L earning in an Estimated
Medium--Scale DSGE M odel

Sergey Slobodyan and Raf Wouters

Non-Technical Summary

In this paper, we evaluate the potential role of adaptive learning in an estimated medium--
sized Dynamic Stochastic General Equilibrium (DSGE) model. In Smets and Wouters
(2003-2007) it was shown that these models, when equipped with a rich set of frictions
and a general stochastic structure, explain the data relatively well. However, using the
DSGE model to form a prior for Bayesian Vector Autoregression (BVAR), as in Del
Negro et al. (2007), shows that these models are still mis-specified along various
dimensions. Some of the responses to shocks in this DSGE-VAR model are more
persistent than in a pure DSGE model with real and nominal frictions. One potential
dimension of misspecification in these models might be the stringent assumption of
rational expectations. This assumption implies that economic agents, when forming their
expectations about future outcomes, know exactly the structural model, its parameters, and
the stochastic processes. Endowing the agents with so much knowledge is hardly realistic;
therefore, it is important to check the consequences of relaxing this assumption.

In this paper, we evaluate empirically the fit of a DSGE model while allowing the agents
to form their expectations under imperfect knowledge. More specifically, we assume that
private agents use adaptive learning: expectations of the forward-looking variables are
obtained as linear functions of past model variables. Coefficients of these linear functions,
commonly known as beliefs, are re-estimated every period using a constant gain
(perpetual learning) recursive least squares algorithm, a natural extension of a standard
Ordinary Least Squares procedure to non-stationary environments. This allows the beliefs
about the relationship between expectations and current and past variables to adapt to the
patterns recently observed in the data. Our approach is similar to the exercise of Milani
(2004), who in contrast to us uses a smaller model which under rational expectations does
not fit the data as well, and to the work of Orphanides and Williams (2003-2007) who
concentrate more on the monetary policy implications of imperfect information and
learning.

Several authors have suggested that adaptive learning can enhance the propagation
mechanism of the DSGE models and generate the persistence that is otherwise caused by
the real and nominal rigidities (frictions) included into the models, or by the driving
stochastic processes. For instance, Orphanides and Williams (2005) illustrate how
adaptive learning can lead to inflation scares or to increased inflation persistence. Milani
estimates a small scale model both under RE and learning and shows that the learning
reduces the scale of structural frictions and results in an improved marginal likelihood
relative to the RE model.

We believe that the role of learning is probably smaller in a medium-scale model that fits
the data well, with the residuals close to white noise. When driven by thin tail Gaussian
innovations, dynamics under learning will not tend to deviate too much from the RE
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outcomes at least if the initial beliefs are close to the rational expectations beliefs: the
potential benefits of adaptive learning are related to the induced time variation in beliefs,
but this variation is very much limited. On the other hand, introducing adaptive learning
allows us to restrict the information set available to the agents making forecasts; we show
that such restriction tends to improve the model fit significantly.

The specific form of the initial beliefs is very difficult to discover because they depend on
historical observations that are not directly taken into account in the likelihood function.
We apply several procedures in this paper to estimate these initial beliefs. They can be
based on pre-sample data, or one can search for initial beliefs that maximize the likelihood
of the in-sample data. Not surprisingly, optimized initial beliefs generate a better model
fit.

The learning dynamics is crucially influenced by the assumptions about the information
set used in forming the beliefs. An extreme assumption is that agents know the reduced
form of the model but have to estimate its parameters. In this case, the agents will use the
correct minimum state variable (MSV) representation to estimate their expectations
regressions. This case is closest to the rational expectations. However, it may be more
realistic to assume that agents use only limited information set to form their expectations.
In our setup, the most natural assumption would be that agents use only the observed data
in their belief regressions. This learning specification is referred to as VAR learning.

The learning is introduced at the level of the linearized Euler equations. The implications
of learning for the agents' budget constraints are therefore neglected. See Preston (2005)
for a more consistent treatment of learning in DSGE models.

Turning to results, our best performing learning models generate marginal likelihoods that
come close to that of the optimal DSGE-VAR model. Specific initial beliefs contribute
significantly to this result, which proves that the model-consistent expectation imposed by
the rational expectations hypothesis is too restrictive. The best performing models are the
ones where the initial beliefs are optimized to explain the in--sample data, consistent with
previous results in the literature. Limiting the set of variables used in the forecasting
equations to a list of observed variables can generate models that explain the data better
than models with MSV beliefs that use the complete set of observed and unobserved state
variables implied by the rational expectations equilibrium. The best-fitting models tend to
have rather low estimated gain, which suggests that it is the initial beliefs different from
the RE-model consistent ones that bring about improvement in the marginal likelihood,
rather than the beliefs updating of the constant gain learning type per se.

Impulse Response Functions are very promising: the learning models are able to generate
an inflation response to productivity shocks that is very rapid and short lived, while the
response to monetary shocks is slow but very persistent. These results also overcome
some of the major misspecification of the DSGE models as indicated by the DSGE-VAR
methodology. Having forecasting equations that differ significantly from those implied by
the REE seems to be the key to this result.

The additional dynamics that are introduced by the learning process do not systematically
alter the estimated structural parameters of the DSGE model. This result contradicts earlier
claims in the literature, but is again in line with the results from the DSGE--VAR
methodology which indicate misspecification but no systematic bias in the structural
parameters.



Non-Technical Summary

V tomto ¢lanku odhadujeme potencialni roli adaptivniho uceni v odhadovaném stfedné
velkém DSGE (Dynamic Stochastic General Equilibrium) modelu. Smets a Wouters (2003
- 2007) ukézali, Ze tyto modely, jsou-li vybavené bohatou strukturou zlomt a obecnou
stochastickou strukturou, vysvétluji data pomérné ptesné. Pouziti DSGE modelu pro
formovani BVAR (Bayesian Vector Autoregression), jako v Del Negro (2007), ukazuje,
ze tyto modely jsou stile Spatné specifikované v mnoha rozmérech. Nékteré z odezev
DSGE-VAR modelu jsou vice trvalé nez ty zc¢isttho DSGE modelu sredlnymi a
nominalnimi nedokonalostmi. Jeden potenciondlni rozmér S$patné specifikace v téchto
ptedpoklad implikuje, Ze ekonomicti agenti pii formovani svych ocekavani o budoucich
vystupech znaji ptesn¢ strukturu modelu, jeho parametry a stochastické procesy.
Obohaceni agentli o takovéto dovednosti neni realistické, proto je nutné studovat disledky
vzdani se tohoto pfedpokladu.

V tomto ¢lanku odhadujeme empiricky fit DSGE modelu, pficemz umozitujeme agentim
formovat jejich oc¢ekavani pfi nedokonalych znalostech. UvaZzujeme, ze soukromi agenti
formuji jejich oCekavani za pouziti uceni. Ocekavané proménné jsou linearni funkce
minulych parametrid modelu. Koeficienty téchto linearnich vztahti, zndmé jako znalost,
které¢ véii, jsou odhadované kazdé kolo za pouziti ueni s algoritmem rekurzivnich
nejmensich C¢tvercl, ktery je pfirozenym zobecnénim obycejnych nejmensich ¢tverclti na
nestaciondrni prostfedi. Toto umoziiuje pfizptisobeni vztahu mezi ofekdvanymi a
minulymi parametry modelu v zavislosti na pozorované vzorce v datech. Na§ pfistup je
podobny Milanimu (2004), ktery na rozdil od nas pouzivd mensi model, kde racionalni
ocekavani nefituji model dobfe, a pak praci Orphanidese a Williamse (2003 - 2007), kteti
se vice soustiedi na dopady monetarnich efektti pti uceni s nedokonalymi informacemi.

Nékteti autofi fikaji, ze adaptivni uceni muze vylepSit mechanismus postupu v DSGE
modelech a tim generovat setrvacnost, které je jinak pfitomna v modelu kvili redlnym a
nomindlnim nepruznostem (nedokonalostem) obsazenych v modelu, popt. kvili
stochastickym procestim. Napiiklad Orphanides a Williams (2005) ilustruji, jak adaptivni
uceni mize vést k inflaénim poruchdm nebo inflaénimu pfetrvavani. Milani odhaduje malé
modely pfi RE a u¢enim a ukazuje, Ze uceni redukuje rozmér strukturalnich nedokonalosti,
¢imz dostava model s vylepSenou marginalni likelihood funkei.

Vétime, ze role uceni je pravdépodobné mensi ve stfedné velkych modelech, které fituji
data dobfe, s residudly blizko bilého Sumu. Pokud jsou fizeny Gaussovskymi inovacemi,
dynamika pfi uceni se nebude moc lisit od RE vysledki, tedy alespon pokud pocatecni
podminky jsou blizko raciondlnim o¢ekavanim: potencionélni vyhoda adaptivniho uceni je
spjata s indukovanou variaci v o¢ekavanich, které jsou vSak omezené. Na druhou stranu
zavedeni adaptivniho uceni nam dovoluje omezit informacni set, ktery maji agenti
k dispozici pti predpovédich. Ukazujeme, ze takovato omezeni vyznamné zlepsi fit
modelu.

Specifickd forma pocatecnich znalosti se nedd snadno uhddnout, protoze zavisi na
historickych pozorovanich, které nejsou explicitné vzaty do tvahy v likelihood funkci.
V tomto ¢lanku jsme pouzily n€kolik procedur pro formovani téchto pocatecnich znalosti.
Mohou byt zaloZené na pted-vzorkovych datech, nebo mohou byt nalezeny maximalizaci



likelihood funkce na datech. Optimalizované pocatecni podminky generuji lepsi fit
modelu.

Dynamika uceni je podstatné ovlivnéna piedpokladem o informacnim setu, ktery maji
agenti k dispozici pro formovani ocekdvani. Extrémni ptfedpoklad je, kdyZ agenti znaji
redukovanou formu modelu a musi odhadnout parametry. V tomto ptipadé agenti pouziji
spravnou reprezentaci prostiednictvim minimalniho poctu stavli (MSV) pro odhad regrese
jejich oc¢ekavani. Tento pfipad je nejblize racionalnim ocekavanim. Ale je vice realistické,
kdyz predpokladame, Ze agenti pouzivaji jen omezeny set informaci. V nasem modelu je
nejpfirozenéjSi umoznit agentim pouzivat jen pozorované proménné. Tato ucici
specifikace je oznacovana jako VAR uceni.

Uceni je uvedeno na trovni linearizovanych Eulerovych rovnic. Dopad uceni pro omezeni
rozpoctu agentil jsou tudiz zanedbatelné. Preston (2005) ukazuje konzistentni oSetieni
uceni v DSGE modelech.

Co se tyCe vysledki, nase nejlepsi modely generuji marginalni likelihood funkci blizkou
optimalnimu DSGE-VAR modelu. Specifické pocate¢ni podminky vyznamné pfispivaji
k tomuto vysledku, coz dokazuje, Ze ocCekavani v konzistentnim modelu zptisobené
pfedpokladem raciondlniho chovéni je pfili§ restriktivni. Nejlepsi modely jsou ty, kde
pocatecni ofekavani jsou optimalizované pro data ve vzorku, coz se shoduje s predchozi
literaturou. Omezeni sady proménnych uZzitych v pfedpovidajicich rovnicich na sadu
pozorovanych proménnych mize produkovat model, ktery je lepsi nez modely s MSV,
které pouzivaji uplnou sadu pozorovanych a nepozorovanych proménnych implikovanych
raciondlnimi ocekavanimi. Nejlépe fitujici modely maji spise nizsi zisk, coz naznacuje, zZe
to budou pocatecni ocekavani, které hraji dalezitou roli pro zlepSeni marginalni likelihood
funkce a ne samo vylepSené uceni pro odhad novych oc¢ekavani.

Funkce odezvy se zdaji byt slibné: u¢ici modely jsou schopné generovat inflacni odezvu
na produktivni Soky, kterd je velmi rychlé a silna, zatimco monetarni odezva je pomala a
trvald. Tyto vysledky rovnéz piechazeji nékteré z hlavnich Spatnych specifikaci DSGE
modelu, jak naznacuje DSGE-VAR metodologie. Piedpovidajici rovnice, které se vyrazné
li$1 od REE, se zd4 byt klicovym vysledkem.

Dynamika, kterd se objevi kvili procesu uceni, systematicky neovlivni odhadované
strukturadlni parametry DSGE modelu. Tento vysledek je v kontrastu s predeslymi
vysledky v literatufe, ale je vsouladu svysledky zDSGE-VAR metodologie, které
naznacuje $patnou specifikaci ale zadny systematicky bias ve strukturalnich parametrech.



