster
sizes allows us to relax the typical assumptions for the asymptotic theory we formally lay out
in Section 4.
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2.3.3 Asymptotic variance estimation

The population variance of BW rcorv has a sandwich form

_ -1 —1
VG - HWLCOIVEHWLCOIV'

The population variance ¥ of the non-normalized WLCOIV influence function is, by definition,

2 n n n
E[( Z ﬁinZ‘&‘j) ‘Z =E Z Z Z Z ﬁijﬁkZXiX],ggjgélz

i,J i=1 j=1 k=1 ¢=1
9()#9(j) 9(3)#9(%) g(O)#g(k)
= E Z Z Z Z DijDre Xi X560
i=1 j=1 k=1 (=1
9(5)#g(@) 9(k)=9(3) 9(£)=4g(3)

* ZZ Z > ﬁijﬁkinX,Qsjsg]Z].

It consists of two parts, the first representing within-cluster association between the reduced-
form errors U (embedded in X) and structural errors e, while the second one — among the
reduced-form errors U (embedded in X') and among the structural errors e. Depending on
the strength of the instruments, the two parts can be of the same order asymptotically, or
the second part might dominate. The population variance above can be straightforwardly
estimated by its sample analog

= Z Z Z Z PijPreXi XkEJEK (50)

7

9(3)7&9( )g(k) g(J)g(f) g(i)
+ Z Z Z > Db XiXiésée, (51)
9 g0 (h)} (€ )eg(j)
where &; is a residual &; = y; — X{BWLCOIV. The “bun” matrix Hy rcory can be estimated by
Hyrcorw = Z Pij Xi X (52)
o) ()
Thus, the variance estimator of 3W Lcorv 1s

Vo = HWLOOIVZ[A{I;/LCOIV' (53)

While the influence function variance estimator — and the WLCOIV variance
estimator can be calculated directly, for larger G the computational burden grows rapidly.
Hence, similarly to Chao et al. (2012)), we propose a vectorized variance formula that has
higher computational efficiency. Using Zi‘g% P XiX; =X [’g]f’[gﬁ]X (n], We obtain

j

Hyroorv = X'PX — ZX[Ig}P[gvg]X[g]’
g
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which is more computationally efficient than the formula in . Similarly, the variance
estimator for the influence function can be represented by

Y=Y XiyPymimélyPonXm + Y. XiyPeg0éle1PenXm

g,h g,h,g’'

g#h g'¢{g,h}
_ Z X[Ig}é[glél[g}X[gl - X[/g] P[g,g]é[g]é,[g]x[g}/\/ng' - X[/g]é[g}é/[g]P[gy]X[g]/\/ Ng
g g 7

where X [g] = zle Py X /+/Tn. These vectorized formulae replace multiple summations
across observations by summations across clusters, which usually results in considerably fewer
summands. As a result, the computation time can be reduced substantially.

2.4 Asymptotic theory

We combine several asymptotic frameworks, including many instruments asymptotics
(see Bekker, [1994), many weak instrument asymptotics (see Chao and Swanson, 2005)), and
many clusters asymptotics (see e.g. B. E. Hansen and Lee, [2019)). The majority of proofs
extend the cross-sectional many weak instruments methodology of Chao et al. (2012)) to the
case of many weak instruments under clustering. Fundamentally, we require the number of
clusters to grow with the sample size and we allow for heterogeneous unbounded cluster sizes,
weak identification, and the number of instruments growing with sample size.

The structure of this section is as follows: we gradually introduce the framework and
assumptions and state our results. All proofs are in the appendix. Theorem 1 shows consis-
tency. Theorems 2-3 postulate asymptotic normality of 3W rcorv under strong identification
and under weak identification. In Section [2.3.3] Theorem 4 provides the consistency of our
variance estimator.

Assumption 1. G — oo, K = Kg — o0. As n — o0, maxg:L._,,Gnﬁ — 0. Z includes
among its columns a vector of ones, rank(Z) = K, and for some, C' < 1 p; < C Vi a.s.n;
[|[Pygll £C <1V gas.

Assumption 1 formalizes our asymptotic framework. Specifically, Assumption 1
requires the number of clusters G and the number of instruments K to grow with the sample
size. We do not require cluster sizes n, to be of the same size, and allow for their growth
but restrict the growth rate relative to the number of instruments K. Notice that in few
instruments cases, the largest cluster has the growth rate limited by the sample size (see
B. E. Hansen and Lee, 2019), while here it is limited by the number of instruments. Moreover,
Assumption 1 mildly restricts the instrumental design such that Z contains a constant term
and the diagonal of the projection matrix P = Z(Z'Z)~*Z" is bounded away from 1 a.s. for
large sample size n. The latter is a usual assumption that is made in the many instruments
literature (see e.g. Chao et al., 2012) to ensure well-defined design. The former can be relaxed
such that columns of Z span the unity vector (see e.g. Kolesér, 2013)), and is not restrictive
with many instruments. Finally, Assumption 1 imposes certain regularity conditions on
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diagonal blocks of P that correspond to clusters. In particular, we require that the spectral
norms of these blocks are bounded away from 1. Notice that ||P|| = 1, by the properties of
P, and p;; <1 by assumption are two limiting cases with n, = n and ny = 1, respectively.
Then one might think about ||Py || < 1 as a reasonable extension to intermediate cases.
|| Prg.g|| <1 further implies that the norm of the corresponding residual-maker matrix is also
bounded by 1: |[Mg g|| = |[1n, — Pg.qll <1V g a.s. by the eigenvalue interlacing theorem.

While Assumption 1 provides high-level conditions on the projection matrix P, in
Appendix C we characterize the joint asymptotic behavior of diagonal and off-diagonal
elements of P in terms of low-level conditions. Specifically, we show that under the rotated
i.i.d. assumption for elements of Z, the rate of convergence is \/n, and the limiting distribution
is multivariate centered Gaussian. The formulas for the asymptotic variances and covariances
are expressed as functions of @ and moments of elements of Z. The instrumental tools in
deriving the asymptotic results are the Woodbury matrix identity, a central limit theorem for
quadratic forms, and elements of the random matrix theory such as the Marchenko-Pastur
law. These results in Appendix C provide novel insights into the structure of large projection
matrices.

Assumption 2. Leti € g. T; = Sqz;/\/n where Sg = Sediag(jug, ..., pira), Sq is L x L
and bounded, and the smallest eigenvalue of S’Ggé; is bounded away from zero. Also, for each
4, either g = /n or pja/v/n — 0, rg = (minj<j<g pija)’ — oo, VK /rg — 0. Also, there
is C' > 0 such that 25:1 Hz[g]zfgl/ngH/n < C and Apin (X1 2zi21/n) > 1/C as.n.

Assumption 2 defines the structure of the reduced form T and somewhat follows a
similar assumption to C. Hansen et al. (2008) and Chao et al. (2012)). Most importantly,
Assumption 2 introduces the Sg structure that governs the identification strength for every
variable in the structural equation, and therefore convergence rates of the WLCOIV estimator
for different structural parameters. The fastest convergence rate is conventional semiparamet-
ric \/n, but more generally it is allowed to be slower up to some /7. r¢ governs the strength
of identification and is a version of the concentration parameter. Indeed, rg simplifies to the
concentration parameter in the linear case, i.e. T = ZII. The ratio of the number of instru-
ments and the concentration parameter is required to be restricted by v K /TG — 00, as in the
cross-sectional setup (Chao et al., 2012). Essentially our inverse-geometric-mean-cluster-size
weighting allows us to rely on the cross-sectional assumptions without strengthening them.
Moreover, Assumption 2 imposes regularity conditions on the reduced form. Specifically, it
bounds the variance of the explained part of the reduced form both from above and below.

Assumption 3. There is a constant, C, such that conditional on Z = (Y, Z), the ob-
servations (eg, Uyg)(g = 1,...,G) are independent, with E[e;|Z] = 0, E[U;|Z] = 0 V 4,
sup, E[e?|Z] < C, and sup, E[||U;||?|Z] < C a.s.

Assumption 3 formally defines the usual cluster structure by requiring independence of
unobservable errors between clusters, while allowing for their unrestricted dependence within
clusters. Further, Assumption 3 imposes standard regularity conditions on the variance of
error terms, namely mean zero and finite variances.
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Assumption 4. There is a 7 such that 3, ||z;//Tge) — Zimk||?/n — 0 as.

Assumption 4 ensures that unknown and potentially non-linear reduced form is well
approximated by a linear combination of instruments Z. This assumption is analogous to
the corresponding cross-sectional assumption. Assumption 4 is automatically satisfied under
linear reduced form. Under Assumptions 1-4, the WLCOIV estimator is consistent.

Theorem 1. Suppose Assumptions 1-4 are satisfied. Then, rc_,l/QS’G(BWLCOIV -B)5o0.

Proof in the Appendiz.

Assumption 5. There is a constant, C' > 0, such that ZG Nz /gl /n? =0,
sup, E[e}|Z] < C, and sup, E[||U;|[*| 2] < C a.s.

Assumption 5 further imposes some additional regularity conditions on the higher
moments of the reduced form and errors, required for the asymptotic normality.

Under Assumptions 1-5 and additional regularity conditions, the WLCOIV estimator
is asymptotically normal. Theorem 2 formalizes this result for the case of strong identification
(bounded K/rq). For the case of weak identification (K /rg — o0), Theorem 3 formalizes
the asymptotic normality of QWLOO 1v- Under strong identification, similar to the results
for cross-sectional data in Chao et al. (2012), the asymptotic variance of the linear and the
quadratic terms of the WLCOIV influence function are asymptotically balanced, i.e. of the
same order. Let

Vo= 55" > > (EB[UUL|Z]E[ejel| 2] + E[Usek| Z1E[e;U;| Z])pijpreSe ' [ (ngny),
i,ke
gg’igj,fegg’

Qo = Y 2, Blegely| 2z /nl.
g

Theorem 2. Suppose that Assumptions 1-5 are satisfied,

)‘mi“<zzfg](lng — Pyg)E [5[9]‘%9”3} (Iny = P[g,gl)z[g}>/” >C>0 as.,
g
and K/rq is bounded. Then Vj is nonsingular a.s.n, and

Vc;lmslc(gWLcow - B) 4 N(0,11).

Proof in the Appendiz.
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Under weak identification, the quadratic term dominates the asymptotic variance. Let
Lg be a sequence of K x L matrices.

Theorem 3. Suppose that Assumptions 1-5 are satisfied and K/rg — oo. Suppose further
that L¢ is bounded and there is C' > 0 such that Ay (LeVE L) > C a.s.n. Then

(LGvG*L/(;)_l/ZLG\/Tg/KS/G(BWLCOIV — 5) i) N(O, IL>.

Proof in the Appendiz.

Notice that under strong identification, by Theorem 2, the asymptotic variance of the
normalized WLCOIV is

Ve = Hy'voorv(Qa + Ye)Hy' ooy

i.e. the linear and quadratic terms are in balance asymptotically and are of the same order.
On the contrary, under weak identification, by Theorem 3,

Ve = Hy'veor (ra/ K)YeHyveory

i.e. the quadratic term dominates asymptotically.

Assumption 6. For any 7y such that E[||ng|[*|Z] < Cn?, and for conformable unit
vectors ey, and ey,

Y €,56 X Pingi g Poam X1g1Sa " €1,/ / nnmn?
htgEm

—E | > €,55" X Prhg g Plgm X1g1SG" €2 /\/nnnmn2| 2| 2 0.
h#g#m

Assumption 6 requires that the expected square of the linear term is close to its expectation
in the sense of convergence in probability. This additional assumption allows us to prove the
consistency of the variance estimators under both strong and weak identification in Theorem
4. Armed with Theorems 2-4, one can use pivotized t-statistics for inference on coefficients .

Theorem 4. Suppose that Assumptions 1-6 are satisfied. If ny../K/rg is bounded, then
SeVSe — Ve 2y 0. Also if Nmax X /TG — 00, then 7¢/NmaxSeV Sa/K — Vi )

Proof in the Appendizx.
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2.5 Simulations

In this section, we illustrate the performance of our proposed WLCOIV estimator
and the validity of inference based on it. We fix the nominal size at 5% and run a number
of experiments. Table ({2)) reports the actual size of the WLCOIV-based t-tests. Different
columns correspond to different identification strengths, starting from the “very weak IV
case” in column 1 (rg = 4) to the “very strong IV case” in column 4 (rg = 64). We also vary
total sample size: N € {200,500}; and homogeneous cluster sizes: n, = const € {2,4,10}.

For simplicity, let Ay; = A; where i € g for A € {Z,u,e}. The setup of our simulations
incorporates the additive error component clustered structure of instrumental variables:

Zgi = Cg + Cgi; Cg e N(07 1)7 Cgi - N(Ov 1)'

Further, our setup naturally incorporates clustering of error terms:

Ugi = Vgi + in + &, Egi = Vgi + U;i + &
iid. ixd.

fg ~ N(O,Qs), Vgi ™~ N(O’ 921')’

Ugi N0, 1), Vgi RN, 1).

The common component §, + vy introduces both clustering and endogeneity by inducing
non-zero correlation of errors terms in the structural equation and the first stage. Finally,
V(¢,) and V(v,,) vary across cluster and individuals, respectively, thus further introducing
heteroskedasticity.

Column 4 in Table indicates that for very strong identification, WLCOIV-based
inference provides approximately accurate inferences even in relatively small samples (N =
200) with relatively large clusters (n, = 10). As the strength of identification decreases, the
size control is still reasonable with slightly liberal inferences in many cases (columns 2-3).
For the case of very weak instruments, the WLCOIV-based inferences become overly liberal,
resulting in the actual rejection rates of between 15% and 25%.

(1) (2) (3) (4)
7'(;24 7’0216 TG:32 7“(;:64
N =200 ny=2 0.171 0.068 0.062 0.054

Nng = 0.209 0.069 0.065 0.077
ny, =10 | 0.250 0.099 0.089 0.065
N =500 n,= 0.153 0.048 0.054 0.040
Nng = 0.168 0.055 0.062 0.049

ny, =10 | 0.210 0.062 0.064 0.055

Table 2: Actual rejection rates

2.6 Application

In this section we illustrate the performance of LCOIV and WLCOIV estimators with
a classical empirical example and compare it to 2SLS and JIVE. Specifically, we apply our
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estimators to two sets of instruments from the seminal returns to education study by Angrist
and Krueger (1991). In one of the setups we use quarter of birth dummies as instruments for
education (30 instruments in total). In another one, we augment the set of instruments by
state of birth dummies and their interactions with quarter of birth (180 instruments in total).
We treat states as clusters. Table [3] presents the results. WLCOIV provides a much larger
effect than 2SLS, and the effect is quite precise, and stable. JIVE is very unstable in this
setup and provides point estimates that differ dramatically in these two setups. Standard
errors for WLCOIV and 2SLS are robust to clustering, but WLCOIV standard errors are
also robust to many weak instruments. Overall, WLCOIV is precise and gives stable point
estimates. Finally, notice that LCOIV and WLCOIV give similar point estimates in both
designs. The standard error of the WLCOIV are slightly smaller with 180 instruments than
the standard error of LCOIV, while the converse is true with 30 instruments.

Instruments set | 2SLS JIVE LCOIV  WLCOIV
30 instruments | 0.0600 0.0860  0.1300 0.1369
(0.0210)  (0.0301)
180 instruments | 0.0635 0.1329 0.1113 0.1101
(0.0254)  (0.0180)

Table 3: Angrist and Krueger (1991) re-estimation of f; s.e. in parentheses; 2SLS and JIVE
standard errors are not robust for this setting

2.7 Conclusion

In this paper we propose a novel weighted leave-cluster-out — WLCOIV — estimator,
suitable for many weak instruments under clustering. We formally derive its asymptotic
properties under clustering and the possible presence of many weak instruments. We show
that the WLCOIV estimator is consistent and asymptotically normal. Our procedure is
robust to heterogeneous clusters that can grow with sample size. We suggest a consistent
estimator the asymptotic variance for the WLCOIV estimator such that the inferences based
on a pivotized t-statistic are valid. Additionally, we demonstrate the performance of WLCOIV
in the context of Angrist and Krueger (1991)). We find that WLCOIV is precise compared to
competing estimators.

2.QQ Appendix: derivations for Example 2

Q1: expectations. Obviously, for the linear part,
E[AV] =0
For the quadratic part, note that due to the presence of a constant among the instruments,

D P = ;sz‘j — > pu=n—L

i gF '

(2
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Due to the symmetry across off-diagonal elements,

G(n2

Z Z Dij
7 jFi
9(j)=g(3)

) [ZZPZJ o

)

where G (ng — ng) is the number of off-diagonal elements in the double sum of interest, and

n? — n is the total number of off-diagonal elements in P. Therefore,

Z Z Dij
) jF#i
9(5)=g()

E [AJIVE] = "U€

\/_.

Q2: variances.

For the linear part, the conditional variance is

(\/—Z mesl)(\/_Z ijT€J>|Z

1
- Z Z — pii) (1 — pjj)TiTjE [eiej] + n Z(l - pi,-)zT?E [eﬂ
Z g(f)ffz(z) z

V(A{}VE|2) =E

nn(ng )+ T~

For the quadratic part, the conditional variance V (A%VE|Z) has the asymptotic
order of the following sums:

Z Z Z Z MyijkePijPre and Z Z Z Z MyijkePijPres

i i k t+£k
9(j );ég() g(k ) g(1) g(0)= g(j) a(j 3)7& (1) 9(k)=g(3) (Z)ig(j)

where m;jie is a four-tuple error moment, which is uniformly bounded in absolute value by,
say, Cy,. Orders of sums of both types can be bounded from above:

1/2
Z Z Z Z MijrePijPre| < (Z Z Z Z Cmp?j)

()759() g(k ) (1)9() 9(7) 759 i) g(k (1)9() 9(7)

(z 2oy cmng)

i) 9(k) 9(1) g(0)= 9(3)
1/2
< Cp ( QZZPU) (%Z%ZP@)
k ¢

- ) )"

g’

1/2

1/2
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and in a similar vein, though less tightly,

1/2
o2 > Y Capypr| < (Z > gg Cmpfj>

P ki k t+k i it %
9(5)=g(i) 9(K)=9(@) g(€)=g(j) 9(j)=g(i) 9(K)=9(1) g(£)=g(5)

1/2
X(Z Z Z Z Cmpz£>
i gt ko £k

9(5)=g(i) 9(K)=9(0) g(£)=g(3)

Hence,

V (AJVE|2) ~ ne.

Q3: covariance.  For the covariance in the general heteroskedastic case,

1
C (AﬁVEa AgiVE|Z) = > > EleiUed (1 — pii) Yipre # 0.
p % =k
g(k)=g(3) g(@)ig(i)

2.A Appendix: useful lemmas and main results

In our derivations we follow closely the proof techniques and the structure of Chao
et al. (2012). We contribute by extending the arguments of Chao et al. (2012) to the
multidimensional (clusters) case with additional (inverse cluster-size) reweighting. Let CS, T
and M mean Cauchy-Schwartz, triangle and Markov inequalities, respectively.

Lemma Al. If, conditional on Z = (T, Z2), (Wi, Y}q)(9 =1, ...,G) are independent, W;
and Y; are scalars, Wi = (Wj)icg, Yig) = (Yi)ieg, and P is a symmetric, idempotent matrix of
rank K, then for w; = E[W;/ . /igi)| 2], 4 = E[Y:/ /gy | 2], @ = E[(W1//Tgys s Wi/ /Tigm))'| Z]
and § = E[(Y1/\/Trg), --» Ya/\/Tlgm))'| 2], Oy, = max;/V(Y;|Z), ow, = max; /V(W;|2),

v

and D¢ = a3y, 0y, K + 0y, + w'way. , there exists C' > 0 such that

2
E ( Z pijWiY;‘/\/ng(i) Ng(j) — Z pijwigjj> ‘Z < CD¢g a.s.
g(i

)#9(5) g())#9(5)

Proof. Let W; = W; — E[W;|Z] and Y; = Y; — E[Y;|Z]. Note that

>

pi;WiY;

Z pZJUUJZ?j] = Z M + Z pwmyj 4 Z DijW;

=

9(i)£9(G) V90 Ta(@)  g(i)£g() 9()£9(G) V'O (@) g)29G) VD gi)2e(G) V'90)
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By CS and X, p}; = pas,

- - 2
pi;WiY;
(

a(i)£e() V9@ Tali

DPijPre
T V(i) Ng(h) Ng(k) Mg(e)
x (B [WiWil 2] E [V;Y| 2] + E [W.Yi| 2] E [V, 2))

<25_12/V _9 Z pz]pkf‘
B " 7 (i) Mg(4)

2 2
S 20_12/Vn0-}2/n\lz ij \IZ pk’ﬁ

7 ") Mg(i) \ 7 Mg() Ng(h)

_9 / f
S 2O-WnO-Yn sz] Zpkﬁ
7,7 k.l
O-Yn Dii

E

where Z = {(i, j, k, 0)|g(i) = g(k) # g(j) = g(£)}. Also by ¢, inequality,

~ 2 ~ 2 ~ 2
E ( vy yﬂ) Z| <C|E (}jpj yﬂ) 1Z| +E ( vy L yﬂ) 12
a(i)£9() V90 ij V') g()=g() V')

Now let X = (X1/\/fg(1), - Xn//Tigim)’ and X (g) = (Xi/\/Rg)icy for X € {W, Y}, Z(g) =
(]E[Xi\Z]/\/n(g(i)))ieg for X € {W,Y}, Sx, = E[XX'|Z] for X € {W,Y}, Sxy) =
E {)u( [g})uf 2 ]Z} for X € {W,Y}. Notice that by independence across g, Xx, is block-diagonal
with blocks {¥x, g}, hence ||[Xx, || = max, [|Xx, || for X € {W,Y}. Consider two terms
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above separately:

~ 2
i Wit o o) 2 y gy y
E|(S B 2 zEKy’PW) |Z]:y’PE W z] Py
i; V()
< 5Py [Swe | = 515 max | S
< g/gmgax 2VVG(Q) ggj 3 1/ Z 2WG (9),ij
%,JE€EQg
, 2
< §'ymax n? (HiléagXV(Wi/,/nAZ))
< §'yoiy,
W 2 i 2 9
DbijVVily; Dij Vil SYERY ¥
E{l > 1Z| =E Z) 1Z| =E <Zy(g) P[g,g1W(g)> 12
(g(z’)—g(j) vng(i)) ijeg VMg g
<300V P o) [E [V ()W (0)12] |
g
, 2
< > (g) y(g)HEWG(w l9.4]
g
< Gy, 2 0(9)"(9) < i
g
Hence,
] L -
E ( > pijWiZ?j/\/”g(@) 12| < Cif'yay,
| \9(0)#9(5) ]
Similarly, interchanging roles of Y; and W;,
] . -
E ( > Pz‘jwi?j/\/”g(j)) 12| < Cuw'way,.
| \s()#0(9) ]
Then by c,-inequality
B 2 ~ ~ 2
AT A%
E ( PRI pww@yj) <clE ( > p) z
| \o()#9G) V90 9l gi)29(5) a(i)2a() V() T9()
~ 2 7
) ( Z pz‘jVViyj) 12
a()2a() V90

pijwiffj
V()

o) v =9
yyow., +wway

+E ( >
9())#9(5)

< C(o,0% K +
CDg.

)

<
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Lemma A2. Suppose that, conditional on Z, the following conditions hold a.s.:

(i) P = P(Z) is a symmetric, idempotent matrix with rank(P) = K and p; < C < 1;

(ii) (Wya, Upg) €q)g are independent, and D¢ = Z?Zl E[W,.Wyc|Z] satisfies ||Dg|| < C

g
a.8.1;

(iii) E[Wyq|Z] = 0, E[U}4|2] = 0, E[g[y|Z] = 0, and there exists a constant C' such that
E[||Uil[*|2] < C, E[l[ei][*| 2] < C

(iv) Xg E[[[Woel[*|2] = 0;

(v) K = o0 as G — oo and =5 — 0.

Then for

Se =Y > pipre (BUUL|Z]E[e 60| 2] + E[Uiek| Z]E[e; Uy 2]) / (Kngng)
g ke
gg’igj,ﬁes?’

and any sequences ¢, and cyq depending on Z of conformable vectors with |[ci¢|| < C
llcag]| < C, and Eg = ¢ Dacig + chaXaeae > 1/C as.n, it follows that

Yo = 551/2 Aad Woa +dhe . > Upije;/y/ Kngng 4 N0,1), a.s.
g g

g €9
g'#g9ic€y’

ie., Pr(Yo <ylZ) =2 d(y) for all y.

Proof. Let big = c1cEg"” and bae = c26Z" 2. ||bic]| < |lewa]] [|IE¢?|| < C by hypothesis.

Similarly, |[bag|] < C. Let wye = bjgWye and u; = byoU;. Then, Yo = wic + S5, ya,
YgG = WeG + YgG» YgG = Dygr<g 2uicg 2ojey’ (uipije; + ujpﬂsi)/\/ Kngng:.

Also, E[||urg|[*| 2] < 3, El[lwge||*|Z] < CE[||[Wye||*|Z] — 0 a.s., so by a conditional
version of M, we deduce that for any v > 0, P(lwig| > v|Z) — 0. Moreover, note that
sup,, E[|P(|wig| > v|Z)[*] < oo. Tt follows that, by a version of the dominated convergence
theorem, as given by the Corollary to Theorem 25.12 of Billingsley (1986), it follows that
P(lurg| > v) = E[P(Jurg| > v|2)] — 0; i.e. wig 2 0 unconditionally. Hence, Yo =
s Yga + 0p(1).

Let Xy = (W;q,{U},ei}ieg) for g = 1,...,G. Define the o-fields Fy o = o(&, ..., Xy)
for g = 1,...,G. By construction, F, ;¢ C F,s. Conditional on Z, {y,q, Fya,1 < g <
G,G > 2} is a martingale difference array.
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Now we need to verify that {y,c, Fyc,1 < g < G,G > 2} is square integrable,
conditional on Z, i.e. E[y;4|2] < oc. First note that E[wya,q|Z] = 0 a.s. Then E[y2,|Z] =
E[w?¢| 2] + E[y.¢| Z]. Using Lemmas B1 and B2,

B[] < L o 5 (i Plo.g1€191)? + 2w Pygneig] - [ug Pogrcion] + (g Pogigle)’
96 Kn, o Ny
C
< i 2 > Amax(Pog1 Py )
<
C G
< E Z gy’]P )
_ QZ
>
< Cn
_— K max»

Elw’s|Z] < \/E[wlg|Z] = 0 a.s.

Hence, E[y},|Z] < oo.

Conditional variance of y,¢q is

s2(Z)=E (ZQ@/QG> 12| =Y E[ul] + Y E|522]

9=2 g=2

= VDb — Elwig] + by Sabag + 046 (1)

551/2 (ClmDGCm + CIQGiGCQG) 551/2 + 0a.s.(1)

= 25 7200 4 0 (1) = 1+ 045 (1) £33 1,

Thus, s%(Z) is bounded and bounded away from 0 a.s.

Next, we show that Lindeberg’s condition holds. By ¢, inequality, 2512 E[ng]Z] <
CYS,E {w‘édZ} +CYSLE {Q;‘G|Z}. The first term is
G

G G
> E[wjel2] = Y E[|IbieWeel'|2] < C X E[[Well'l2] — 0.

g=2 g=2 g=2
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The second term is

G

G 4
ZE {g3G|Z] =E Z Z (u/[g]f)[gvgl]g[gﬂ) /(”3”31[(2

g=2 g=291<g

G

Z Z ( Plg.g1) u[91]>4 /(”3”;[(2)

9=291<9g

+E

2 2
+ 3K Z Z (u[g]f)[ggl]géh]) (ul[g]f)[gyz]qu]) /(ninglnyzKQ)

9=291,92<g
L 91792 i

2 2
+ 3E Z Z (5[9]13[991]u91}) (Eig]P[gyﬂu[gz}) /(n?]nglngsz)

g9=291,92<g
L 91792 J

By Lemma B2, ||Pg || <1 a.s. Using Lemmas B1, B2, and ¢, inequality, the first summand
of the second term is

4
Z Z ( Q]ngl 8[91]> /<nf}n?]1K2 <E Z Z (u[g]ug]) (591 6[91]) Hp[ggl]P[gl Q]H /(ngn;K
g=291<g g=291<g
a 2 2
<o xu|(za) milx|(£2) o
9=291<g 1€g JEG1

X )‘maX (P[g,gﬂp[gl,g}) /K2

< CiZE Zu?/ng E

g=2 g1 i€g

X Amas (Plggi Par,g)) /K

G
<C Ztr (Z P[g,gﬂp[ghg]) C Z tI" gg < C/K

g=2 g1

Z 5?/”%]

JEN

Similarly, exchanging the roles of € and u, the second summand is

4
Z > (el Pogti) /(nin2 K?)

9g=291<g

< /K.
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The third summand is

2 2
Z > (vl Pogigion) (g Plogifien) /(ningng, K?)

9=291,92<g
91792

G 2
<3E|Y > (i) (o) (Eloaiion) 1P Pl Pggall 1P/ (g, mg, K2)

9=291,92<g
91792
< 2 2 2
<CY > WPgaull? D [Pggnll?/ K
g=291<g g2<g
a 2
< OZ Z ||P[g,g1]||??) /K2
g=2 \91<g

2

=0 | Xy | /K

g=2\ 91 i€yg
JEg1

i1€g

< CZ an) /K?

G
< Cliax Y > 05 < Ciipax / K.

g=2i€g

Similarly, exchanging the roles of € and w, the fourth summand is

2 2
3E Z Z ( g]ng1 u[gﬂ) (5/[g]P[9792}u[g2]) /(nﬁnglng2K2) < Cnmax/ K.

9=291,92<g
91792

Then, a.s. Z§:2E {§3G|Z] — 0, and 25:2 Ely,cl2] — 0.

To apply the martingale central limit theorem (Lemma B3), it suffices to show that
for any v > 0

g

As noted above, E[w,cy,c|Z] = 0 a.s., thus we can write

G
S E [y§G|X1, ...,Xg_l,z] — $4(2)
g=2

> U|Z) — 0.

G G
ZZE 2| X, s X1, 2| = s2(2) = ZZ (E [w2l Xy, ... Xpor, 2] — B [w2g] 2])
g= 9=
G G
+2 3 E [wyeloel X, X1, 21+ (B 76l X, Xy, 2] — E [52:12]).
g=2 g=2
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By independence of (W), conditional on Z, E {w§G|XI, ey X1, } =K {w§G|Z] a.s., so the
first term is 0. Next note that E [wyqyya| X1, ..., Xg—1, Z] = Y ycy Xicg €045 [woaui| Z] /) Kngng+
jeg’

2g<g Z?Eg/ w;pi; E [wyaei| Z] /\/m'
J€g

Let §; = (i(Z) =E {wg(i)gui]Z} /\/Tg(i) and consider the first term, >, > ieg €jpij5,-/, [Kng.
_ j€g’
Let P be a matrix with (¢, 7)th entry p;; = p;; if g(i) < g(j) and 0 otherwise. Let
for i € g, & = &/\/g9(i). Then >,>, ., > icg £;pi0i)\/Kng = y'P'¢/\VK. By CS,
jeg
0'0 =3, Yie, (E [woaui| 2])? /ng < Cy,E {w§G|Z} < C as.
Further,
PP — te(P'PP'P)
= > pyl{i>3,9(1) # 9()}pil{s < k,g(j) # g(k)}
05k,
X prel{k >, g(k) # g(0)}pul{l <1, 9(() # g(i)}
= Z DijPjiPijPji + Z DijPjkPk;jPji
>7 1>k>j
9(1)#9(4) 9(1)#9(5),9(k)#9(j)
+ Z DijPjkPk;Pji + Z DijPjiPiePei + Z PijDjiDieDei
k>i>j i>5>4 i>0>]
9(0)#9(4),9(k)#9(4) 9(1)#9(5),9(1)#g () 9(1)#9(5),9()#g(¢)
+ Z DijPjkPkePei + Z DijDjkPkeDei

i>k>i>4 k>i>j>¢
g(1)#9(5),9(k)#g(£) 9()#9(5),9(k)#g(£)

+ Z DijPjkPrePei + Z DijDjkPkeDei
i>k>0>7 k>i>0>j

g(0)#9(5),9(k)#g(£) 9(1)#g(5),9(k)#g(€)
= Y pi+2 > Piph + 2 > PyDi
i>j i>k>j i>j>0
9(1)#9(j) g()#9(5),9(k)#g(5) 9(1)#9(5),9(1)#g(£)
+4 > DijDikPreDei

i>k>j>0
9(1)#9(5),9(k)#g(£)

< Zp?j +2 Z (P?jp?k +p?jp?e) +4 Z DijPjkPrePei
1>] i>k>j i>k>5>4
g(1)#9(5),9(k)#g(£)

=Y i +2 >, Wi +Piph) +4 Y PipikPrepe — 4 > PijPjkPrePei

i>j i>k>j i>k>j>¢ i>k>j>¢

9(1)=9(j5),9(k)=g(¢)
S CKA+4Y. Y. pijpikprepal-

9 i,k,j,leg
i>k>5>0

Also

Z Z pijpjkpkﬁpéigtr(Pé,g])‘

9 ik,jleg
i>k>j5>4
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Then

E [(S’P’é/\/?f |z] §'P'E[e€|Z) P§/K < C§'P'P§/K

3'8||P'P||/K < C/VK =0 as.

IN

By M we have for any v > 0, P (5’]55/\/?

> U|Z) — 0 a.s. Exchanging the roles of u and

e, we have Y ¢ Y icg u;piE [wygei| 2] /\/Kngny — 0 a.s. Therefore, it follows by T that,
9<g  jeg'

for any v > 0, P ZSZ2E (WeaYga| X, .., Xyo1, Z]

> v[Z) — 0 a.s.

It remains only to show that, for any v > 0,

G
3 (]E [g§G|Xl,...,Xg_1,z} ) [ﬂﬁdZD

9=2

> U|Z> — 0 as.
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Now write

G
3 (E [@§G|X1,...,xg_1,z} ~E [g§G|ZD

9=2

G
Z Z Y ——— (Elusu| Zlejer + Eleiur| Zlujee + Eluiey| Z]ejue + Eleier| Z]ujue)
=2g'<giheg Nig/Tg' T

24
h<g jeg'
Leh

_ Z S S PR | Z)B e 0| 2] + 2B [eiun] Z)E[usei] 2] + Eleiey] 2R uju 2))
g=2g¢'<g i,k€g ngng
Ji.leg’

9=2g'<g i,k€g
Jteg’

4 22 > Y- PP (B yup| Z)eseq + Elesug| Zuses + Eluier] 2)e ue + Eleiew] Z]ujue)
9=3 h<g’'<gi, kEg RvALAL

leh

pszké
=— |2 E E E [uiuk|Z]5j€g + E[Siuk|2]u]’€g + E[Ui€k|Z]EjUg + ]E[eiek|Z]uju@)
g=3 h<g'<gi keg g/ Tlg'Th

jgg’
Leh

a
DiiD
+ 33 Y P Ry 2] (gje0 — Elejed 2))
g=2g'<g i,k€g ngng
Jleg’

+ Y5 Y PR 2] (ue — Eluged 2])

g=2g'<g i,k€g NgNg
jLeg

G
PiiP
+ZZZJ“WMMW[WW
9=2g'<g i,keg Mgty
J.leg’

G -
N Z Z pl]psz[gigHZ] (ujup — Elujug| Z])
g=2g'<g ikeg 9"’
j.leg’

By applying Lemma B4, we show that each term converges to 0 in probability.
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By the martingale central limit theorem (Lemma B3), as G — oo, P (Yo < y|Z) —
®(y) a.s., for every real number y, where ®(y) denotes denotes the c.d.f. of a standard normal
distribution. Moreover, notice that sup; E[|P(Ys < y|Z)|*] < co. Hence, by the Corollary
to Theorem 25.12 of Billingsley (1986), it follows that P(Ys < y) = E[P(Ys < y|2)] —
E[®(y)] = ®(y) unconditionally. O

Lemma A4. Suppose that there is C' > 0 such that, conditional on Z, (Wig,Y()(9 =
1,...,G) are independent, W; and Y; are scalars with |E[W;|Z]| < C/+/n, \IE[Y|Z]] <
C/vn,El|lngl?|12] < Cn2,VIW;|Z] < C/rg, and V[Y;|Z] < C/rg and VK /rg — 0. Then

> Wi Pingig Plg.m) Yol / /T nmn| 2

h#g#m

Proof. Let g = EWig|2]/\/mg, Wiy = Wiag/y/ny — g g = ElYig|2]/ /g, Yy =
[g]/,/ — Ulg n[g] E[n[ 1121, Tig) = ng) — Mg Further, as. i3y, = max; w; < C/n, @3 =
max; i < C/n, i = max; 77 < C, o3y = max<, VIW;|Z] < C/rg, 03 = maxi<n [Y|Z] <

C/rg, and &; = max, E[||7|* ]Z]/n < C. Also, let i; = 32 Py [ /Tog(y), Wi = >_; Pijw; /] /Mg5)
Note that

And similarly, ;w7 < 3, w? < C. By the argument similar to the beginning of the proof of
Theorem 4,

Ag =Y > W Pyniim/mPrnyn

g#h k¢{g,h}
- Z (wfg]ﬁ[g]/ngg[g] - @fglp[gvglﬁ[g}/ngg[g w[g]n[g]/ngp[gg Yig) + 2w[g]Pg aMig) /g Plg.01Y [g])
g
- Z ZT]Eg] P[gvh]ﬁ[h]/nhp[h,g] g[g]-
g,h

Notice that ||ﬁ[g]||2 < E[||77[g]H2|Z] < C’nz By T, CS, and ||ﬁ[g]|’ < Cny,

| > g/ nedial < X g/ mgy/ W Ui <
g g

| Eg: Wig) Plg,6171) Ulg] /g < Eg: ||ﬁ[g] | ’/ng\/wfg] P[?;,g]w[g] \/gfg]?j[g} <C

and

I%: Wig1 Mgl Plg.g1 Y1) /g < Eg: 17701 /79 /0y 101\ 1y PR, 810 < C-
By Lemma Bl, ‘Zg,hﬂ)fg}P[gvh]f][h]/nhp[hvg}g[g]| < C/”Zg,hHP[g,h]HQ < CK/n < C, and

| 329 Wi Plo.a1Mg1 /g Plg,g1 Y19l < CG/n < C. Thus, [Ag| < C holds by T, and the conclusion
follows by M. 0
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Lemma A5. If Assumptions 1-3 are satisfied, then
(1) Sg'HSG = 3 pymzi/ (ny/igi) 7g) + 0p(1),
g(i)zsgg(j)
(ZZ) S&l Z pz’ingj/w /Tg(i) Ng(5) = Op (1 + K/Tg> .

1'7‘7
9(9)#9(J)

Proof. Let e; be kth unit vector and let Y; = €, S5' X; = e}.z;/v/n + €,.5S5'U; and W; =
eySg X; for some (k,¢). By Assumption 2, A\nin(Sg) > C\/ra, then ||S5|| < C/y/ra. Tt
follows that a.s.

E[Y)|Z] = eyzi/vn,  V(Yi|2) = €,86 'E[UiU]]Sq"er < C1IS6'[|* < C/re,
E[W;|Z] = €,zi/vn, V(Wi|Z) = €, SG'E[U;U]]Sz" e < OSSP < C/re.
Denote zj, = €j.2; and let zgx = (€}2:)ieg- By Assumption 2, 3 |[2{,2(4/ng||/n is bounded

a.s., then every entry of it is bounded a.s.: 3=, zfg]kz[g}k/ng/n < C for every k € {1,..., L} as..
Further, a.s.

aw, oy, VK < CVK [rg — 0,
Viriot, < CJZ ot/ no/ VTG < O\ =0,
g

Juriat, < ch kel g/ VG < CJiG = 0.
g

Because

e piiXi X pi YW,
S5 HiSGle = S5 Y sl Y, LUt
a(i)#9() V 9) Tg() (i) 2a() V(@) M)

and pyyiw;/ /Mgy TGy = Pij€rziZsee/ (Ny/Mg@) Ng(j)), applying Lemma Al and the condi-
tional version of M, we deduce that for any v > 0 and A, = {|e}Sg*HSz e,/ , /Tig(i) Tog(7)

Y g(i)£g(j) PigChZiZ} eg/(nmﬂ > v}, P(A,|Z) — 0 a.s. By the dominated convergence
theorem, P(A,) = E[P(A,|Z)] — 0.

The preceding argument establishes the first conclusion for the (k, £)th element. Doing
so for every element of S;'HS;' completes the proof of the first conclusion.

For the second conclusion, let Y; = €, S5' X; = e}2;//n+ €, S5 U; for some k as before
and W; = ¢;. Note that a.s. E[W;|Z] = 0 and V(W;|Z) < C by Assumption 3. Then by
Lemma Al,

2

i X i€

E|lesst S 2SS ) 2| < CK/rg +C.
a(i)£9(G) V90 Te()
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The conclusion then follows by M. 0

Lemma A6. If Assumptions 1-4 are satisfied, then

SGYHSGY = Hg + 0,(1).

Proof. Denote Ij; to be ny X n, identity matrix. Using Lemma A5,
SGHHSGY = 3 piyzizy/\n? nge ngg) + 0p(1)
g(i);gg(j)
= > 2 Pon i/ 1Pngnn — 3 2 Plog 2t/ (ng) + 0p(1)
g,h g
= 220/ V/g (Z Pigm2m/ v/ — Z[g]/\/ng> /n
g h
+ > #g (g — Pg.g)#1a)/ (nng) + 0p(1).
g

It suffices to show that 3, 2(,/ /7y (Zh Pignj2in)//Toh — 2jg)/ /ng) /n=o0(1) a.s. Let z, =
Son Pz //mn and Z; = 30, pijzi/\/Tg). Denote & = (21/ /Mgy, s 25/ \/Tig(my)’ Using

Assumption 4,

>z — 210/ Vgl /n = M2/ /g — Zille/n
g i

= [|(I = P)2|[*/n = tx('(1 — P)z/n)
=tr((2 — Zng) (I — P)(2 — Z7mg)/n) <tr((2 — Z7ng)' (2 — Z7k)/n)

= Zl‘zi/\/ng(i) — Zink|]*/n =0 as.

Further, by Assumption 2, >, Hz[g]/\/n_gH2/n < C. By CS, it follows that

H %:me/\/n_g (210 = 210/ v/g) /7| < Eg: 20/ v/gl| % ||l = 2101/ /7] |/

< @ H%M%Hz/n@ 201 = 2/ || /n = 0 as,

O

Proof of Theorem 1. First note that that by Assumption 2, Apin(SeSt/7¢) > )\min(gggé;) >
C, we have

HS,G(BAWLCOIV - 6)/\/%

> \/)\min(SGS/G/Tg>H5AWLCOIV - ﬂH > CHﬂAWLCOIV - 5“
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Therefore, Sé(BWLCOIV — B8)/v/re 2 0 implies Bwrcorv = B.
Lemma A6 and Assumption 2 imply that Amin(551ﬁ851) > C > 0 w.p.a. 1, hence
(Sgl.ﬁ]Sél’)il = 0,(1). By Lemma A5,

i R I
ra'*Se(Bwicor — B) = (SolHSGU) Se' D2 Xipiei/ /g ) TG = Op(1)0p(1) = 0,
9(i)#9(5)

i.e. for any v >0 Pr(||r51/2S’G(3WLCOIV —B)|| > v|Z) — 0. By the dominated convergence
theorem,

Pr([[rg %S St(Bwrcorv — B)|| > v) = ]E[PT(HT; “Se(Bwrcorv = Bl = v|2)] =0,

hence r5"*St(Bwrcor — B) 2 0. -

Proof of Theorem 2. Define

G
Yo = Z ng}(l[gl By, 9] \/ nn2 + SG Z Uigjpij/vngng“
g=1 1€
ggigﬂeg'

By Assumptions 2-4 and similarly to the proof of Lemma A6,

2 e,
Z| = ZIHZ[m/\/”_g—i[g]HQE [H%}HQIZ} /(nng)
=

G
> _(21q/ /g = Z1g) €191/ /g

G
< CZI HZ’[Q]/\/TL_Q— E[Q]H2/7’L — 0 a.s.
g:
Then by M,

Xie;pij Z(gEls) 21 Plo.01Eld]
S “hisgbyy — _ g + g
¢ ng 2y Z N Jnn? 2 Jnn?

g'#g9i€d

_ Z Z[g]P[gg1€[g'1 _ 3 Fls
g /Mg g g

G
= > (Zg — 291/ /Tg) €lg)/ /Mg > 0.
g=1
Let I'¢ = V(Yg|2), so

Fe= Z Z[g] (Zig) — Plg.q))E {5[9}5/[571] (Ljg) — P[g,g])z[g]/m”z)
+ 5S¢ Z > (E[UU;|Z]E[ejec| 2] + E[Uiek | Z]E[e; Uyl 2])pispeSc '/ (ngng).
9,9 keg

g'#gjLeg’
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1S5t || < C/\/TG by Assumption 2, and, using CS,

2

SN ik [ (ngna) = > leilﬂ

g,h i,kEg gh \ icg Vg
JLER jeh
< Zzp?j => > pi=K.
g,h i€g g i€g
jEh

By Assumption 1 and Assumption 3,

1Tig) = Pog))E |egi€ly | 2] (Tig) = Pig.g)) 211/ (n2)

G
< X llz1gll*/moll gy = Pogl |1 Eleieiyl 2111 /ng /m
g

a
< O lagll*/ng/n < C.
g

Then by boundedness of K/rg, ||[T¢]| < C a.s.n.

By Assumption 2, Auin(T'g) > C > 0 a.s.n, and ||[TZY| < C as.n.

Let o be an L x 1 nonzero vector. Let Wye = 2(;(Ijg — Plg.q))¢ /\/nT‘Lf;, G = FG1/2a
and cog = \/—SGIF_I/ a. Condition (i) of Lemma A2 is satisfied.

Condition (ii) of Lemma A2 is satisfied by Assumptions 1-3:

G
> EBWieWeelZ]|| =

9=1

G 9 9 G
SCZ;H%]H /"ng[g]—P[g,g}H /nSCE;Hng}Zm/”gH/nSC-
9= g=

G
> 2l ig) = Pug)E gty 2] (g — Plog) 210/ (nn2)
g=1

Condition (iii) of Lemma A2 is satisfied by Assumptions 3 and 5.
Condition (iv) of Lemma A2 is satisfied by Assumptions 3 and 5:

D E[[Wyell*I2] < C - Mz /gl l'|ig — Pagll'Elllell*| 2]/ng/n*
g g
< CY lzg/ Vgl /n* = 0 as.
g

Condition (v) of Lemma A2 is satisfied by Assumption 1.
Further note that ||c1¢|| < C and ||eag|| < C a.s.n. Also by construction

B =V |dg Z Woa + e Z > Uiejpij/\/ Kngng| 2 | =V (o'T5"*Y|2) = o'

gg 169
g'#gi€g’
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By Lemma A2, it follows that
(/o) PTG Ye S N(0,1)  as..

By the Cramér-Wold device, I'g"/*Yg % N(0, 1) a.s.

It follows that F_1/2YG = O,(1). From the argument above, ||I'¢|| < C a.s.n., then
HF1/2H < C a.s.n.; by Assumption 2, ||Hg|| < C and A\pyin(I'g) > C > 0, it follows that
Vo = Hi'TqHZ, )\mm(Vg) > C > 0 a.s.n., then HVG1 ’|| < C a.s.n. Then F1/2 O,(1) and
VGTI/2 = 0,(1). Let Bg = V_1/2HG1F1/2 Using Assumption 2, it follows that BGP_I/2
V' PHG = O,(1) and V VY = Vi PTG Y = O,(1). Combining it with Lemma
A6, Mann-Wald theorem, and the definition of BWLCO v,

Vo Se(Bwicorv — 8) = Vg *(Sg HSE) 1S5 X puXies/ ity
9(9)#9(J)

= Vi P (HG + 0,(1)T TG (Yo + 0,(1))
= BeTa*Ye + 0,(1).

Note that Bj,Bg = I, and By is a function of Z only. Then using the Slutsky theorem,

VGTl/QS/G(BWLCOIV _B) = Bgf51/2YG + 0,(1) LN N(0, I}).

U
Proof of Theorem 3. Notice that \/r¢/K 3=, 2(; Mg g[g/\/n75 2 0. Then for
Yo =vreSe' Y. Y Ugjpij/\/Kngng,
g 1€g
9g’igj€g’
we have, similar to the proof of Theorem 2, \/rg/KSg' S g.d Py geig1/ /gty = Yatop(1).

g #g
Further,

To =V(¥el2) = raSe' 3 3 EIUUIZIEle| 2] + ElUier| Z]Ele; Uil 2])pipinS /K-

9.9 ikeg
g'#g iLeg’

Similar to the proof of Theorem 2, by Assumptions 2-3, |I'¢|| < C(rg/K)(K/rg) < C
a.s.n. Let Lg be any sequence of bounded matrices such that Ayin(Lel'a L) > C > 0 asn
and let Yo = (LgfgL'G)*l/QL(;YQ. Let a be a nonzero vector and apply Lemma A2 with
WgG =0, cig =0, and ¢cg = a’(LGFgL’G)‘l/QLG\/rGSE.
We have V (c’GZ Y ieg Uigipij [/ Kngn /\Z> = o/a > 0 by construction, and the
2 979 jE;l, jlPij g'tg

other hypotheses of Lemma A2 can be verified as in the proof of Theorem 2.
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By the conclusion of Lemma A2, o/Yy 4, N(0,d/a) a.s., and by the Cramér-Wold
device, Yg 4, N(0,1}) as.

Let L¢ be specified as in the statement such that A\ (LeVELE) > C > 0 a.s.n. Let
Le = LgHg', so LVl = LaTaLi. Note that [|[(LeTaLg)™'/?(| < C and T2 < ©
a.s.n. By Lemma A6 and Mann-Wald Theorem, (Sg'HS5Y)~! = HG' + 0,(1). Therefore,
we have

(LaTaLy) P La(Sq HSGY) ™ = (LalaL) " La(Hg" + 0p(1)).
Using Y = O,(1) by M, and boundedness of L, Lg and (LgTeLy)™/2, we have
(LaViLg) 2Ly ra/KSg(Bwrcory — B)
= (LeleLi) P La(S5 HSG" ) ra/KSG! Z X1 Plo.qi161/ V9T

g#g
= (LelaLly) P La(H™ + 0,(1)) (Yo + 0,(1))

- (<EGFGDG)_1/2EG + Op(1)> (Yo + 0p(1)) = Yo + 05(1) % N0, I.).
O
In order to prove Theorem 4, we introduce the following notation:
Xig = SélX[g]/vng
1= > XigPnémép/mnPng Xy

g#h#g
Z X aPlg.ném /nhp[h g]X[g] + Z X g Plg.nél h]5 /\/“hngpgh X[h]
g#h g#h

Y=Y XigPymemen/mnPug Xy
g#h#g
= > XigPonmemen/mmPugXig + 2 Xig Ponemely/ v nig P Xy
g#h g#h

Lemma A7. If Assumptions 1-6 are satisfied, then £, —%; = 0p(1) and S —3, = op(K/ra).

Proof. To show the first conclusion, we use Lemma A4.

21 — 21 = Z X[/g]P[gﬁ] (éhé;l — 5h5;1) /nhpwm]X[m}

g#h#m
. . ) , '
- Z X[/g]P[gﬂh]X[h]/\/ Ny (B - 6) (5 - 5) X[/h}/\/nhp[h,m}X[m]
g#h#m
. A / .
Z X[/glp[g»h}g[h]/v h (5 - 5) X[/h}/\/nhp[h,m]X[m]
g#h#m
Z X[IQ]P[g,h}X[h]/V Np (5 - B) é‘fh]/\/nhP[h,m]X[m}
g#h#m
2
Z X i1 Flo 4] (”[(k} U[(k]) W[k] ) /1% Pl X [k
97ﬁh
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where 77[(;]) = X[k]X[’k], 77[(13]) = €[k]1'Lka], 77[(,3’]) = X[k}lLe’[k], 1, is an L-vector of ones, and AG is
a sequence converging to 0 in probability by B -550.
Note that Sg/v/n is bounded, so by CS, || T(g|| = [[Sazg/v/7|| < C\/ng. Then by
CS,
E[l|ng11°12] = Elllng) 1P12] < B[ Y Leely| 2]+ EUi ey 2]
< CE[|TwlI*[ZIE[[lew |1 2] + CE[|[Uy |*| Z21E[llep] | 2] < Cni,
E[|ng11°12] < CE[||Twl*|2] + CE[|UwlI*|2] < Cn,

Bl (o) = 12 = o) /mil P12] < Cni i = €
Then by Lemma A4,

51— %1 = AgO,(1) = 0,(1)0y(1) = 0,(1),

which provides the first conclusion.

Let dig) = || Tg]l + llegall + 1Uigll. A=1+[13ll, B = ||3 = 5lI By the conclusion of
Theorem 1, wehaveA 0,(1) and B 2 0. Hence, | Xl < 1T ||+||U[g]||<d X <

07‘51/2d[g}/\/n_g7 1€t —21gll = | X1 (B=B)I| < Cdig B, ||ég| = || X (8—5)+epgll < Cdigy(1+

B) < CdigA, ||ty —eelyll < (el + 1Eall) 1w =2l < Cdig(1+A)dig B < Ca2, AB,

1€ty —emeiyll < 1wl [1Em — el +lemll 1€ — el < Cdigdpy(14+A) B < Cdigdiy AB.
Also note that because E[d? |Z] < Cn,,

B[ |PgnllPdy/ngdty /nnrgt | 2] < Crgt > |1 Panll* = C'f’clztr 0.g) = CK/r,
g#h g,h

80 Yy || Plg |12 d /mgds, /nhrG = O,(K/rg) by M. Then it follows that

|!ZX91 it (Eméin — emein) /nnPag Xl < 3 1Pl 1 Xl PllEmén — smeiull/mn
g#h

< OTGl Z || Py, h]||2d2 /ngd /nhAB = 0,(K/r¢).
g#h

We also have

1> (X Poméméty Pon X =Xty PynemelyPonXm) |1/ /mnig

g#h
< S Pl X gl 11Xl 1Em€ly) — emielyl/v/nng
g#h
< Crgt Y PgnlPdiy/ngdf /nnAB = 0,(K/rq).
g#h
The second conclusion follows from T. O
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Lemma AS8. If Assumptions 1-6 are satisfied, then

S1= > 2/ Vg PemBlemenl )/ Pumzm /v /n + op(1),

g#h#k
Yo = ) 2/ /g Py nBlemen| 2]/maPi.g 210/ v/ieg /1
g#h
+55' Y. Y (E[UUL| Z]E[ejee 2] + E[Uiek| Z1E[e;U5| Z])pispre S + op(tmax K /7).
979’ i,k€g

Jteg’

Proof. To prove the first conclusion, we apply Lemma A4 with W, /,/ng equal to a
column of X h]/‘/ n equal to a column of X[h], and np = € ]5[@
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To prove the second conclusion, write

22— Z ng} P[g7h]E[8[h]€,[h] |Z] P[hmz[g]/(nngnh)

g7#h
—Sa" >0 pipre (B[UUL| Z]E[eje0| 2] + E[User| Z)E[e; Uy 2]) Sg'/ (ngna)
=
= > XigPonememPina X/ (ngnn) + Y Xig Pgnemei Pon X/ (ngnn)
g#h g#h
— > 2 PamElemen| 21 Pug 21/ (nmgn)
g7#h
— 5" Y0 pijpre (B[U UL Z]Elejeo| 2] + E[User| Z1E[e;Uh| 2]) Sg'/ (ngna)
iy S
= > 2y Plamemely Prg 2/ (nngnn) + 3 21y Plamemeig Panzm/ (nngnn)
g#h g#h
+ 85" Y Ul Pymemein Pirg g/ (nngnn) + S¢' >~ Uly Py nemely Pomzm/ (nngny)
g#h g#h
+ > 2 Pynemen PrgUSa' ) (nngny) + Y 2l Pgmemelg PomUnSa'/ (nngny)
g#h g#h
+ 85" >0 Y pijpre (UiUjejeq + Uiere;Up) S5/ (ngn)
g,h i,k€Eg
h#g jleh
— Y 2y Py mElemen| 2] Ping g/ (nngny,)
g#h
— 5" Y0 pijore (BU UL Z1E[ejeo| 2] 4+ E[Uier| Z1E[e;Uh| 2]) Sg'/ (ngna)
=
= > 2Pl (el — Blemeh|2]) Pagzia/ (nngm)
g#h
+ > 2y Ponemely Pnzm/ (nngn)
g#h
+ 55" Y. Uty PynemeinPing2ia/ (vVingnn) + 55" Z Uty Py nemely Ponzm/ (vVingna)
g#h
+ 3 2l Panienein Prala S/ (Vingm) + 3 Z[g]P el P Uin Sc*/ (Vmgna)
g7#h g#h
+ 55" D0 pispre (UiUgeje0 — BlU U | Z]E[e e 2]) Sg'/ (ngna)
=
8
+ 551> D pigpre (Uiewe;Up — E[User | Z]E[e;U4| 2]) Sgt ) (ngnw) = Y .
h ik =1
g#gjlgg
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It suffices to show that v; = 0,(K/r¢g) for i =1,..,8.

2
E[4?|Z] = E (Z 20, Plon (Emé"[h]—E[S[hﬁ’[hﬂZDP[h,gl%}/(nngnh)) E:
g7h

= Y E|#yPon (cmety — E |emel2]) Prgae
9, /7h
hé{gg,g’}
X 21 Py (et — B [emein|Z]) Pingn2ion 2] /(ny/mgngmnn)?

< Y el 1PnllPE [llemety — B [emeiul 2] 112 12] 1z 1P ail 1P/ (ny/ngngma)®

9,9";h
h¢{g.9'}
< 3 1PynmlPE [llemely — E [emeil 2] 117 12] [1Pg wil 2/ (nnn)?
9.9",h
< C Y NPenlPE [lepll* 12] [Py ]2/ (nmn)?
9.9",h

<C D 1P|l E 1Py ]I/ (n*nn)

> 12

9,9";h €9
< C Y PPl Pyl /n?
9,9',h

2
2
<C). (Ztr(P[gﬁ]P[hg ) =C)_ (tr Pl g ) /n?
h o \g h

2
C’Z(Ztr Py 11 Ping) ) /n? = Cnpax K /n* — 0,

then ¢; = 0 by M. Notice that by Lemma B2 and Assumption 2, || P, || < \/l Pl [1Pnall <
1. Then |[Pgnll* < [|Pygnll*-

2
E[@D%lZ] =K (Z z['g]P[gyh}s[h}el[g]P[g,h}z[h]/(nngnh)) |Z
g7h

< C Y E[|lzll* 1Pl el Pllemll? 1212/ (nngna)?| 2]
g#h
< CZHP[gh]H /n?

<CZtr a)/n* =CK/n* =0,
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then 1, 2 0 by M.

2
E|¢32] = E (Scl %Ufg]ﬂg,hlg[hlgfmp[h,g]Z[gl/ (\/ﬁngnh)) |2
g

— 2 —
= S'E| X Ul PonemeinPing 2 Ul Paniem € P g2 2| | (Vingy/mn/m) S5
g,h.h
o2 (n'}

+56'E | >_ Ul Plomemetn Pina 20Ut P g€l Plo 2| 2

g#h
<IS5'1” > E [[IUaIPI1Z] 1| Pout] Pl P |IPE [llemeimll 12]

g,h,h’
g¢{h,h'}

2
% E ||lemiehu || 12] 1210112/ (Vingy/mny/iw)
+ 1SS Y E 1011 2] E [[|Upg 11 2] 1Py I'E [[lepmely]] 12]
g#h

/ (\/ﬁngnh>2 SgY

2
< B |llegetyll 12] 1zl epll/ (vVingna)
< T&lnmaxK/n — 0,

then 3 = 0 by M. Similarly, 5 2 0.
2
E[¢}2] =E (551 > Uy Panemelg Pomzm/ (\/ﬁngnh)) 1Z
g#h
— 2 —
= Sa'E| Y UpyPynemely PanzUly Ponemely Ponznl 2| / (Vinn/igy/ig )" 56"
g:h,g’
h#{g.9'}
+ SZ'E

2
—1
> Uty Panemelg PanzmUin PracaeinPrazal 2| / (Vingn) Sg"
g#h

<[1S5'11” X E[IUGIZ]E U 112] 1| Pl P11 Pyl E [lleml I’ 2]

hi’{’;’iﬂ}
< E [|lell 12] E[llewll 12] 1zl ?/ (Vi /g /i)

+ ISP Y E (Ul 2] E [[Umll| 2] 1| PoslI'E |llemeg| 12]
g#h

2
< E |lletgeigll 12] 1zl 120011/ (Vingns)
< 15 Nmax K /1 — 0,

then v, £ 0 by M, and similarly 14 2 0. Notice that
UiU;;Sng — E[UZUMZ]EL‘:]EAZ] = (U}Uv]/€ — E[UZU,HZD €€ + E[UZUMZ] (8]'8@ — E[€j€g|Z])
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Let e; be an L-vector with ¢’th coordinate equal to 1, and other coordinates are 0. Let
Ui = tﬁngZ Then

2

2
E {(621%%) |Z} =E || Sc' Y. > pigpre (Wi unejee — Bl une, | Z]E 520 2]) Sg' ) (ngran) | |2
i ach

<ISG'T > X IpiprepipreE [ejed 21 Eepen| 2]/ (ninamm)
g,h,h' ik, k'eg
g#h#h  jleh
i een’

X B [(wit, Uney, — B, Uty | Z]) (Wir, Unre, — Bl upr,| Z]) | 2] |
+ HS&l | |4 Z Z |pijpk‘fpi’j’pk’6']E [Eng‘Z] E [ui/tluk/tz ’Z] / (n;nhng/)
g,h,g" i.k,j 0 Eg
g#h#g  jleh
i/,kleg/
X B [(wity urty — Elwir, ure, | Z]) (€50 — Eleyen| 2]) | 2] |
IS Y Y pupkeprspweE [epeel 2 E [win i 2]/ (ngnim)
g,h,h’ i,k€g
gAh#h .01 k' €h
§' U en
x E [(5]'64 - E[€j€g|2]) (ui’tluk’b - E[ui’tluk’t2|2]) |Z] ’
HISGT Y X IpiprepryproeE (i, ne,| 21 E i, wien, | 2] / (ngning )
g,h,g’ i,kEg
g#h#g' §,,5' L' €h
’i,7k,€gl
x E[(gjee — Elejeel 2]) (6520 — Elejen| 2]) | 2] |
+ H551||4 Z Z |pijprepirjpre | (nﬁni)

g,h i,k k'eg
g7#h je,5' ¢'eh

X (E[ejeecice| Z) B [(wir ke, — Elthit, gty | Z]) (wir wrre, — Elwirg, upre, | Z]) | Z]
+ B [tit, wnty | Z] B [irg, wnn, | Z] B [(e 560 — Eleje0| 2]) (e5e0 — Elejen| 2]) |2] |
+ E [wit, ke, | 2] E [evew | Z] E [(e560 — Elejeo| Z]) (w upe, — Elujn, uee, |Z]) | Z] |
+E [ upe,| Z1 E [ge0| 2] E [(evew — Elevew | 2]) (Wi, wre, — Eltwi, uie, | Z]) | Z]) |

<Crg® Y Y puprepeypiel/ (nf,nhnhf)
g,h,h i,k K eg
gEhtl | jAeh
j/’eleh/
+Crg? Y. > pipepiypiel/ (ngni) :

g,k i,k k' eg
g7#h j.0.5' V' eh
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Further, by CS

2\ 2

Z Z |PijDRepitj PR |/ (nznh”h') < Z Z Z pijl/ Vg
b ik K no\ i€
ggéhyéh’z j?feheg ! }ei
jl7€/€h/

> P

h i€g
j€Eh

IN
<M

= Zg: Zpu)

1€g

Nmax Z Z Dbii = Nmax K

g 1i€g

IN

and

Z Z |PijDrepitj PR |/ (nzn,%) < ZZ Z‘piﬂ/\/”gnh
9 h

g;h ki’ k' €g 1€9
9#h j0.5 0 eh Jjeh

> P
1€g
Jj€Eh
S g Y pl
h 1€g
j€h
nIQnax Z Zp“ < niiaxK'

g 1i€g

IA IA
<M =l
=[]

IN

Then

E {(eglwwb)g |Z} < Crg*n?, K

max )

and (62 11076,52) = Op(nmaX\/F /7¢) by M. It establishes asymptotic order for (¢,t5)’th element

of v7; doing it for every element implies ¢; = Op(nmaxx/? /re). Then ¢7 = 0p(NmaxK/rc).
Similarly, ¥s = 0,(nmaxf/r¢). The second conclusion follows by T. O
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Proof of Theorem 4. Let X = é[g]é’[g]. Let zjy = DR Py n2p)/+/mn- Notice that

Z (zfg]z[g}z[gl “lg }P[gg 012191/ \/Trg — Zg]zg]Pg g%1g)/ /1 ) /(nnyg)

g

/
= <(Z P[g,h]Z[h}> Yig) (Z P[g,mlz[nﬂ) — 2/ Plg.g 21 (Z P[g,h]Z[h]>
g h m h

!
- (Z ﬂg,hlz[m) Z[gﬁg,g]Z[g]) /(nny)
h
= Z th}P[h,Q]E[Q]P[gam]z[ ]/ nng) Z Z[g]P[g g]z[glp[g h]Z[h]/(””g)
g,h,m
— > 2 PngXig Pg.g) 210/ (1)
g,h
= > 2 Pugg Pgmizm/ (nng) + Y 2 PlgmSim Pag 2/ (nng)
g#h#m g#h
— > % Pag®1 Pog 21/ (1),
g

where the last equality follows from the proof of Theorem 4 in Chao et al. (2012]).
Similar to the proof of Lemma A6 and using CS, a.s.

[=® —Z[g1H2/n
Hz[g]H /\/EHE[Q] - Z[g}H /Vn
<O ||z — 2|/

g

+C\/§ngz[g]H2/n\/§ngz[g] = 2[91H2/n — 0.

> (Zy B2 — 2 S /(nng)

g

Similarly, a.s.

[z 1Pl 1260 = 2] /
SC\/Z HZ[Q}H2 WZ 21 - 2[91H2/n — 0.
< cvzuz[g]u WZHZM —z|F/m—o0.

> (%310 Plogi?la) — 20 Sl Pl Zia)) / (nmg)

g

> (z[g]Pg Q]Z[Q]Z[ |~ 29 P, g]Z[g]Z[gO /(nnyg)
9
Then

> 2P i Pom2ml /() Zz[g]( ~ Plg)) Zig) (Tig) = Ploal) #1a1/ ()
g#h#m

+ 3 2 Py Ping 21/ (nng) + 0as.(1).
g7h
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From Lemmas A7-AS,

it = D 2y Plhg R Pom) 2m) /0P ngmnnm + 3 2l Plon i) Ping)#(g) / (n12g70)

g#h#m g#h
+ 585" > > (BUU Z1E[gje0| 2] + E[Usex| Z1E ;U Z))pipreSe / (ngng)
979’ z?egl
j7 eg

+0,(1) 4+ 0p(Nmax K /7c)
= Z 2l (T = Pioat) St (Tl = Plo) 211/ (ny)

+5G Y. Y (E[UULIZ]E[eje0 2] + E[Uiek| Z]Ele;Uy| Z])pijpreSc

g#g’ i,k€g
Jteg’

+0,(1) 4 0p(Nmax K /7c)
= Q¢+ Ve + 0p(1) + 0p(Mmax K /7).

SUppose Nyax K/ is bounded. Hél, Q¢ and Vg are bounded a.s.n. By Lemma A6,

SuVSe = (Sa'HeS") " (51 + %) (S5 Hass")

= (Hg" +0p(1)) (Q6 + Wy + 0p(1)) (Hg' + 0,(1)) = Vi + 0,(1),

which provides the first conclusion.

Suppose now that Ny, K /rg — 0o. Hg', Qg and (rg/(nmax K )) ¥ ¢ are bounded a.s.n.
By Lemma A6,

SeVSe = (S5'HaSE") (81 + %) (S5 HeS5") ™
= (Hél + Op(l)) (ra/K)¥, + 0,(1)) (Hél + Op(l)) = Vg +0p(1),

which provides the second conclusion.

2.B Appendix: auxiliary results

Lemma B1l. Let x and y be vectors, suppose there exists C' > 0 such that ||z|| < C' and
l|ly|| < C. Let A be a conformable matrix. Then (z'Ay)? < 2/zy'y||A’A|| < C||A'A|.

Proof. By CS, (2/Ay)? < 2’2y’ A’ Ay. Further, by Theorem 6, Chapter 11 in Magnus and
Neudecker (1988), y' A’ Ay < ||A’Al|ly'y. Then (2/ Ay)? < o'zy'y||A’A|| < C||A’Al|. O

Lemma B2. Consider P = Z(Z'Z)~'Z’, and let P, be a submatrix of P. Then

1> tlV(P[g,h]P[h,g]) = tr(P[gvg})a
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2. 1Pl < /Il Pl 1Pl

Proof. Notice that using the linearity of trace,
Ztr Py Pig) = tr( ZPghP[hg])
= tr Z Z(Z'Z) " 2w Ziyy (Z' )~ Zig)
(Z[m(ZZ ZZ nZin(2'2)" Zg)

tr(Z,(2'Z)" (Z Z0Z'Z) Z)
= tr(Z[’g](Z'Z)_lZ[g])

= t1(Fyq);
hence the first conclusion holds.
Then consider
[Pyl = "Z[/g](Z/Z)fl/Q(Z/Z)fl/ZZ[h]H

< 122 2)" )| (2 2)" 24|
= N2, Z 222/ 2) 2 2|\ || 200 (2/2) (2 2)- 112 2y |

= V1P glly/I1 Pl

hence the second conclusion holds. O

Lemma B4. Suppose that

a P(Z) is a symmetric, idempotent matrix with rank(P) = K and p; < C < 1;

(a) P
(b) (eqg)> ugg)5y are independent conditional on Z; *~npay /K — 0;
(i) {Cy}5, is a partition of {1,...,n};

)

(c) there exists a constant C such that a.s., sup, E[u}|Z] < C, sup, E[e}|Z] < C, and
sup; |¢:(Z)| < C. Then a.s.

Then, a.s.,

2
) & | (358 Ty Sy 200 (60~ Bl 2)) |2
VR4S

— 0,

2
(ii) E <}< s gy ke b Vi (W_E[UMZD) =
VEAS

— 0,
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r 2
(111) E ( ZgG 2 Zg '<g Ez k€g }:Z;Zke ¢zk (gjuf E[EJUAZ])) ’Z — 07
Jleg
r 2
(iV) E ( EgG ) Eg '<g Ez ng I;Zgjslj (bzk (Uju€ - E[U]UZ‘ZD) ’Z — 07
J» Eg
_ 2
(V) E i7d Z -3 Zh<g '<g ZZ kEg %¢ik€j€f ‘Z — 07
L Eeh
- 2 -
(vi) E || & Z 3D h<g'<g i kEg %@k%@) 2] =0,
cg’
L feh .
- 2 -
(vii) E | | % Z 32 h<g'<g Zz keg %@k%w) Z| =0,
cg’
L feh .

r 2
1 G PijPke
(Vlll) ]E i7d Zg:S Zh<g’<g sz’léi/g ngjw@ku]?u) ‘Z — O

L leh

Proof. By Hoélder’s inequality, for some (3, j, k, £)
Eleicjenee] — Eleig;|Elered| < |Eleicjenee]| + [Eleig;]| [Elerel]|

2
= supE[g] + (sup ]E[sf]) < C.
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We show part (i) first:

(zzz“wmwemmwyz

g=2g'<g i,k€g Ny
Jreg’

o 1 Pi1j1Pk11PisgoPhots
- K2 Z Z n n2 n gbil k1 gbig ko
h i1,k1€9 g'tg''th

g7
g'<min{g,h}  i2,k2€h
J1,01,52,42€9’

X (E[gjlgflghg@lz] - E[5j1€51|Z]E[€j28€2|Z]) ‘

C |pz Dk, e | |pz Do |
< Z Z Z PirjiPkily| Z Z 1PigjaPhats |
K243 g>g inkeg gl h>g' iokach  hTlg’
j1,b1€9’ jo,baCq’
¢ [P [Pracs il V)
— 72 Z Z Diijy Z Pkioy Z Z Z pli
K 7 \g>g incg V"9 kicg v ngng) K? g (9>g’ ireg V gy’
neg heg ji1€g
C 2 2 c 2
p;
S . Z 1J1 N < 72 Zp
K2 <2\ 5 ey ey g g) K24 (jeg jj
j1€yg’
C 2 Nmax
Sgad Lm0

Parts (ii), (iii), and (iv) follow similarly by interchanging the roles of ¢ and w.
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Now we show part (v):

2
DPijDke
ZkE'éEg |Z
( gz?>h<gz<gsz€g gV 9 ’ )

j€g’

leh
1
= K2 Z Z — nhpz1j1pk1£1pi2j2pk2£2¢i1k1¢i2k2E[5j15f15j2542|z]
i1,k1€g T9'7917792
92<g1<g,h ig,ko€h
]17]2691
£1,62€92
C
< Sy 2y Y M) (E S
92 91°%92 \ g>g1i1,k1€9 g h>g1 i2, kQGh
91>92 J1€N J2€g1
41692 42692
< C
- K2 Z n.n Z Z pz1]1n9n92 Z Z pk1f1ngn91
g2 g1'%g92 g>g1 zleg g9>g1 ki1€g Ng
91>92 J1€91 l1€92
C’
=5 2 2 2 Py X D P
92  g>g1 i11€g 9>91 k1€g
91>92 J1€EN (1€g2
e e,
n
2 max
~ Oy (Y x ) oy (Sn] <@
g2 g>91 i1€g9 g JEY
g1>9g2 j1€91
Parts (vi), (vii), and (viii) follow similarly by interchanging the roles of € and . O

2.C Appendix: Asymptotic Properties of Large Projection Matri-
ces

2.C.1 Introduction
We consider entries of the n x n projection matrix
P=27(Z7'2)"17,

where the n x ¢ matrix Z contains independent and identically distributed (i.i.d.) copies
zij, © = 1,...,n, 7 = 1,...,4, of random variable z. Specifically, we are interested in joint
asymptotic behavior of both diagonal and off-diagonal elements when the underlying dimension
¢ (corresponding to the dimensionality of n column vectors z; in Z’), which is the rank of P,
grows proportionately to the dimension n (corresponding to the sample size of (-vectors z;)
with the aspect ratio lim¢/n = « € (0,1). Note that by “high-dimensional” we refer to the
smaller dimension, ¢, as the larger dimension, n, is always high in any asymptotic analysis
with n — oo. Also note that P is invariant to non-singular linear transformations of Z, hence
the results will cover all rotated i.i.d. designs as well, including some types of dependence.
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Traditionally, in the context of random matrix theory and dimension asymptotics, one
focuses on the behavior of (eigenvalues of) large covariance matrices; less frequent are studies
of large correlation matrices, setting aside Wigner random matrices (see, for example, the
monograph by Z. Bai and Silverstein, 2010). Investigation of projection matrices is much
more rare, but the conclusions of such investigations are useful in the theory of regression
models with many regressors (e.g., Cattaneo et al., 2018, Mikusheva and Sglvsten, 2025)
and instrumental variables models with many instruments (e.g., van Hasselt, 2010)), where
high-dimensional projection matrices and their properties play an important role. In these
setups, one is confronted with the dimension asymptotics, while projection matrices constitute
an important building block of the surrounding asymptotic theories.

For large dimensional projection matrices, Anatolyev and Yaskov (2017) studied a
probability limit of the diagonal elements in various circumstances. Under the rotated
i.i.d. design, this probability limit is constant and equals a. Anatolyev and Smirnov (2024])
determined that in this case, the off-diagonal elements are y/n-consistent for zero and
asymptotically Gaussian with a simple form of variance. The driving force of such a limit is
the asymptotic normality of high-dimensional bilinear forms, and the formula for the variance
rests on the Marchenko-Pastur law. In the present paper, we refine and extend these results by
deriving the joint asymptotic distribution of an arbitrary number of diagonal and off-diagonal
elements. In particular, we show that the diagonal elements are also asymptotically Gaussian,
derive the formula for their asymptotic variance, and find out that all the elements under
consideration, both diagonal and off-diagonal, are asymptotically independent.

Technically, the derivations proceed in the following way. First, using the celebrated
Woodbury identity for an inverse of rank-k-perturbated matrices, we work out the formulas
for quadratic and bilinear forms with respect to such an inverse.[r_U] On the basis of these,
we figure out the connection between the elements of the projection matrix P and the
elements of its leave-a-few-out analog, say P_. This helps break the dependence between the
high-dimensional covariance matrix in the “denominator” Z’Z and its “numerator” Z--- 2’
due to the presence of common elements. Second, the asymptotic Gaussianity of the elements
of P_ is derived from the central limit theorem for quadratic forms in i.i.d. random variables.
The asymptotic variances and covariances are computed using the properties of partitioned
matrices and the random matrix theory. Finally, the asymptotic Gaussianity of the elements
of the leave-a-few-out projection matrix P_ is translated to that for the elements of P.

Finally, we apply our main result to figure out the asymptotic distributions of Frobenius
and spectral norms of diagonal and off-diagonal blocks of P. These results may be useful for
statistical theories for regression or instrumental variables models, where many regressors or
many instruments are accompanied with data clustering (e.g., Chao et al., 2023)). Another
potentially useful domain of applications relates to many regressor models with limited
time-series dependence (e.g., Mikusheva and Sglvsten, |2025)), where non-leading diagonals of
projection matrices are involved.

The section is structured as follows. Section C.2 lays out the setup, lists the notation
used, and discusses the assumptions made. Section C.3 contains helpful intermediate results
formulated in two auxiliary lemmas. Section C.4 contains the main result on the joint

10These formulas may also have independent value for matrix theories.
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asymptotics of elements of projection matrices. Section C.5 describes implications for
asymptotics of submatrix norms.

Some matrix notation used in this section follows: dg{Ay,..., A, } is a block-diagonal
matrix of with blocks Ay, ..., A,, on the diagonal, det (A) denotes the determinant of matrix
A, tk (A) denotes the rank of matrix A, Apin (A) and Apax (A) denote minimal and maximal
eigenvalues of symmetric matrix A, [A],,  denotes the uper-left m x m submatrix of square

symmetric matrix A, [A] . denotes the submatrix of A extracted from row m; to row
ms and from column mg to column my. By ||A]| = {/tr (A’A) we denote the Frobenius norm

of matrix A, and by ||A|lg = \/Amax (A’A) we denote its spectral norm. A m x m identity
matrix is denoted I,,; Oy xm, 1S M1 X Mo zero matrix, 1,, is m x 1 vector filled with ones,
e is 7™ unit vector of dimension m, and 0,, is m x 1 zero vector. Finally, Px-a.s. means
almost surely with respect to the probability measure of X.

2.C.2 Setup and assumptions

Ler us fix an arbitrary finite integer k > 2 such that all the elements of P of interest
have indices not exceeding k. We will be considering the joint asymptotics of elements of the
northwest k x k block of P, i.e. of Pj..

Stack all the diagonal elements of P;.; into the vector
— /
Pag = (p1,17p2,2> ---,Pk,k) )
and the upper-off-diagonal elements into the vector
Dot = (p1,2,p1,3, < P1EyP2,35 -y P2k ---:pkfl,k)/'

We focus on derivation of the asymptotics for the vector
7= (),
Doft

Let the entries of Z be i.i.d. with zero mean, unit variance, and finite kurtosis
k = E[z1].

ij

Assumption C.1.

Note that any fixed non-singular linear transformation Z +— ZC', where C'is ¢ x (,
leaves P intact. Thus, the results will cover all rotated i.i.d. designs as well, and not only
the ideal i.i.d. setup imposed in Assumption C.1. Rotation equivalence also means that
some types of dependence are also allowed. In particular, our results hold for “transformed
independence” design matrices Z, similar to, e.g., Athey et al. (2018 Assumption 3), which is
important in regression setups under random sampling, where the feature matrix Z typically
has independent rows but non-independent columns. However, rotation equivalence also
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means that time series dependence of similar types across rows is also allowed (cf. e.g., Z. Bai

and Zhou, 2008)).

The isotropy (i.e., equality of variances) imposed in Assumption C.1 is assumed for
the sake of convenience, while imposing unit variance is a normalization and does not lose
generality either. The existence of the fourth moment is necessary for application of the
random matrix theory and the central limit theorem; the parameter x will explicitly enter
the asymptotic distribution of p.

The next assumption introduces the asymptotic framework.

Assumption C.2.
As n — oo, we have £ — oo and //n — « € (0,1) so that //n —a = o (n_l/Q) :

This is a standard assumption of dimension asymptotics, used in the random matrix
theory, which is also often exploited in the analysis of regression models with many regressors
and instrumental variables models with many instruments.

Among other things, Assumptions C.1 and C.2 guarantee that Z’Z has full rank ¢
with a probability approaching one as n — ooEr] and so do matrices of a similar structure,
such as Z’/ Z_ that will appear in the next subsection.

2.C.3 Relation of p to leave-k-out analog

The elements of p’ are bilinear or quadratic forms for individual z; and/or z; with
respect to the matrix (Z’Z)~!, which contains all individual observations on z and thus are
dependent on z; and/or z;. In order to derive their asymptotic properties of elements of p,
one has to break this dependence. This is accomplished by application of the celebrated
Woodbury identity for an inverse of rank-k-perturbated matrices, and then working out the
formulas for quadratic and bilinear forms with respect to such an inverse. On the basis
of these, we figure out the connection between the elements of p and the elements of its
leave-a-few-out analog, say p~.

To this end, let us split 2’ = [21 29 v o2y L } , where Z' contains columns of Z’

from (k4 1)" to n'". Introduce the “leave-k-out quasi-projection” matrix
-1
P.=z(22) Z

with diagonal elements p_, 1 < s < n, and off-diagonal elements p,;, 1 < s # ¢ < n. Similarly
to p, define the vectors

Pag = (pil,piza-.-,pi,k)/,

/
Dog = <p1727p173, "'7p1,k7p2,3’ ""p27k’ ...,pkfl’k) ’

See Anatolyev and Yaskov (2017, Lemma 3.1 implying Condition A).
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and, finally,

p= <ﬁ_g> :
poﬁ

The first key result is presented in Lemma C.1, which presents the formulas connecting
the elements of the projection matrix P to the elements of the leave-k-out matrix P_, and
hence the vector p to the vector p~.

Lemma C.1.

The off-diagonal (s, )™ entry of P equals
(_1)s+t+1 VSJ

S - 9 54a
Por = Qet (0,4 [P o4
and the diagonal s entry of P equals

pos = 1 Vs (54D)

- det (I + [P-],,)

where V, ; is (i,7)"

minor of the matrix I, + [P_],.,.

The result in Lemma 1 is an extended version of simpler schemes in deriving the
probability limit of a diagonal element as in Anatolyev and Yaskov (2017): the relation of
the i'" diagonal element p;; to its leave-one-out version Di 18

. Dii
Pii = 1 —i—p;i’
and in deriving the asymptotic distribution of an off-diagonal element of P as in Anatolyev
and Smirnov (2024): the relation of the (i, j )th off-diagonal element p; ; to its leave-two-out
version p; ; is

Pij

(L4 i) (L +p5y) = (piy)*
It is easy to see that the latter formula is a special case of when k£ = 2. The more
indices are “left-out,” the more (exponentially) complex the relations f become.

The next key result is a connection of asymptotics of p to the asymptotics of p~.
Define

Pij =

Lemma C.2.

Under Assumptions C.1 and C.2, we have

il ) = a0 o)

Poft + DPos
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where F means a minus or plus sign depending on the position of an element in the vector.

Despite the complex mapping of p'~ to p’ documented in Lemma 1, their asymptotic
behaviors have this pretty simple connection. Lemma 2 helps translate the asymptotics for
the elements of the leave-k-out analog P_ to that for the elements of the original projection
matrix P.

2.C.4 Asymptotic distribution of p’

The asymptotics of p~, which we derive in the proof of Theorem 1 below, and
utilization of the relationship between asymptotics of elements of p~ and p'from the previous
Section, result in the following asymptotics of p.

Theorem C.1.
Under Assumptions C.1 and C.2, we have

Dag — a1 I 0] _
Vvn <pdg . k) 4N (Ok(k+1)/27a (1-a) 0 ik ;Xk(k b7z D ;
DPoft k(k—1)/2xk k(k—1)/2

where
w=2+4+(1—-a)(k—3).

That is, any finite number of elements of the projection matrix are asymptotically
Gaussian and asymptotically independent. The asymptotic variances exist in a closed form,
and those for the diagonal elements differ from those for the off-diagonal elements by the
factor of w. Of course, w > 0, and, given «, the minimal value of w is 2a. Note also that
w > 2 for leptokurtic distributions, w = 2 for mesokurtic distributions, w < 2 for platykurtic
distributions, and w may be smaller than unity for very platykurtic ones.

2.C.5 Some implications

The results derived in this section may be helpful when the collective behavior of
subsets of elements of the projection matrix is of interest; in particular, a relevant setup
may presume a clustered structure (e.g., Chao et al., 2023)). In that case, the statistical
properties of norms of diagonal ¢ x ¢ blocks [P, , Of the projection matrix P, as well as those
of off-diagonal ¢; X g2 blocks [P] that do not contain any diagonal elements of P,
may be of interest.

Liq1,q1+1:q1+q2

The asymptotic Gaussianity and especially asymptotic independence allows one to
come up with the asymptotics for the Frobenius norms of such submatrices.

Corollary C.1.
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Under Assumptions C.1 and C.2, we have:
(i) For the diagonal ¢ x ¢ block [P]I:q of P, where ¢ > 2,

\/E(H [Pl H - \/c_]oz> LN(0,0(1 — )w).

(ii) For the off-diagonal ¢; x g2 block [P] of P, where q1,qs > 2,

1:q1,91+1:q1+q2

d
= Ja(l— Oé)w/X?ﬂqQ-

Interestingly, given «, while the norm of diagonal blocks is centered at the value that
is drifting with the block dimension ¢, the asymptotic variance does not depend on ¢. In fact,
the diagonal elements asymptotically dominate the whole mass of the off-diagonal elements.
The norm of the off-diagonal blocks, in contrast, is centered at zero, and has first order
asymptotic mean and variance that are both increasing in both block dimensions ¢; and gs.

\/H H [P]l:ql,q1+1:q1+q2

The results of Theorem C.1 also imply the following asymptotics for the spectral
norms of such submatrices.

Corollary C.2.
Under Assumptions C.1 and C.2, we have:
(i) For the diagonal ¢ x ¢ block [P],,, of P,

(|1 =) 5 =

where the random variable ¢ has probability density f. (u) = ¢® (u)? " ¢ (u), where ® (u)
and ¢ (u) are cumulative distribution and probability density of the standard normal.

(ii) For the off-diagonal ¢; x g block [P] of P,

1:q1,q914+1:q1+q2

d

\/ﬁ H [P]L‘I1’q1+1:q1+q2 - « (1 - Oé) C A,

where the non-negative random variable sz has a probability density that is bounded from

above as . 2
felu) < 5 <q1/ﬁ @/ (%) P <_Z> '

Note that the case of ¢ = g2 = 1 is trivially covered by Corollary 2 in the light
of Theorem 1, with ¢ being standard normal and s being standard half-normal. Given «,
while the spectral norm of diagonal blocks is centered at the value independent of the block
dimension ¢, the first order asymptotic mean and variance are very slowly increasing functions
of ¢q. With the spectral norm, too, the diagonal elements asymptotically dominate the whole
mass of the off-diagonal elements. The spectral norm of the off-diagonal blocks is centered
at zero, and has positive first order asymptotic mean squared error that is increasing in the
block dimensions ¢; and gs.

S
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2.C.6 Proofs

Lemma C.A1l.

B Let A be a k x k matrix, A;; be its (i, 7)™ element, and V,; be its (i, )" minor. Let
I+ i< k. Then,

|

1)V, 45, =0

Jj=1

Proof of Lemma C.Al.

Consider some permutation of k natural numbers o = (o(1), ..., o(k)), with the sign of
this permutation sgn(o). For some i € 1,..., k, fix o(i) = j for some j € {1,2,....;k} (it may
be that ¢ = j). Then, o can be represented as a composition of two sets of transpositions,
denoted as o1 and o9, say. One, 0y, is a permutation of k£ natural numbers such that o;(1) <
01(2) < ... <o1(i—1) <o(i+1) < .. <oy(k) and o1(i) = j. Then, oy can be obtained
from the identity permutation by |j — i transpositionﬂ. The other, o, is a permutation of
k — 1 natural numbers such that o9(h) = o(h) for all h # i, and 09(i) = 01(i) = (i) = j
is fixed. The sign of the composition is sgn(c) = sgn(o;)sgn(oz) = (—1)"sgn(o,). Then,
sgn(2) = sgn() (1),

By definition of a determinant and using sgn(os) = sgn(o)/(—1)"7, we have

vi,j = Z Al,o‘g(l)~-~Ai71,02(i71)A2+1 o2 (i+1)- LAy o2k Sgn(UQ)
all permutations
o2=(02(1),...,02(k))
s.t. o2(i)=j

sgn(o)
= . Z . Al,ag(l)---Aifl,ag(ifl)Aerl o2(i+1)- Ak ,02( )( 1)i+j .
all permutations
02:(02(1)»"'702(k))
s.t. o2(i)=7
Multiply both sides by (—1)"74; ; for some h # i < k to obtain
(_1)i+jviajAB,j = Z Al,oz( WA o2(i—1 Atherl oo (i+1)- LAy o2(k) sgn( )-

all permutations
o2=(02(1),...,02(k))
s.t. o2(i)=j

ENamely, (i i+1)...(j —2 j—1)(G -1 j)ifj>d;or (i—1 4)..(j+1 j+2)(G j+1)if j <i.
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Sum both sides across all j to obtain

k k
()Y A =Y > At s (1) Ai1,02(i-1) Ap jAit 1,09 (141) - Ak 0o (1581 (0)
j=1 j=1 all permutations
o2=(02(1),...,02(k))
s.t. o2(i)=j

= Z Al,a(l)---Ai—l,o(i—l)Aﬁp(z‘)Ai—Fl,o(i—i—l)-~-Ak,a(k)sgn(0>

all permutations

o=(0(1),...0(k))

= Z Ap o Z)Sgn H Aha(n)- (55)
all permutations =1
o=(o(1),..0(k)) ol

For every permutation o there exists another permutation & such that o(h) = &(h) if
h ¢ {i,h}, o(i) = 5(h), o(h) = (i). Then, sgn(c) = —sgn(5) and

Qz

k
A o(ysen(o H Anon) + Apsisen(o H
S. t h;éz :h

= A o Ahomysen(o) H Aoy = A o) AR 0320 (0) H Aoy = 0.

st h¢{z h} st hgé{z h}

There is such & for every permutation o, so all the terms in cancel out, and the conclusion
follows. O

Proof of Lemma C.1.
Define
H=1I+[P].

The Woodbury matrix identity for inversion of an updated matrix (e.g., Henderson and
Searle, [1981) implies

-1
1

(2'2)" = (Z’_Z_ + Xk: zz’) ~(z2) +(22) a(z.2) ",

i=1
where
R i |
~ det (H) Z?_:1(—1) V%7
Take some 1 < 7& f < k. The bilinear form for vectors z; and 2 with respect to
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(Z2'Z)"" then reads

522 =54 ((222.) "+ (222.) "2 (2.2.) )

k: — —
+ 3 ()Y, (Z’_Z_) ' 22 (Z’_Z_) ' Zf)
L g det (H) — zk: (=1)""V, ;Hy Hy ;

det (H) ! ij=1 R

k . k o o
Y (-0 H 4+ D (1), i - (—1)h+th,f>

=1 =1

From Lemma C.A1,

Z Vz’,ﬁ( Z+th i Z V HfHﬁ,z’ = 0.

Also, from Lemma C.A1 and using the cofactor expansion (see, e.g., Magnus and Neudecker,
1988, p.11),

k k k
> ()i H Hyy = Y Hy, Y (1) H,
i,j=1 1=1 j=1
K )
= Hiy 2 (=),
=

Combining these results, we obtain that

(—1)B+fﬂvﬁ,f

N AN T
5, (2'7Z) " 25 det ()

Then, the first conclusion follows.

For the second conclusion, take some 1 < h < k. Similarly,

A (27) = 2 ((Z’_Z)_l +(z.2.) @ (Z’_Z)_l> .

1 - i+7
= det (H) ((Hh,h — 1) det (H) — gzjl(—l) N Hy  Hy
k —
+ 23 (-1, 3 Hy — Vi h>
=1
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Similarly, from Lemma C.A1l and using the cofactor expansion, the second term in the
parentheses is — Hj, j, det (H) . However, the third term is non-zero — by the cofactor expansion,
it is equal to 2det (H). Combining these facts, we obtain that

v__
(Z'Z) g =1

and the second conclusion follows. O

Proof of Lemma C.2.

From Anatolyev and Yaskov (2017), p;, > o, and hence 1 + p;, % 1/ (1 — «) for
all s. We will need the order of this convergence. In the course of the proof of Theorem 1

ahead, it will be shown that E [p;S|Z_] —a_ =0 (1/y/n) and var (p;S|Z_> =0 (1/n)
Therefore, p;, = a_ + O, (1/y/n),or 1 +p; . =1/(1—a)+O,(1/y/n).

From Anatolyev and Smirnov (2024), p;, = O, (1/y/n) 2 0 for all pairs s # t. From
the structure of P_ it follows that Ij, + [P_],, 5 dg {1 + plimpsjs}]i1 =dg {(1 — a)—l}k
and so

=1

det (I, + [P_],,.) & (1—a)™".

Similarly,
Vs 2 (1-— a)f(kfl) )

To get a more refined statement, we utilize computation of a determinant via the first
row (or column) expansion:

1 —I—_pil pi2_ - pik
det ([k + [P—]Lk) — det p1:,2 1 +:p2,2 . pQI,k
Pik Par o L4y
a 1
— 1;[1 (1+p,) + 0, (\/ﬁ) ,

The order of the remainder here is such because all the non-leading terms in the expansion of
the determinant are products of the type [I; (1 + i Z) [T P54, Where ¢ Tuns over no more

than k& — 2 indices, and (s,¢) runs over at least two pairs p;,, deeming the whole remainder

of order [T; O, (1) [Ts: Op (1/y/n) = 0, (1/4/n) . Likewise,

L+psy - Dok
Vip = det : :
Par 0 L4 Dpeg
10+m)+a (5
= L+p;;) +o ()

13Gee the derivation for the more complex object P » which would coincide with p_; for a particular choice
of Yag = ex,s and Yo = Op(r—1)/2-
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Then, from (54b]), we have

1 v_“

~ det (I + [P_],)

Pag — a1y, (1 —a)det (I + [P-],..) —

Vi k

Now, the first element in the numerator is

(1—a)det (I + [P] ) = Vin = ((1—a)(1+4pry) 1) 11 (1+p,) + 0, <1n>

SO

= (1-a)? (pil — a_> + 0, (%) .

Similarly, one handles all the other V, ; and ps s — . Stacking the results for all s and using
the Slutsky Theorem, we get

Pag — aly = (1—a)’ (o — a_1x) + 0, (%) . (56)

For the off-diagonal elements, from (54a),

D12 V1,2
. F1 .

~ det (I, + [P_],. :
DPk—1,k (k [ ]M) kal,k

Dot =

Let us look at, say, Vi 5. Using computation of a determinant via the first row (or column)
expansion,

[ D12 D2.3 T pz_,k;—1 pz_,k ]

pig L+pss -0 P31 Pag

Vig = det | pry P34 o Pag-1 Pak
| Pie Psk ot Proie LD |

k
= pf,zg(l +p,) + 0, (%)
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if £ > 3. Again, the order of the remainder is such because all the non-leading terms in the
expansion of the determinant are products of the type [I; (1 + ;. ,) [l Pst, where ¢ runs
over no more than k£ — 3 indices, and (s, ) runs over at least two pairs p;,, deeming the whole

remainder of order []; O, (1) [T,z Op (1/y/n) = 0, (1/y/n) . Hence, when k > 3,

pl,ng (1_104 O (\/15» o <\/15>

1
—(k—2) _
( )p1,2 +0p (\/ﬁ> :

When k = 2, simply V2 = py 5, which also fits the formula above. Similarly, one handles all
the other V,;. Stacking the results for all pairs s,¢ and using the Slutsky Theorem, we get

Via

(1

_a)

. N 1
Pott = F (1 - a)2poﬁ‘ + 0p (ﬁ) . (57)
Combining and , we obtain
Dge — 1 Dy — 1
ﬁ(pdgq @ ’“) =(1 —@%/ﬁ(pdg o ’“) +0,(1). (58)
Doft F Pos
O

Proof of Theorem C.1.

Let us define n_ = n — k. Let us also denote for future use

[l /
E.=2"7Z /n_,
which is a sample covariance matrix, and has eigenvalues, say, {\; }j:1 ¢

Let Yag = (’71,17’72,2, ---,’Yk,k)/ # O and Yo = (’71,27’71,3, o YLk V2,35 -+ Y2,k -~-,’/ka1,1¢), #
Ox(r—1)/2 be vectors of real numbers conformable to p,, and pyg, and let 7 = (%g, %ﬁ) . Create
a random variable

p; = 5;/]5)_ = ’Végﬁd_g + i;olﬂﬁo;f‘
Notice that 1
=72V 7
pfy n_ Yo

where 7 = (21,2}, ..., 2},)", and V., is a k¢ x k¢ matrix that has the structure

v, =T®E,"
with ) -
Y11 1,2 Y1,k—1 Y1,k
0 722 Y2,k—1 Y2,k
['= : : : :
0 0 Ve—1,k—1 Vk—1k
00 0
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The conditional mean of p7, using that £ [2Z7|Z_] = Iy, is

Elyiz]= L) = La (=) Y=

- - =1

The conditional variance of p-,, using that £ {ziz]’-]Z,} =Oprif 1 <i#j5 <k, is

|w"‘

var (p;|Z,)

i J K—3&
z::<733+27zy) tr(H 2>+ 2 2%212{5;1}5“71

i=1

The squared spectral norm of ., is H\IJ7H2 = Anax ([T ® Z,2) < HFHZ (minj_y,_¢\;) 2.

The squared Frobenius norm of U, is H\IJWHZ =trIT®E?) = HFH ijl j (:n’)m_,Q, and

note that HFH = 0 because 7 # Ok(k+1) /2. Hence, the spectral and Frobenius norms of ¥,
relate as

=1,...,

", \F ) HFH” s )

due to the almost sure convergence of the extreme eigenvalues of min;—; _, A; and max;—
to o= (1— /@)’ and @ = (1+ /a@)*, respectively (Z. Bai and Silverstein, 2010, Theorem
5.11). By Assumption C.1, E[z};] < co. Therefore, by the central limit theorem for quadratic
forms of Bhansali et al. (2007 Theorem 2.1(ii)), we have that conditional on Z_,

.....

v (p5 = 1) 5 N(0,1) (59)

P, -a.s.

Next, note that
4

1 B k
- FZAj IZ%‘,i-
- j=1 =1

Following Anatolyev and Smirnov (2024, proof of Theorem) and using the Marchenko-Pastur
law (Bai and Silverstein, 2010, Theorem 3.6), we obtain

22)\;13/&1 ! \/(@—x)(w—g)d:c: !

1 o T2TrO 1—a

Also, by the CLT for linear spectral statistics of large covariance matrices (e.g., Z. Bai and
Silverstein, 2010, Theorem 9.10), almost sure asymptotic boundedness of the support (see
Anatolyev and Smirnov, 2024, proof of Theorem), and the Delta method, we have

¢ 1 1
- -1 _ - -
EZAJ 1 O”(f)'
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Further, n_v,, converges in probability to a non-zero constant, as will be shown below. These
facts, together with the rate in Assumption C.2, imply that

—1/2 _ f: R I O(l/Q) £ lé/\_l—i— lf:/\—l_ 1
Un Hn a_ gt Vi - p\T— n_ o ngI J o Ej:l J 1—a

k

X Z Vi
i=1

1 1
— 0,(n'"?) (0 <W> 0, (1) + a0, (5)) o(1)
= 0,(1).
Combining this with , we obtain:

U;1/2< P, —a- Z%Z> 4 N(0,1) (60)

=1

Pz_-a.s. As the joint limit does not depend on Z_, it is also an unconditional limit by the
dominated convergence theorem.

Now we determine the limiting behavior of v,,. Recall that

& J l
:nz:l(%%g‘i‘z:l%%) ‘/171_}_7 ’i_ Z’nz ‘/én7
- = i

where , ,
tr (2.%) 1 _

j=1

First we compute the limit of V;,,:

Following Anatolyev and Smirnov (2024} proof of Theorem) and using the Marchenko-Pastur
law (Z. Bai and Silverstein, 2010, Theorem 3.6), we obtain

b
(1—a)”

4 &
Vip = EZ)\WIS/ 11 \/(@—x)(x—g)dx:

f o T227mTC
J=
Second, we compute the limit of V5,. By the matrix inversion formula for the (1,1) element,

(et ([Balpga)
{” Ll_ det (=,) ’

where the numerator is a cofactor corresponding to the (1, 1) element. By the partitioned
matrix determinant formula (e.g., Abadir and Magnus, 2005),

— 1 -
det (2,) = K&éM—lgl - det ( [:n]Q:Z,ZZ)’
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where & = (21 k41, 21 k425 -+ zl,n)/, the n_ x 1 vector of (all but the first k) observations on
the first regressor, is independent of the n_ x n_ projection matrix of rank n, =n_ — (¢ — 1)

1

M_y =1, —Z 5y (Z,—2:€Z—215>_ A 2:4

that contains only observations on the other regressors, collected in the n_ x (¢ — 1) regressor

submatrix Z_o.,. Then,
-1
1
——1 o /
B (n_slM_lgl) .

Now,
tr (M_FE [&&] k (M_
[ &M 1§1|Z25] - ziPlha) ki) _ne —1—a
n_ n_ n_
Pz_,,-a.s., and
1 ’ 1 n ) n
var | —&M_1&|Z 50| = —var | > (M) a2+ > (M1l g 21621512220
- = i=k+1 ij=k+1,i%]
1 & 2 n )
= nT Z [M_l]z ki—k (KJ - 1) + 7/7 [M—l]l_k; j—k
- — i,j=k+1,i#j
1

Pz_,,~a.s. by the independence of z;;’s, their independence of Z_,,, and the properties of
projection matrices. Hence,

-1
{551}11 = <nl_§{M1§1> 5 (1- O‘)_l
Pz ,,-a.s., and, by the dominated convergence theorem, unconditionally. The same can
L —(1—a)? = 0,(1) for all
j=1,..,0 and thus ('S0 217 — (1 —a) 2 =10, (£) = 0, (1). As a result,
Ay s L
P T

Together, convergence of V;,, and V5, implies

be derived also for [Z,'],; for all j = 2,...,¢. Hence, [=,"]

—n —n

k
1
p
n_v, — « Yij T vl = ta(k—3 7“
JZ(]J Z ]) (1—0()3 Z o )

= (1%04)2(_ (’YHJrZ%J) w—Q)Z:%z,i):((wZ’y“JrZJZ'y”).

j=11:=1

N g

To summarize, we have

L1/ 1/2
\/_<p,y—oz Z%,)i = (wZ%ﬁ—ZZ%]) N(0,1). (61)

=1 j=1l1i=1
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Finally, combining with the result of Lemma C.2, we obtain

N 1/2
\/ﬁ <p7 - Z’Yi,i) i 041/2 ( 1/2 (W Z%z + Z Z% J) N (07 1) : (62)

=1 j=1:=1

Now, if we premultiply the stated conclusion of the theorem

Pag — al
Vn < dgﬁﬁ k) 4ol (1-a) PN (Ok(k+1)/27dg {Wllm [k(kq)/z})

by 4’, on both sides of it we will obtain exactly both sides of . By the Cramér-Wold
Theorem, the conclusion follows. O

Proof of Corollary C.1.

From Theorem C.1, setting ¢ = k, we have

D aly 4
\/_< "z ) —>N(0q(q+1)/2,a(1 —a)dg {WI‘J’]‘I(‘?*WQ})'

poff
2
Hence, ’ [P]lzq H = tI’( [P]?q> - lpzz + Z =1 Z] 1+zpz] _> QOé + Q(q - 1) 0= qQ27 and
2 q q q
\/ﬁ (H [P]l:q H - qa2> = Z (pzz + Oé) \/ﬁ (pzz — a) +2 Z Z pi,j\/ﬁpi,j
=1 i=1 j=1+i

iu\/(o,i( @)’ a(l—a) w—i—ZZOQ 1—a).

=1 i=1j=1+41

This and the Slutsky Theorem lead to

n Pl:q2_ o’ d a)Pal—a)w
(1] - i) = U =) o g a0

Pl [ + vaa (Vae? + yaa)’

and the first conclusion follows.

Next, from Theorem C.1, considering only the off-diagonal elements in the rectangle
1:q1,¢1 +1: ¢ + qo, we have

p17q1+1

vn : E N( (g+1)/2: 2 (1 — @) Iq1qz) .
Pa1,q1+4q2
Hence,
2 /
nH [P]1:q1,q1+1:q1+q2 - tr( [P]qulvqﬁl:qﬁqz [P}1:q1,q1+1:q1+q2 )
q1  q1+q2 2 4 )
= > > (Vi) S all—a) X,
i=1j=q1+1
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and the second conclusion follows. O

Proof of Corollary C.2.

The squared spectral norm of [P],, is H [P, HZ = )\max< [P]?

1 ) . The characteristic
equation for the eigenvalues of [P]7, , 1s det ([P]i o — Mg) =0, which, after the limit is taken

with pag = al, + 0, (1) and pog = 0, (1), gives
det (a1, — A,) 50,

yielding that the limiting maximal eigenvalue of )\max< [P]i q) is a?. Next, using that gy, =
0, (1) and Fg = O, (1/y/n), the diagonal (i,i)" element of [P]?:q is Py + X1l =
a?+0, (1/n), and the off-diagonal (i,j)th element of [P]iq is Y0 pispis = pij (Pii +pjj)+

O, (1/n) = O, (1/y/n). The scaled characteristic equation is

Vn det (dg{ Pl }2 — M, +dg {0, (1/n)} + offdg {0, (1/\/5)}> =0,

where offdg signifies a matrix with zeros on the main diagonal. Computation of the determi-
nant via the first row (or column) expansion yields

\/ﬁﬁ (pfz -2+ 0, (1/n)> + 0, (1) = 0.

The order of the remainder here is such because all the non-leading terms in the expansion
of the determinant are products containing at least two of ps; with s # t (cf. the proof of
Lemma 2). Recentering around the limit a? and solving, we obtain

Vi (Ams([PI7,) = 0%) = max v (5 = 0*) + 0, (1).

.....

This and the Slutsky Theorem lead to

\/ﬁ()\max([P]iq) — a2> max;—i,_q /1 (pfl — 042)
\/E(H [Ph;QHS_a) - )\max([P]i[)_"Oé = Ja? +0p(1).

From Theorem C.1 and the Slutsky Theorem, we have

vn (szz - a2> = (P + @) Vi (piy — @) 5 2ay/a (1 — @) wN (0, 1),

for all : =1, ..., ¢ asymptotically independently, so, therefore,

.....

The density for max;—;
order statistics:

.....

=1,...,
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and the first conclusion follows.
P ia(l—a)W(ql,qg),

Next, from Theorem C.1, n [Pl o 1 vas P ligrar 1400
where W (q1, ¢2) is the standard Wishart distribution with dimension parameters ¢; and ¢s.
From Edelman (1988, Lemma 4.2), the probability density of the maximal eigenvalue of
W (q1, q2)-distributed random variable has the bound

ﬁQ(l—m—Cp)/Q ( 7 u
u < U q1+q2 3)/2 exp (—) .
f)\max(W(QLQQ)) ( ) - F (QI/Q) F (QZ/Q)

Then, by the change of variable formula, the probability density of \/ Amax W (q1,q2)) is

bounded by
T2B—q1—q2)/2 B 02
f o W(q1,42)) (v) < VT vt 2 exp [ —— |,
max 1,92 F (q1/2) F <q2/2)

2
and the second conclusion follows. O
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