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Abstract

We propose a new estimator for causal effects in applications where the exogenous
variation comes from aggregate time-series shocks. We address the critical identification
challenge in such applications — unobserved confounding, which renders conventional es-
timators invalid. Our estimator uses a new data-based aggregation scheme and remains
consistent in the presence of unobserved aggregate shocks. We illustrate the advantages
of our algorithm using data from Nakamura and Steinsson (2014). We also establish the
statistical properties of our estimator in a practically relevant regime, where both cross-
sectional and time-series dimensions are large, and show how to use our method to conduct
inference.

Keywords: Continuous Difference in Differences, Panel Data, Causal Effects, Instrumental Variables, Treatment

Effects, Unobserved Heterogeneity, Synthetic Control.

JEL Classification: C18, C21, C23, C26.

*This paper benefited greatly from our discussions with Manuel Arellano, Stéphane Bonhomme,
David Hirshberg, Guido Imbens, Dmitry Mukhin, Emi Nakamura, and Jon Steinsson. We also want to
thank Martin Almuzara, Maxim Ananyev, Kirill Borusyak, Ivan Canay, Peter Hull, Alexey Makarin,
Monica Martinez-Bravo, Nikolas Mittag, Eduardo Morales, Imil Nurutdinov, Christian Ochsner, and
Liyang Sun as well as seminar participants at Carlos III, CEMFI, Northwestern University, UCL,
Harvard, MIT, CUHK, World Congress of Econometric Society, ASSA meeting, and NBER Summer
Institute 2022 Monetary Economics for helpful comments and suggestions. Asya Evdokimova and
Gleb Kurovskiy provided excellent research assistance. Dmitry Arkhangelsky gratefully acknowledges
financial support from “Maria de Maeztu Units of Excellence” Programme MDM-2016-0684. Vasily
Korovkin gratefully acknowledges financial support from the Czech Science Foundation grant (19-
25383S) and the European Union’s Horizon 2020 research and innovation program under the Marie
Sktodowska-Curie grant agreement No. 870245.

fCEMFI, darkhangel@cemfi.es.

iICERGE-EI (a joint workplace of Charles University and the Economics Institute of the Czech
Academy of Sciences), vasily.korovkin@cerge-ei.cz.



1 Introduction

Changes in aggregate variables are commonly used to evaluate economic policies. The most
popular design of this type is an “event study”, where a one-time aggregate shock, e.g., a new
law, affects some units but not others, and we observe both groups over time. To quantify the
effect of this shock, practitioners use either difference in differences or, more recently, synthetic
control methodology (e.g., Ashenfelter and Card, 1985; Card and Krueger, 1994; Abadie and
Gardeazabal, 2003; Bertrand et al., 2004; Abadie et al., 2010). Often, when both outcome
and treatment variables vary at the unit level, this approach is used as a first stage, and the
aggregate change effectively plays the role of an instrument. In the absence of a single aggregate
shock, researchers employ more general time-series variation to establish causal links between
unit-specific policy and outcome variables. In a typical application, outcomes and treatments
are observed at some geographical level over time (e.g., Duflo and Pande, 2007; Dube and
Vargas, 2013; Nakamura and Steinsson, 2014; Nunn and Qian, 2014; Guren et al., 2020; Dippel
et al., 2020; Barron et al., 2021). To address a potential endogeneity problem, researchers use
aggregate time-series shocks as instruments. A standard econometric tool employed to analyze
such data is a two-stage least-squares (TSLS) regression with unit and time fixed effects.!
Specifically, let Y;; be the outcome variable, W; the endogenous regressor, and assume that
we observe a balanced panel with n units and 7" periods. To establish a causal link between Y,

and Wy, the following equation is estimated by the TSLS:

Yie = o + iy + 7Wie + €44, (1.1)

using D;Z; as an instrument. Here, Z; is an aggregate shock, D; is a measure of “exposure” of
unit ¢ to this aggregate shock, and 7 is the parameter of interest. For example, in Nunn and
Qian (2014), W is the amount of food aid that country i received, Y;; is a measure of local
conflict, Z; is the amount of wheat produced in the United States in the previous year, and D;
is a share of periods when country ¢ received food aid.

This paper proposes a new estimator for the causal effects in applications with aggregate in-
struments. We prove that our estimator remains consistent when the TSLS method fails, and we

derive its asymptotic distribution that justifies conventional inference methods. We investigate

1See Arellano (2003) for a textbook treatment of the TSLS with panel data.



the performance of our estimator in an empirical example based on Nakamura and Steinsson
(2014). Using simulations, we also demonstrate that our method dominates the conventional
TSLS approach in statistical models that approximate actual data.

To explain our algorithm, we first consider the logic behind the TSLS regression (1.1). Sup-
pose we believe that Z; is a bona fide instrument that satisfies conventional assumptions of
Imbens and Angrist (1994). In that case, we can establish a causal link between Y;; and W
by constructing an instrumental variables (IV) estimator separately for each unit i. Applied
researchers, however, often suspect that 7, is correlated with other unobserved aggregate vari-
ables that affect the outcomes. For example, in Nakamura and Steinsson (2014), the authors are
interested in the effect of local military procurement spending in the United States on regional
output growth and use national military spending as an instrument. In this case, other fiscal
and monetary policies can be potential confounders.

In the presence of confounding, each unit-level IV estimator suffers from the omitted variable
bias and is invalid. This problem can be addressed by first aggregating the data across units
and then using it to construct a single IV estimator. Suppose we only have two units ¢+ = 1,2,
and we know that the first unit is strongly affected by Z;, D; = 1, while the second one is not
affected at all, Dy = 0. Then by looking at differences across units, we eliminate the unobserved
aggregate shock as long as it affects both units in the same way. It is precisely what the TSLS
estimation of (1.1) amounts to for the case with two units, and arguably not much else can be
done in this setting.

The situation changes once we have access to multiple units. In this case, the TSLS estimator
first averages units with high and low values of D; and then subtracts the averages. This
particular aggregation scheme is valid and statistically efficient as long as we believe that the
unobserved confounder affects all units in the same way. While natural for the case of two units,
this assumption becomes restrictive and questionable once we have multiple units. This problem
is especially salient if we expect significant heterogeneity across observations, e.g., when units
represent geographical areas. Applied researchers recognize this threat and view it as the main
danger to the validity of the TSLS identification strategy (e.g., Guren et al., 2020; Chodorow-
Reich et al., 2021).

In our analysis, we start with a considerably weaker restriction than needed for the TSLS.
Namely, we assume that there exists a way to combine units so that a potential confounder does

not affect the resulting aggregate data, at least approximately. As the number of units grows,



the number of possible combinations increases, and this assumption becomes more natural. We
also assume that confounding has a factor structure, which guarantees we can employ the data
to find the appropriate aggregation scheme. In particular, we use part of the sample to learn
weights w!®®, which we then use to aggregate the rest of the data and to construct the IV
estimator. Using separate samples for learning and estimation is a standard practice in machine
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learning which prevents overfitting (e.g., Chernozhukov et al., 2018). To produce w}®, we use
insights from the synthetic control literature (Abadie and Gardeazabal, 2003; Abadie et al.,
2010). We first project out the effect of the aggregate instrument and use residuals to construct
a combination of units with high values of D; that resembles a combination of units with low
values of D;.

We analyze the properties of our method in a high-dimensional regime where n is similar in
size to T'. This choice is motivated by the applications where n and T are often comparable. We
prove that our algorithm delivers consistent and v/T-convergent estimators even in the presence
of confounding aggregate shocks. We also show how to use our method to conduct valid inference
as long as there is enough variation in the baseline outcomes. We demonstrate the benefits of
our approach using the data from Nakamura and Steinsson (2014). First, we reevaluate their
study using our method and find fiscal multipliers larger in magnitude than the original ones.
We then construct a simulation that mimics their dataset. We use this simulation to show that
our estimator remains competitive in simple designs, can outperform the TSLS even when the
latter is consistent, and is a clear winner in more realistic situations with unobserved aggregate
shocks.

Our estimator addresses the major shortcoming of the conventional TSLS estimation of
(1.1): its invalidity in the presence of unobserved aggregate confounders correlated with the
instrument. In practice, there are other reasons why equation (1.1) can be problematic, e.g.,
nonlinearity or dynamic treatment effects. In these cases, the TSLS might be the wrong tool
to start with, and by extension, the same holds for our method. As a result, researchers should
use our estimator in applications where the TSLS is reasonable a priori, but they are worried

about potential aggregate confounders.

Our method builds on insights from different strands of literature. We use data on past
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outcomes and treatments to construct the unit weights w!°’, which connects our method to the

recent literature on synthetic control and related algorithms (Abadie and Gardeazabal, 2003;

Abadie et al., 2010; Hsiao et al., 2012; Doudchenko and Imbens, 2016; Firpo and Possebom,



2018; Ben-Michael et al., 2021; Arkhangelsky et al., 2021). Our proposal allows researchers to
apply these ideas to much broader contexts with endogenous unit-level variables. In contrast to
most of the literature on synthetic control methods, our statistical analysis uses design-based
assumptions, which is natural in the context of instrumental variables.

Our setup is related to the literature on invalid instruments (e.g., Andrews, 1999; Lewbel,
2012; Kolesér et al., 2015; Windmeijer et al., 2019). In contrast to this literature, we do not need
to assume that a sufficient number of instruments, or their known combination, such as average,
is valid. Instead, we focus on situations with unobserved aggregate confounders, which allows
us to impose a factor structure on the omitted variable bias. This brings our model close to the
literature on interactive fixed effects (e.g., Bai, 2009; Moon and Weidner, 2015). Our solution
and analysis, however, are different. First, we do not estimate the underlying factors but look
for the appropriate aggregation scheme. Second, we establish the properties of our estimator in
the finite population framework (e.g., Abadie et al., 2020), with the aggregate variation being
the only source of randomness. Our analysis is especially relevant for applications where units
represent different geographic locations, and thus the standard probability arguments based on
random sampling from a superpopulation of units are less appropriate.

Our model is also related to the recent econometric literature on shift-share designs (Jaeger
et al., 2018; Borusyak et al., 2022; Adao et al., 2019; Goldsmith-Pinkham et al., 2020). Similar
to this literature, we consider situations where an instrument has a particular product structure.
However, our goal is quite different: we propose and analyze a new estimator, while the literature
has focused on the properties of the standard IV estimator under alternative assumptions.
Crucially, we relax the exogeneity assumption made in the shift-share literature and allow for
unobserved aggregate shocks that affect different units differently. In the paper, we focus on
a particular case of the shift-share design, where there is a single aggregate shock, and later
discuss a possible extension to the more general designs.

The paper proceeds as follows: in Section 2, we discuss the mechanics of TSLS regression (1.1)
in more detail, present our algorithm, apply it to Nakamura and Steinsson (2014), and discuss
informally when we expect it to be valid. In Section 3, we introduce the causal model along
with statistical restrictions and demonstrate the formal properties of our algorithm. Section 4
discusses possible extensions of our algorithm, heterogeneous treatment effects, and connections
to the literature on shift-share designs. Section 5 demonstrates the properties of our estimator

in simulations, and Section 6 concludes.



We use E[-] and V[-] to denote expectation and variance operators, respectively. We use || - [|2
to denote the lp-norm, and || - ||,, to denote the operator norm. We use tr (A) to denote the
trace of a square matrix A. For two sequences ay and by, we write a < by if Z—: is bounded. We
use O,(1), 0,(1) for sequences of random variables that are bounded in probability and converge
to zero in probability, respectively. We use O(1) and o(1) for sequences that are bounded and

converge to zero, respectively.

2 Empirical Example

In this section, we introduce our estimator in the context of an empirical example. We start
by outlining the framework from Nakamura and Steinsson (2014) and replicating their base-
line results. We also illustrate the mechanics of the two-stage least squares estimator in their
context. Next, we propose an estimator, which is robust to unobserved aggregate confounders
with heterogeneous exposures, and compare the results from our estimator to Nakamura and
Steinsson (2014). Our estimates are larger in magnitude though still within the range reported
by Nakamura and Steinsson (2014) in various specifications. We tie our method to a particular
econometric model, which nests the TSLS one in Section 3, where we establish its theoretical

properties. We demonstrate the performance of our method in simulations in Section 5.

2.1 Original Analysis

In Nakamura and Steinsson (2014) the authors investigate the relationship between government
spending and state GDP growth. They use state data on total military procurement for 1966
through 2006 and combine it with U.S. Bureau of Economic Analysis state GDP and state
employment datasets. The authors complement these data with the oil prices data from the St.
Louis Federal Reserve’s FRED database and state-level inflation series constructed by Del Negro
(1998) and their inflation calculations for after 1995.

By estimating the growth-spending relationship Nakamura and Steinsson (2014) want to
capture the open economy fiscal multiplier. They compare different U.S. states and study their
reaction to aggregate military spending fluctuations in a panel setting. They argue that this
strategy allows them to control for common shocks (such as monetary policy). It also allows

them to account for the potential endogeneity of local procurement spending.



To illustrate their approach, we introduce some notation. For a generic observation — a state
i, and a generic period ¢, denote per capita output growth in state ¢ from year t — 2 to t by Y.
Similarly, denote two-year growth in per capita military procurement spending in state ¢ and
year t, normalized by output, in year t —2, by W;;. Finally, let Z; be the change in total national
procurement from year t —2 to t. This leads to a dataset with n = 51 states and T' = 39 periods.
The main object of interest — the fiscal multiplier — is estimated using the TSLS regression

(1.1)

}/z't :O{i—i‘,ut—f—TWl't—i‘Git, (21)

with D;Z; as the instrument. The authors construct D; by estimating n individual first-stage

OLS regressions
Wit = aﬁ“’) + miZy + uﬁi“), (2.2)

and setting D; := 7919, As expected, for 49 states, D; is positive, with Mississippi and North
Dakota being the exception. In the analysis below, we drop these states and the state of Alaska,
where the output growth is exceptionally responsive to the changes in national procurement.
This leaves us with n = 48 states.”

The TSLS estimator for 7 is equal to

Zign Zth Yit(Zt - % Zng Zl)(Di - % ngn Dj)
Zign Zth Y;t(Zt - :lr ZZST Zl)(Di - % ngn Dj)’

TTSLS =

and can be interpreted in two different ways. First, it is a combination of the state-level coeffi-

clents:
N Zi<n 87,OLS(D1 - %Z]<n D])
TTrSLS = = ~OLS 1 = ) (23)
Zign (D — j<n Dj)
where 097 is an OLS estimator for the reduced form
Yie = O%(y) +0iZs + Ugi}) (2.4)

2Results for the whole sample are similar in magnitude but are estimated less precisely. We report the full
sample results in Appendix A.



Panel A of Figure 1 plots {(79F5,§95)},.,,, where the size of each point is proportional to
D;—+3" j<n Dj|, and the colors reflect the sign. Representation (2.3) shows that 7rsrs is
equal to the slope of the line that connects the centers of mass of points with negative and
positive weights (blue triangles). We see that the coefficients vary a lot, but the association is
positive, which results in 7rgrg = 1.23.

Alternatively, 77515 is numerically equal to an IV estimator for the aggregate model
}/:f :Ck—f—TWt—i—Et, (25)

where Y, := %Zign Yiu(D; — % ngn D;) and W, := % > icn Yit(Di — % ngn D;), and we use Z,
as an instrument. Panel A of Figure 2 shows the time-series interpretation of 7rg;g, plotting
the aggregate data Y; and W, vis-a-vis the OLS fit based on Z;. Using the residuals from these
regressions, we produce the conventional robust standard error estimate for 7rg1g, resulting in
sie.(Trsps) = 0.51. This estimator is equivalent to clustering at a yearly level in the TSLS
regression (2.1). The estimates and standard errors are different from the baseline specification
in Nakamura and Steinsson (2014) (1.43 and 0.36, respectively) because we drop the three states

and cluster at a different level (year instead of state).

2.2 New Estimator

Representation (2.3) shows that 7rgps is a weighted combination of the unit-level coefficients
{(7OLS §OLS)Y, ., with weights proportional to D; — =2 i<n Dj. These weights sum up to zero,
meaning that the TSLS estimator subtracts the weighted average of the units with relatively
large exposures from those with relatively small ones. This is reflected in Panel A of Figure 1,
where we use different colors for states with positive and negative weights.
This particular aggregation scheme is a consequence of the two-way model:

Yi = ol 4+l + 7 Wi + e (2.6)
By averaging over the cross-sectional dimension with the weights that sum up to zero, we
eliminate the time fixed effects. In applications, these effects capture unobserved aggregate
shocks potentially correlated with Z;. For example, in Nakamura and Steinsson (2014) time

fixed effects are meant to capture other policy variables that are likely correlated with national



Figure 1: Reduced-form and first-stage coefficients for Nakamura and Steinsson (2014) data
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Notes: This figure shows the state-level reduced-form and first-stage coefficients for Nakamura and Steinsson
(2014) data. Circle sizes reflect the absolute value of weights; negative weights are printed in black, and positive
—in red. Blue triangles are centers of mass for negative and positive weights. Panel A presents the results using
the whole period of 1968 to 2006 for n = 48 states. Panel B shows the results from our estimation algorithm.
Under our data splitting procedure, Panel B reports the results for 1978-2006, as we use the first 1/3 of the data
for weight estimation.

procurement.

This strategy is appropriate only if potential unobserved shocks affect all cross-sectional units
in the same way (or, at least, in a way that is unrelated to D;). Thus the main threat to the
validity of the TSLS estimator is the presence of aggregate confounders H; with heterogeneous

coefficients:
Y;t = Oél(y) + [ll,gy) + TVVit + Qth + €. (27)

As long as 0; is correlated with D; and H; is correlated with Z; the TSLS estimator suffers
from the omitted variable bias (OVB) and is invalid. Applied researchers recognize this threat
(e.g., see discussions in Guren et al., 2020; Chodorow-Reich et al., 2021) and address it by
including additional aggregate and unit-specific control variables. Of course, in practice, we

cannot guarantee that these controls are sufficient to account for all confounders.



Figure 2: Aggregate time-series data for Nakamura and Steinsson (2014) data

Panel A: Aggregation over n = 48 states with original weights
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Our estimator complements this strategy by using a more flexible weighting scheme.® To

3Below we discuss the basic version of our estimator that does not involve additional controls. We show how
to use controls to improve our estimator in Section 4.1.
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understand why weighting can help with unobserved confounders, suppose D; is binary and split
all units into two groups accordingly.? If the average value of 6; varies between these groups,
then the TSLS strategy is invalid. If, however, there is an overlap in distributions of 6; in
the two groups, then we can correct these differences by reweighting. We cannot follow this
strategy directly because 6; is unknown. We can, however, use the observed data to implement
it indirectly by searching for weights with certain balancing properties. This is the main idea
behind the algorithm we present next.

First, we compute the state-level coefficients using data from the second part of the sample.

Formally, for each unit ¢, we estimate equations

Yi = Oé,(y) + 0,2y + ugf),
(2.8)
Wit = Oégw) + 7TiZt + USU),

by OLS using data for periods ¢t = Ty+1,...,T. We use { <ﬁ'z L8 (To:T] 5?LS’(T°:T]) } to denote
i<n
the corresponding OLS estimates. Tj is a user-specified parameter, with a default value Ty = %

rob
7

To estimate the effect, we aggregate the coefficients using weights w

COLS,(To:T] rob
Zign 0; Wi

Z ~OLS,(To:T) rob’
i<n T Wi

(2.9)

Trob =

which we define below. Similarly to 7rsrg, this estimator is numerically equal to the time-series

IV estimator for the equation
Y7 = o 4+ W 4 ¢y, (2.10)

where Y/ := L3 Yywi® and Wyt = 137 VW, we use Z, as an instrument, and

estimate (2.10) using data for t = Ty+1,...,T. Using weights w]*" as opposed to D; — = Y i<n Dj
is the main conceptual difference between our estimator and the TSLS. Analogously to 7rsps,

one can compute 7., by estimating the equation

Yio = oy + iy + 7Wi + €34 (2.11)

4We thank an anonymous referee for suggesting this example.
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by the TSLS for periods t = Ty + 1,...,T, using w/®*Z; as an instrument.

rob
)

We construct the weights w!® using the first T periods. As discussed before, we want to

make units with high values of D; look similar on average to those with low values of D;. To this
end, we residualize the data for each unit with respect to Z; and look for such a combination.

We achieve this goal by solving a quadratic optimization problem:

rob A(W) ~(w) =) )y _ - Cllwll3
(w 7770 7772 7770 7772 )_ argmln T—’—
{wn§™ m& P iy 0

5.2 ~2

2 2
%0 Ztho (% Zign w; Y — U(()y) - Ugy) Zt) N TLO Ztho (% Zign w;Wip — 77(() )~ n§ )Zt> }

g

y,To w,To

1 1
bject to: — zDz:L - Z'ZO,
subject 1o nZw nZw

i<n i<n
(2.12)
where (2 is a user-specified regularization parameter, and
52— min Zign,tSTo(Y;t — Q — ft — %‘Zt>2
vTo {oviviometie nTy ’
; (2.13)
~9 . Zz‘gn,tho(VVi R %‘Zt)
Owr, =  Min :
’ {oviyiste Yie ndy
As a default value, we use
o oa(Ts) mas{ e o [y} 210

nTg

where é¥ and é™) are n x Ty matrices of residuals from regressions in (2.13). The estimation
procedure is summarized in Algorithm 1.

To gain intuition behind the optimization problem (2.12) it is useful to consider several
edge cases. First, if ¢ is equal to infinity, then w!*® oc (D; — % i<n D;), i.e., we get the same
aggregate variables as before. The resulting estimator is similar but not numerically equal to
Trsrs because we only use periods ¢ > Ty to estimate the coefficients.

To understand what happens when ¢ # oo suppose D; is binary, D; € {0,1}. As discussed

before, the original aggregation scheme constructs a difference between average exposed (D; = 1)
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Algorithm 1: Estimation algorithm

Data: {Yi;, Wit }it, {Di}i<ns {2t be<r, T, €

Result: Estimates (7o, Orobs Trob)

1 Construct the unit weights {w!**};<, by solving optimization problem (2.12);
2 fort <+ Ty+1to T do

3 ‘ Construct Y/ = 1 ZKn Yiwr©® and Wyob = L ZKH Wiswreb.

4

5

end
Using the data for ¢ > Ty, estimate two regressions by OLS:

Y7ot =W 187, + W, Wit =n\ 4wz, 4 M,

§ A A b
and report 57‘0177 Trobs Trob i= 72

Y
Trob

and not exposed (D; = 0) units. Aggregation with weights w!*® has a similar flavor but corre-
sponds to taking a weighted average in both groups. This follows from examining the constraint
n (2.12). Among all possible weighted averages, we select the one that makes aggregate vari-
ables Y/ and W/ as predictable as possible. Motivation for this is evident from looking at
the first-stage and the reduced-form equations that correspond to (2.7):

it

Wi = ol + i + 7D, Z, + 6" Hy + 0.

Unobserved confounders make the prediction of Y;; and W;; by Z; harder, so the weights that

eliminate such factors should also make the prediction easier. Terms ug’) and ug“ )

create a
statistical challenge — it is possible that instead of eliminating the confounder, the weights
produce a combination of errors that compensates H,. To prevent such overfitting, we include
the regularization term in (2.12), which forces the weights to be as uniform as possible. Using

this we can show that w"® are close to determinstic weights w* which minimize

2 2
> E ( > wiYi — ) - n(y)Z) +) E (% > wiWi =g = ni“”Zt> ., (215)

t<Typ i<n t<To i<n

subject to the same constraints. As long as - ZKH Z-w) and 3. wi*QZ(y) are small, we can
expect 7., mb@ ) and 1 =D i<n Wi 01’92- to be neglible as well. In Section 3 we present a

large class of statistical models where this is indeed the case.
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2.3 Applying Robust Estimator

To implement our estimator for Nakamura and Steinsson (2014), we use the original exposures

D;, set Ty = 10 (which corresponds to years 1968-1977), and use the default value for (. We

rob
7

then construct w!® and estimate 7,,, using Algorithm 1.

Panel B of Figure 1 plots the cross-sectional representation of our estimator. As before, the
points represent the state-level first-stage and reduced-form coefficients but are now estimated
using data from 1978 to 2006. The circle size reflects the absolute value of w!®, and the
colors reflect the sign. Our estimator 7,,, = 1.72 equals the slope of the line connecting two
centers of mass (blue triangles) for negative and positive weights. Compared to coefficients from
Panel A of Figure 1, the first-stage coefficients computed for 1981-2006 exhibit less variability.
By construction, in Panel A, the states with extreme first-stage coefficients have the largest
weights (in absolute value), which is no longer the case in Panel B. Aggregating these state-level
coefficients, we get a larger multiplier than before, though still within the range Nakamura and
Steinsson (2014) report for alternative specifications.

There are two differences between Panel A and B of Figure 1. The first is the period we
use to construct the state-level coefficients; the second is the weighting scheme. If we only
change the period but apply the same weights as before, then we get a multiplier of 1.71, with a
standard error of 1.20. The similarity between point estimates is not surprising, given visually
minor differences between the weights, which we plot in Figure 3. The differences are mostly in
the tails, with the original weights being extreme for several states. As a result, the standard
error of the alternative estimator is 54% higher.

We can see this in Panel B of Figure 2, which demonstrates the time-series representation of
our estimator. We plot the aggregate data Y, and W/ vis-a-vis two separate OLS predictions
for years 1968 — 1977 (in blue), and 1978 — 2006 (in red). By changing the aggregation scheme,
we reduce the variability: there is an 11% reduction in the standard deviation for W, and 24% —
for Y;. Despite this decrease in variability, aggregate instrument Z; remains relevant. Focusing
only on periods 1979 — 2006, the R? for W, increases from 54% to 74%, and for Y; — from 11%
to 20%.

The higher, compared to the original estimate from Nakamura and Steinsson (2014), standard

error of our estimator, s'e.(7,.,) = 0.78, is explained by a shorter time span, and relatively higher

variability in Z; in the initial periods. We calculate this error by clustering at a yearly level in
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Figure 3: Scatterplot—Nakamura and Steinsson weights and robust weights

MO
T
~ -
MA
cA
KS
VT
MN
=7 cT
N o
AR GA NH
) ME MT
< AL
2
2
- PA (L Az LA
2 o 4 TRC
o
[] Yo wa
@ Aco
HI NY
wy NMSD
RI
NE
D Wi VA
of  wv
—
[l SOE
M
OR
NC
KY
o
|
NV
T T T T T
-1 0 1 2 3

Original weights

Notes: Scatter plot of original and robust weights for Nakamura and Steinsson (2014) data; n = 48, state
abbreviations are used as labels. The variance of weights is scaled to 1.

the TSLS regression
Yie = ai + py + 7Wip + €at,

where we use w!®*Z; as the instrument, and years 1978 — 2006.

2.4 Discussion

Trsrs and .o, rely on aggregation of the unit-level coefficients. We encourage users to produce
analogs of Figure 1 to investigate the importance of alternative aggregation schemes. In appli-
cations where the unit-level coefficients exhibit strong association, the aggregation does not play
a major role, resulting in similar estimates. If, however, there is significant variation, then the

weighting scheme becomes important. In the rest of the paper, we demonstrate the advantages
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of our scheme with theory and simulations. At the same time, as with any method, our approach
has its limitations and should be used carefully. Below we discuss the main ones, thus defining
practical use cases for our estimator.

Our algorithm is data-intensive, particularly in the time dimension. Our formal results
require the total number of periods to be large and the number of units n to be at least of a similar
order. Both of these assumptions can be restrictive in practice: in applied macroeconomics, we
might observe relatively long time series for only a few units (e.g., monthly data for the states);
in applied microeconomics, the number of observed periods is sometimes relatively small.

The second limitation is the flip side of the first one: for our weights to improve over the
TSLS ones, the environment should be sufficiently stable over time. To construct w™® we use
the residuals after projecting out Z;, which behave well when the effect of Z; does not change
over time. We return to this point in Section 4.2, where we discuss heterogeneous effects in more
detail. For our weights to be useful for the second part of the data, any potential confounder
like H; in (2.7) should have a similar effect in both data parts. This assumption might be too
strong in environments where structural shocks are likely. This limitation can potentially be
relaxed by using the whole sample to construct the weights. However, our theoretical results,
particularly inference, rely on sample splitting. We also believe that sample splitting is a good
general practice that protects from potential abuse.”

Finally, our method is designed for applications in which the TSLS regression (1.1) is a
priori reasonable, but the users are worried about potential unobserved confounders. There are
multiple reasons why (1.1) might fail, other than omitted variables. For example, the underlying
model can be nonlinear or the dynamic effects of the past treatments can be sizable. In these
cases, the TSLS regression, and by extension, our improvement upon it, might be the wrong
tool, and researchers should use other methods. We discuss this issue in more detail in Section
3 when we introduce a formal model.

Given these limitations, we recommend that applied researchers use our technique in situ-
ations where the number of observed periods is relatively large, structural shocks are unlikely,
and the main potential problem is the presence of unobserved aggregate confounders rather than
nonlinearity or dynamics. As we show with our formal results and simulations, our method either

dominates the TSLS or performs similarly under this set of assumptions.

5See Spiess (2018) for a formalization of this argument.
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3 Theoretical analysis

We formulate three theoretical results in this section.® The first theorem shows that our es-
timator remains consistent when the TSLS fails. The second postulates that our estimator is
asymptotically unbiased and normal under mild technical assumptions. The third theorem jus-

tifies conventional inference in situations with sufficient heterogeneity in the baseline outcomes.

3.1 Setup

We observe n units (7 is a generic unit) over 7" periods (¢ is a generic period). For each unit, we

observe an outcome variable Y, an endogenous policy variable (treatment) W, an aggregate

shock Z;, and a measure of exposure of unit ¢ to this shock D;. We aim to estimate a causal

relationship between Yj; and W;,. To formalize causality, we start with a model of potential

outcomes (Neyman, 1923; Rubin, 1977). In addition to w; (potential value of W;) and z

(potential value of Z;), we also introduce h; — an unobserved aggregate shock that causally
t

affects both the outcome and the treatment variable. We define w' := (... wy, ..., wy), 2* =

(...,21,--.,2), and h' :== (... hy,..., h), and make our first assumption.

Assumption 3.1. (POTENTIAL OUTCOMES)

Potential outcomes follow a static linear model:

Y;t(wt, ht) = agi’) + 7w + ng)ht,

(3.1)
Wi (B!, 2" = ag‘}) + Tz + QEw)ht.
As a result, the realized outcomes satisfy
Yie = 041(3) +7Wi + 9§y)Ht,
(3.2)

I/‘/it = O[Z(zﬂ) + 7T7;Zt + wa)Ht

The critical part of this assumption and our setup overall is the unobserved aggregate vari-
able H;. The danger such unobservables present for identification is well-recognized in applied
work (e.g., Chodorow-Reich et al., 2021). The typical restriction made in the literature is to

assume that 9§w>, 91(3") do not vary over ¢ in a systematic way. We do not make this assumption

6 All proofs are collected in Appendix B.
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and instead allow for such heterogeneity. Following most empirical applications, we focus on
contemporaneous treatment effects and assume that only current quantities affect the outcomes.
Finally, to simplify the exposition, we assume away heterogeneity in treatment effects. We relax
this in Section 4 where we discuss when the output of our algorithm can be interpreted as a
weighted average of individual treatment effects.

Our next assumption describes the relation between the aggregate variables and the potential

outcomes.

Assumption 3.2. (EXOGENEITY)
Aggregate shocks are independent of potential outcomes:
{2, Hi}oer L {04520)7 Oég), Hl(y), Ql(w); T bi<n,t<T- (3.3)
Assumption 3.2 is natural in applications where Z; and H; can be plausibly considered

exogenous, i.e., determined outside the relevant model for the unit-level outcomes. For example,

suppose (Y, Wy;) are determined jointly in the local equilibrium:

Yii = 042") +7Wi + ez(y)th
(3.4)
Wi = CYZ(;U) + Yy + 2.

This structure arises, for example, in Guren et al. (2020) where Y}; is the retail employment in
location ¢, period ¢, and W, is the house price. The aggregate variables correspond to exogenous
demand and supply shifters. Substituting Y;; in the expression for W;; we get the model (3.1).
This example demonstrates the difference between Z; and H;. The former acts as a shifter for
Wi and is excluded from the structural equation for Yj;. Despite this exclusion restriction, Z;
might be an invalid instrument due to its potential correlation with H,.

The presence of the unobserved shock H; makes the causal model described by Assumption
3.1 and 3.2 somewhat nonstandard. To see this, define Y, (w) := Yy (w, H;) and Wy(z) =
Wi(z, Hy) — potential outcomes at realized values of h;. For each i, {Yi(w), Wi(2) h<r is a
version of the conventional IV model of Imbens and Angrist (1994). In particular, Assumption
3.1 guarantees that the instrument Z; satisfies the exclusion restriction for each unit. Assumption

3.2, however, does not guarantee that Z; is independent of (Y (w), Wy (2)). The two assumptions
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together quantify the extent of this dependence at the unit level:

E

L——

Y(w)(Z — Bz, oy, 7, 00,0 | = 0 EH(Z, — EIZ))) .
E [Wa(2)(Z ~ ElZ)a", ol 7, 00,0 | = 0 B[H,(2, - E[Z))]

We thus relax the independence assumption of Imbens and Angrist (1994) (Condition 1, (i) in
the paper) but impose a product structure on the correlation. This structure is motivated by
applications where it is plausible to view Z; as exogenous (in the sense of Assumption 3.2), but
other aggregate shocks might also affect the outcomes. In other words, the first stage and the
reduced form can suffer from the omitted variable bias, where the confounder varies over time
but not over units.

In practice, we cannot guarantee that H; is one-dimensional, and thus a model with multiple
unobserved shocks might be more appropriate. Conceptually, this extension is straightforward

()

)

since we can interpret (6 ,95“’)) and H; as p-dimensional vectors. For p large enough the RHS
of (3.5) can approximate arbitrary covariance between Y (w), Wy (2) and Z;. The dimension of
H,; does not directly enter Algorithm 1 but makes its analysis more involved. To simplify the
exposition, we focus on the one-dimensional case, which transmits theoretical insights in the
simplest form. In Appendix B.2, we establish our main bound assuming H; is a vector, and
later specialize it to the scalar case.

Our next assumption restricts the joint distribution of aggregate variables {(Z;, Hy)}i<r-

Since they serve as a source of quasi-experimental variation in our setup, we call it a design

model.

Assumption 3.3. (DESIGN MODEL)

The aggregate variables (Z;, Hy) follow a time-heterogeneous linear process. In particular, they

satisfy
For k € {z,h} define ¢¥) := (egpk), o ,egk))T; there exist T-dimensional vectors v®), v two

upper-triangular matrices A, AM  and Pag € (—1,1) such that

e® = A@)pe), M) — A(h)(pagy(Z) + /(1 — pgg)y(h))_ (3.7)
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Vectors v'¥) v are independent, have independent components with the uniformly bounded

sub-gaussian norm, and E |:<Vt(z))2:| =K [(yt(h))g] =1. Fork € {z h} and j < T we have

0 < Omin < (A®)j; < Opax < 00, [(AF) ;] < %7 Jorl>j. (3.8)

The first part of this assumption restricts the means of Z; and H;, which are assumed to be
constant over time. This is without loss of generality for H;, because its mean can be treated
as a part of ozgu ) and ozgf), but it is restrictive for Z;. This assumption can be relaxed by
considering a parametric model for the mean, e.g., allowing for seasonality or secular trends.
Fundamentally, our approach relies on the fact that researchers know how to detrend Z; and
exploit random fluctuations egz), which is particularly easy if the mean is constant. This idea is
closely connected to Borusyak and Hull (2020), where the authors show that such de-meaning
is crucial for design-based methods.

The second part restricts the distribution of €*) and €. These errors are generated by
the underlying independent structural shocks ) and v, Since Pag 18 less than one, there
is variation in egh) that is not entirely explained by egz) (and vice versa). Restrictions on the
elements of matrices A®), A" exclude persistent cases (e.g., random walks) but allow for other
forms of non-stationarity.

The next two assumptions restrict heterogeneity in potential outcomes. We start with ex-

posures 7;, connecting them to observed D;.

Assumption 3.4. (STRONG INSTRUMENTS)

There exist numbers (ng, n.) with n. # 0, such that for every i we have m; = 1y + 1 D;.

This assumption guarantees that D;Z; is a relevant predictor for W;;, making it a “strong”
instrument. The linearity is motivated by the empirical practice where researchers often assume
that exposures 7; are known up to linear transformation (e.g., Dube and Vargas, 2013; Nunn and
Qian, 2014). Fundamentally, our theoretical results rely on D; being strongly correlated with 7;
after adjusting for other unit-specific coefficients. As a result, one can extend Assumption 3.4
by explicitly including 6", 6% or functions of {a!"”), a!"} <7 in the expression for ;.

To state our next assumption, we introduce additional notation. For any T, > 1 define
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population analogs of &y 7, from (2.13):

2 . { Zign,tSTa EH,Z[(Yit — QG — fy — %‘Zt>2] }

g = min )
vl {auvipe}ae ni,
9 (3.9)
2 . Zign,tg:ra EHZ[(VVit —ay — e — YiZy)?]
ol = min .
e {ou,yiope tat nl,

For any T, > T, > 1, t € [T,, Ty, weights w; such that Yicnwi =0, and k € {y, w} define:

1
(k) — (k)
R e sz( K e S DR ) .

T <I<Ty

ob

As mentioned in Section 2, our results rely on the fact that the weights w™ are close to

deteriminstic oracle weights w* that optimize the expected version of (2.12):

2
ZE< sz it T —77£)Z> +
Too y7To t<Ti i<n
2
ZE( > wiWi - —ngw>z) . (3.11)

Too yTo t<T, i<n

subject to appropriate constraints. Using Assumptions 3.1-3.4 we can compute these expecta-

tions, and after concentrating {n(() ),fr](k)} vt we get
ke{y,w

Zt<To ( 1T, (w)>2 + k*(Ty) <% Zign wﬂgw))z

aﬁ) To -
(w) S | ) @)y )
Zt<Tg < Q4 111, (w) + T 11T, (W)> + £*(To) (; Zign wi (0;" + 70 ))

(3.12)

2 b
9y, Ty

where k2(Ty) is strictly positive.
Our final assumption guarantees that the oracle problem (3.12) has a well-behaved solution

and allows us to exploit the cross-sectional dimension of the problem to achieve identification.

Assumption 3.5. (OVERLAP)

21



For any T, > 1 there exist {w]r, }i<n such that

(k) * 2 1 * n(k) 2
> o<, (O‘t,uTa(WTa)) + (H > i<cn W, b; > log(n)

2.

2

ketoo) kT " (3.13)
lZw* D, =1 lZw-* =0 lZ((,u-* )2<1.

n = i, Tq 1 ) n — N ) n iSn 0,1y ~

Assumption 3.5 guarantees the presence of variation in D; that is not captured by other
unit-specific coefficients. It is similar to overlap assumptions commonly imposed in settings
with unconfoundedness (e.g., Imbens and Rubin, 2015). Under Assumption 3.5, the more units
we observe, the better we can “balance out” unobserved confounders using weights w7, . We can
eliminate them in the limit where n converges to infinity. As a result, Assumption 3.5 guarantees
that 7 can be identified within the class of estimators we consider.

To justify Assumption 3.5 we now consider an example that encompasses many models used

in current empirical practice.

Proposition 1. Suppose that for k € {y,w}

ol = o 4 B LW 4 B

Y

(i), )T = (W) 2 &b (3.14)

El"”] = 0rs1, Vi) =Ir,

1

(k)

where || X®)|,, < 1, T-dimensional vectors €; are independent over i, with independent uni-

_(L®)?
formly bounded sub-gaussian components, and for any t € {1,...,T} M < 1. In
addition, suppose
Di=a!" +¢? El? =0, V[ =02 (3.15)

: Oé(-d) 2 . . . w .
where 25"% < 1and egd) are independent over i, independent ofeg ), e(y), and have uniformly

(3
Sicn ()2

bounded sub-gaussian norm. Finally, suppose for k € {y, w} -~

< 1 and Assumption 3.3
holds. Then Assumption 3.5 holds for w}z o (egd) — % i<n egd)) with probability approaching

one as n approaches infinity.
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This example covers many familiar cases. First, if ozgd) = a¥ then D; is as good as randomly
assigned — situation that rarely holds in applications, but serves as a natural benchmark. If
Lgf ) = 0, then we recover a conventional two-way model that is commonly used in applications.

)

In practice, we rarely expect the two-way model to hold exactly, and Ll(f can be viewed as

an approximation error. If Lif ) has product structure, then we recover the interactive fixed

)

effects model (e.g., Bai, 2009). However, this structure is not necessary, and Ll(f can vary in an

arbitrary way, as long as it remains appropriately bounded. The key part of the setup that allows

) _ exogenous variation in D; that is unrelated to any

us to construct wy,, is the presence of egd
other local-level parameters. Informally, to justify Assumption 3.5 in applications, researchers
need to argue that there is some underlying randomness in ;. We view this as a natural

identification requirement.

3.2 Statistical Properties

We now turn to the statistical properties of our estimator. We use a design-based framework
and all probability statements in the section except those in Proposition 2 refer to the joint
distribution of {(Z;, H;) }1<r. We focus on a particular asymptotic regime characterized by the

next assumption.

Assumption 3.6. (ASYMPTOTIC REGIME)

Both n and T increase to infinity and % = Yrat < 00, for k € {y,w} we have

2 2
ﬁZ(@l —EZQJ —)ag(k)>0, EZ DZ_%ZD] —>O'%>O,

i<n 1<n i<n i<n

%Zign <Di — %ngn Dj) Qz(k)

ODOg(k)

(3.16)

1 )\ 2 i)\ 2
— p), ;Z(O‘Et)) _><04§ )) 5

<n

2

0<a?, < (aik)> < afnax < 00.
With the first part of this assumption, we restrict the analysis to environments where n is
comparable to or larger than 7', which we expect to hold in many applications. The second part
implies that the variability in D; and ng) is present in the limit. For binary D;, this assumption
is reasonable if the size of the treated or control group is not too small. The variability in Hgk)

implies that H; is a “strong” factor. While common in theoretical literature on interactive fixed

23



effects (e.g., Bai, 2009; Moon and Weidner, 2015), this assumption can be restrictive in some
applications, where researchers expect little variability in ng). A version of our results holds
in environments where Ugm = 0 (see the discussion in Appendix B.3). The restriction on the
correlation is innocuous, as it always holds along a subsequence, and we make it to simplify the
exposition. Finally, the restriction on agf ) guarantees that Y;; and W;; have finite variances.
Assumption 3.6 describes the limit behavior of unit-specific quantities. For the aggregate

variables we define similar objects for fixed T, > T, > 1 and k € {z, h}:

(k) 2
1 ®  T.<i<T; €
= . E _ —lax*>Tbh 0
Ok TalTh T,—T,+1 Z <€t T, —T,+1 ’

T, <t<T},

1 Z E (=) _ ZTE§Z<T,, €l(z> (h)
Ty—Tat1 24Ta<t<T, & T Th-T.t1 )&

Oh,To|Ty02,Tu|Ty,

pTaITb =

As indicated by the indices, these quantities depend on T,,T},. Assumption 3.3 guarantees that
lpr,i1,| < 1, and oy, 1,7, are uniformly bounded from above and below.

Our first result compares probability limits of 7rsp s and 7.

Theorem 1. (CONSISTENCY)
Suppose Assumption 3.1-3.6 hold, ¢* = log(Ty), and % — vr € (0,1), then

7A_rob =T+ Op(1>'
If, in addition, pggj)ag(w)p”Tah,”T + Nx0pO. 7| > Cin > 0, then

(y)
Pes Og(v) PLITORA|T

%TSLS:T"F +Op<1).

pc;U)O'g(w)pHTUh,HT + NeODO 1T
This result demonstrates that 7,,, remains consistent in the regime where 7rgrs generally
fails. It also formalizes a part of the discussion in Section 2.4. In our model, the only threat to
the validity of the TSLS is the presence of omitted variables. As long as either p((;g) or pyr is
equal to zero the TSLS estimator is consistent.
Theorem 1 provides a first justification for using our estimator, but it does not describe

its distributional properties in large samples. Under current assumptions, we can only provide
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relatively weak guarantees on the asymptotic behavior of 7,.,,. In particular, Assumptions 3.5,

3.6 imply that there exist weights such that

< log (To)

1 « k)
- E W
n Wity T, '’

i<n

however, this property is too weak to achieve asymptotic unbiasedness. To make progress, we
).

» Y

impose additional assumptions on ng)

Assumption 3.7. (SUFFICIENT HETEROGENEITY )

For any T, > 1 and k € {y,w} there exists {w}; ; 1, }i<n such that

K)ok )2 1)\ ?
T% D i<t <O‘t(,1)|To (W(Ta)>) (% Di<n wl:,z}Taez( )) log(n)

> ) + ) S—==

le{y,w} 911, Ok T,
2
1 X 1 1 1 . 1 .
;ZMW%“—aimwhazﬁv’ﬁz%m‘“ﬁixwﬂkl
i<n i<n i<n i<n i<n
(3.18)

This Assumption is formally similar to Assumption 3.5 and requires existence of variation
in ng) that is not captured by ag“ ), ozgf ) and 0, ™) To justify it, we return to the example from

Proposition 1.

Proposition 2. Suppose conditions of Proposition 1 hold. In addition, suppose for k € {y,w}

we have
0 =l + e, BV =0, Vg =0k, (3.19)
where egk) are independent over i, and k, and have uniformly bounded sub-gaussian norm. Then

Assumption 3.7 holds with probability one as n approaches infinity.

To understand why Assumption 3.7 can improve the performance of 7, it is useful to consider
environments where it fails. In particular, if 8 is nearly spanned by {o¥, a{"’},<5, and 607,

but the remaining variation is strongly associated with m;, then it is very hard to eliminate it

by aggregation which results in a slow rate of convergence. This problem is mitigated when
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there is enough variability in 91@, which is not explained by other variables. Our next result
demonstrates these gains by characterizing the asymptotic behavior of 7,.,. To state it we define
for arbitrary periods T, > T, > 0 a matrix A(Tza )\Tb such that

(e, &N = AP v, (3.20)

Theorem 2. (ASYMPTOTIC BEHAVIOR)

Suppose Assumption 3.1-3.7 hold, (* = log(Tg) and 2 — vp € (0,1). Then there exists

deterministic weights {wi Yi<, such that —= ||w7"°b widh |2 = 0p(1), and
/ A On,
Tl (Trob - T) = Q—Tgn + Op(1>: E[fn] = Oa V[fﬂ] = 17 (321)
=9, o411
h (y) det ( . dd . ” TO+1‘T( dez)”oo . h
where on 1 = |loog (W) T0+1|T . If, in addition, —45—2—— = o(1), then &, converges

H TOJFHT(WTO )”2
in distribution to N'(0,1).
This result implies that our estimator is asymptotically unbiased and normal as long as o,

remains bounded. This condition can be restrictive, e.g., if a(y) ~N (az(y) + /\Ey) o (y)> then

onr =0, (\/Lﬁ) and higher order terms in (3.21) become important. This lack of uniformity is
similar to one considered in Menzel (2021). In practice, we do not expect the two-way model to
hold exactly and rather view it as an approximation. In this situation, the first term in (3.21)
becomes dominant, and we can use Theorem 2 for inference.

Theorem 2 describes the asymptotic behavior of our estimator in the presence of unobserved
shocks. If there are no such confounders in the structural equation, i.e., ng) = 0, then our estima-
tor and the standard TSLS estimator are asymptotically normal under mild technical conditions.

‘aﬁ%(w ’2 de-

pending on the underlying complexity of the potential outcomes and differences in the sample

TSLS) Aﬁ%

In this regime, 0,7 can be smaller or larger than its TSLS counterpart

sizes.
We conduct inference in several steps summarized in Algorithm 2. First, we estimate the
variance. We assume that a researcher has access to a consistent estimator for A(TZ0 ) T which

we denote A For t > Ty we construct scaled residuals from the aggregate regression

To+1|T"

. o Yrob _ %robWrOb
() = = —, (3.22)

T
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Algorithm 2: Inference

Data: {Y;T()ba WtrOba Zt}t§T7 7A—rob7 ﬁroba A%)Jr”p Q, TD
Result: 1 — « confidence interval
1 fort«+ T+ 1toT do

( ) rob\ __ }/;TOb_%TobWZOb
2 ‘ COHStI‘UCt OétT ‘T(w ) = W
3 end
. &S @A) | pll2
4 Compute 6,0 = Tl = To+ 1T o
PN 5, ZTp<I<T 2
Trobl oy 2uTy<t<T \ 4t T-Ty

()]

Report the confidence interval: 7 € 7., £ < W’Zl a/2-

and estimate the asymptotic standard error of 7,.:

A roby A (%)
P a1y (W) Ayl . (3.23)

R Sry<rcr 2\
‘7Trob|:%1 ZTO<t<T <Zt — = f_IfIST l)

With this quantity, we construct a standard asymptotic confidence interval of level 1 — a:

/\

—a/2, 3.24
T (3.24)

T € Trob :l:

where z, is a-quantile of the standard normal distribution. Our next result characterizes the

asymptotic properties of this interval.

Theorem 3. (INFERENCE)
Suppose conditions on Theorem 2 hold, and o7, , Z 1. In addition, suppose ||AT0+1|T A(TZO)H‘THOZ, =

0p(1). Then the confidence interval (3.2/) has asymptotic coverage 1 — .

As discussed above, we expect this theorem to be useful in practice whenever the two-way
model for agf ) is only approximately correct. This result focuses on the conventional interval
(3.24), which is valid if the first stage is strong, i.e., n, is large enough. A version of Theorem
2 holds for the first-stage and reduced-form coefficients and can be used to conduct robust
inference (see Andrews et al., 2019 for a recent survey on robust inference).

To construct &,.,, we combine aggregate residuals with the estimator for the parameters of
the design model. If A®) is diagonal, i.e., the variation in Z, is independent over time, then

0r0p corresponds to “clustering at time level”. We used this approach to produce the standard

errors for the application in Section 2. With general A®), we need to consider dependence over
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time and &, does that using /A\(Tz : T Alternative inference procedures that bypass estimation

of A% : L1jr can also be used, as in Ibragimov and Miiller (2010).

4 Extensions

This section discusses three possible extensions of our model and the respective adjustments to
the algorithm. We first show how to incorporate covariates in our setting. Secondly, we examine
the case of heterogeneous treatment effects as a natural extension. We conclude Section 4 by

connecting our estimator to the literature on shift-share designs.

4.1 Additional information

A typical regression equation estimated in applications has a more complicated structure than

(1.1):
Yie = a; + 1(X;) +éiTF[t+TI/Vit+€it- (4.1)

Here X; are observed unit-level attributes, e.g., region indicators, and H, is a vector of observed
aggregate variables we expect to be correlated with Z;. Equation (4.1) is estimated by the
TSLS using D;Z; as an instrument for W;; and treating «; and 0; as fixed parameters. Inclusion
of py(X;) instead of p; and 97 H, in the equation mitigates the OVB concerns but does not
eliminate them.

Our estimator also allows for unit-level covariates and observed aggregate variables.” In
particular, we suggest estimating equation (4.1) by TSLS using w!°®Z; as instrument for W;

and data from periods Ty + 1,...7T. The weights w/®® then solve an adjusted optimization

"To incorporate time-varying covariates X;; we can define X; := (X;1,..., X;7). Alternatively, and more in
line with current empirical practice, we can instead residualize Y;; and W;; with respect to X;;.
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problem:

N2

b ) §2||w|]§ %0 Ztho (% Zign w; Yy — U(()y) - (Wiy))T(Zty Ht))

W' = arg min + —
{w,n$) 8 () 0y nlp 9y, Ty
N2

TLO D i<ty (% D icn Wil — 77(() ' (77£ ))T<Ztv Ht)) (4.2)

+ 52
w,To

subject to: %ZwiDi =1, %sz =0, %ZwiXi =0.

i<n i<n i<n

The additional constraint guarantees that aggregation eliminates the linear projection of 92@)
and 9}” on X;. As a typical example, consider a situation where data can be grouped into
clusters, and researchers wish to include cluster-specific time fixed effects. This can be achieved
using X; corresponding to cluster indicators. Under the natural extension of Assumptions 3.2-3.6
Theorems 1 and 2 continue to hold for the weights that solve (4.2).

In some applications, the unit-level variables Y;;, W;; have different statistical properties, e.g.,
they are measured using a different number of observations. In such situations, researchers com-
monly use weighted versions of the TSLS. To achieve the same with our algorithm, researchers

can estimate (4.1) using weighted TSLS with w/*Z; as an instrument for Wj;. To construct

rob
7

the weights w!®” we solve the optimization problem (4.2) but instead of the standard euclidean

norm ||wl|3 we use a weighted one:
lwll3a =’ Aw, (4.3)

where A is a diagonal matrix, and (A); = a? > 0.

4.2 Heterogeneous Treatment Effects

In applications, it is rarely possible to argue that the treatment effects are constant, and thus
Assumption 3.1 can be too restrictive. To address this, we consider a model with heterogeneous

effects:

Yii = 041(3) + Wi + ng)Ht, Wi = OZZ(ZU) + miZ + 9§w)Ht- (4.4)
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We also define the reduced form that corresponds to the structural equation above:

Yi = 072’/) + Tl + éfy)Ht, (4.5)

where dl(f )= agf )+ Tiozg“ ), and él(y) = Ql(y) + Tiﬁgw). For any estimator 7(w) that averages units

with arbitrary weights w and constructs the IV ratio from the aggregate regressions, we have

1 1
o i< WiTiTi + error o D i< WiTiTi

T(w) = —
% Zign W;T; + error % Zz‘gn WiTT

(1 + error) + error. (4.6)

1
7 Di<n WiTiT
1

n Zign Wi T

We thus ignore the errors in (4.6). Their properties depend on the choice of weights w and can

Our goal in this section is to understand when 7(w) := has a causal interpretation.

be established in the same way as before.
TSLS

First, we consider a situation where m; = n,D;, for binary D; € {0,1}. For w , we get
Tsnsy _ Quin Tili
T (w == (4.7)
which is an average treatment effect for the exposed group. Using w"® we get
T(Cdr()b) = l Z TierbDi, (48)
n (2

i<n

where £ 3. _ wr**D; = 1. Without additional restrictions, we cannot interpret 7,,, as a convex
n i<n 71 ? ’ T0

combination of treatment effects because the weights w!®® can be negative for exposed units.
Negative weights lead to extrapolation, which can help with the OVB, but at the cost of inter-
pretability.

This problem is easy to address by adding a non-negativity constraint

j<n

to the optimization program (2.12). The resulting 7(w"®) is a convex combination of treatment
effects by construction. The optimization problem remains convex and can be solved efficiently

even for large datasets. Inequality constraint (4.9) also acts like a powerful regularizer, improving
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the statistical properties of the algorithm. To reap these benefits, we need to assume that “good”
balancing weights that satisfy (4.9) exist, e.g., by adding this restriction to Assumption 3.5.
Overall, in applications with binary D;, we recommend imposing (4.9) unless the user strongly
believes that extrapolation is necessary.

Many applications do not have a control group with D; taking arbitrary values, so non-
negativity constraints are harder to motivate. However, with additional assumptions, one can

still interpret 7(w"*). In particular, suppose
D; = ol + ¥ (4.10)

where e ) has the same properties as in Proposition 1. If Assumption 3.4 holds, we have

W o ro (6?)2
%) Zn "D+ — < ZTZ b) = - Zﬂ'7 +0p(1)+
z<n i<n i<n d
H rob (@
0, Zollz 0 (4.11)

o

d) .
ob 5, the estimand T(w
d

“’b) converges to the average treatment

As long as w"® converges to
effect. We discuss models where this convergence holds in Appendix C. In this case, our method
improves over the TSLS in two ways: it removes the OVB and helps interpretability.

The heterogeneity we consider in this section is restricted in an important way — we do not
allow 7; and 7; to vary over time. Such variation makes it impossible to project Z; out when
constructing the weights w”. This problem can be bypassed if the researcher knows that in the
initial Ty periods m; = 0 for all units. In particular, in applications where 7, = (o + 1, D;) Li>T;,
we expect Algorithm 1 to perform well with both cross-sectional and time-series heterogeneity

in treatment effects, as long as n, > 0.

4.3 Shift-share Designs

This section discusses the relationship between our model and models from the shift-share, or
“Bartik” instruments, literature (Adao et al., 2019; Borusyak et al., 2022; Goldsmith-Pinkham

et al., 2020). We start by considering an extension of our original framework. Assume that
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instead of a single aggregate shock, we have |S| of them. In a typical application, these will

correspond to industry-level shocks. The following equations are now satisfied for all ¢ and :

Yy = Oéz%/) +7Wi + Z 9§§)Ht5,
ses (4.12)
zt - Oé + Z ﬂ-ztsf)/stts + Z 925 HtS7

seS SES

where s is a generic industry, and we observe {v;s}is, {Wit, Yit }it, {Zis }t.s, and Zign ~is = 1. It
is straightforward to see that our model is a special case of this with |S| = 1.

The model typically considered in the shift-share literature is a special case of (4.12) with
T = 1, and two additional assumptions: (a) Z;; = ¥, ji;+¢€45, where 10,5 are known, and E[e;,] = 0,
and €5 are uncorrelated over s; and (b) for every ¢, {Hs}ses is uncorrelated with {e;}ses.
Identification is achieved by exploiting variation over industries (see Borusyak et al., 2022). In
applications, T' is usually not equal to 1, and the model in differences is often considered. At
the same time, the identification argument does not exploit the time dimension and focuses on
the variation over industries.

Models of the type (4.12) can be promising because they allow for a combination of two
identification arguments: one based on the variation over time and one based on the variation
over s. In applications, both |S| and T" can be modest (especially if we want shocks to be
independent over s), and thus it is natural to use both sources of variation. Below we describe
one possible extension, leaving its formal analysis to future research.

Suppose ;s = 0 for t < Tj, and unobserved shocks H;, are low-dimensional, e.g., H;, = Asl':[t,
where H; is one-dimensional. Define éz(k) = Y es )\301(5) and T'; := (vi1,...,%s). We can
then use the first Ty periods and the analog of (2.12) to learn the weights w™ that guarantee
LY icn w[Obégk)(P -1 Zj<n I';) = 0 for k € {y,w}. To achieve this we construct |S|-dimensional

objects Yy = Yy ([; — % Z]<n i)y Wy = Wy ([ — %ngn I';), and solve the optimization

problem:
min—z Zw +Z Zw | Gl
¥ t<Tp z<n o t<Tp Z<n e nTy
(4.13)
subject to: igznwi <Fi - %jgznrj> =0, %igznwitr ((FZ - %jgznf‘]) Fi) =1
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Table 1: Root-Mean-Square Error and Bias in Four Simulation Designs

(1) (2) (3) (4)

Basic GFE Agg. Sh. GFE+Agg. Sh.
Estimator RMSE Bias | RMSE Bias | RMSE Bias | RMSE Bias
Trob 0.01 0.00| 0.04 0.00| 0.05 0.04]| 0.17 0.13
TTSLS 0.01 0.00| 0.05 -0.00| 0.28 024 | 0.24 0.21
Orob 0.06 0.00| 031 -0.03| 0.11 0.07| 0.41 0.26
5TSLS 0.05 0.00] 039 -0.02| 0.79 0.69 | 0.75 0.57
Trob 0.06 0.00| 0.38 -0.02| 0.07 0.02| 0.34 0.08
TTrSLS 0.05 0.00| 049 -0.01| 036 0.31] 0.55 0.31

Notes: The table reports root-mean-square error and bias for four simulation designs, with 1000 replications for
each design. True parameter value 7 is set to 1.43 to capture Nakamura and Steinsson (2014) original estimate.
Column (1)—first design: no generalized FE, no unobserved shock. Column (2)-second design: generalized fixed
effects, no unobserved shock. Column (3)—third design: no generalized fixed effects, unobserved shock. Column
(4)—fourth design: generalized fixed effects, unobserved shock.

We then use the rest of the periods to construct a weighted version of the TSLS estimator.

Define Z;; := > ses (fyl-s — %ngn fyjs) <ZtS — T+% > s le) and consider

rob 7
Zign,t>To wi Yt Zit

robyis. 7.
Zign,t>T0 wi Wit Zit

Trob := (4.14)

By construction, 7, is a weighted average (over time) of the weighted cross-sectional shift-
share estimators considered in Borusyak et al. (2022), and we expect it to inherit their good
properties. At the same time, we expect the weights w" to eliminate the unobserved confounder

H, as long as Tj is substantially large.

5 Simulations

In this section, we illustrate the performance of our estimator in simulations. To make these
simulations more realistic, we base them on Nakamura and Steinsson (2014) dataset we described
in Section 2. In our experiments, we try to capture the spirit of this empirical exercise and

investigate how different features of the data-generating process affect the performance of the
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algorithms. Formally, our simulations are based on the following model:

Yi = 5( "y H(y) + Lg?) +7Wi + ‘9- 'H, + Eft),
(5.1)
Wi =B+ "+ L+ w2+ 00 Ho .

)7ﬁi(w aﬂgy)aﬂgw) Lgty)a L'Et )7T T, ez v 9( }lﬁmtST are ﬁxed, while 61(51261)7 65;1))

and {Z;, H; }1<7 are random.

Here parameters {3

In Appendix D we describe how exactly we use the data to construct {Lgf), LEZ” ), Ti bi<nt<Ts
and the models for {Z;};<r and {egf),eg" )}iSn,tST' Heuristically we extract the components
Lgf),LZ(»;w ) using the SVD decompositions of observed data, while for 7; we use the estimated
79LS from Section 2, which we scale to make instrument relatively strong.® We make these
adjustments to focus on the properties of our estimator in the regime covered by Theorems 2
and 3. The data are not directly informative about H; and {9(w .0, )}ign and we need to make
ad hoc choices. We construct H; as a linear combination of Z; and an independent random
process with the same distribution as Z;. We set GZ(“J) to be equal to a linear combination of 7;
and an independent standard normal variable and do the same for «91@)

We compare the performance of our estimator (as described by Algorithm 1) with the stan-
dard TSLS algorithm from Section 2. In both cases, we use the data to construct D; by
estimating the next equation by OLS, using data for ¢ < %:

Wi = o +m 2y + €4t (5.2)

(w) 1

and set D; = #919. We consider four different designs. In the first design we drop L;;”, L;?,
and H; from the model (5.1). In this case, the TSLS algorithm should perform better than
ours because it uses the optimal weights. With the second design, we start to increase the
complexity and add Ll(zu : Lgf ) back to the model. One can think of this design as a DGP for the
data from Nakamura and Steinsson (2014) under which the TSLS approach is justified. Here we
should expect both algorithms to perform well in terms of bias but potentially differ in terms of
variance. In the third design we drop Lgt ), th but add H;. Finally, in the fourth case we have
both L LY and H,.

In Table 1, we report results over 1000 for simulations for the case of 7 = 1.43 that corre-

8The median F statistic for 77575 for the fourth design is equal to 78.
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Figure 4: Distribution of Errors, 7 — 7

No unobserved shocks Unobserved shocks

Density
Density

-15 -1.0 -0.5 0.0 05 1.0 15 -15 -1.0 -0.5 0.0 0.5 1.0 15

estimate estimate

Notes: The figure reports the densities for TSLS (dashed line) and our robust estimator (solid line) for 7 —7. The
left figure corresponds to the design in Column (2) of Table 1-with generalized fixed effects and no unobserved
aggregate shocks. The right figure corresponds to Column (4) of Table 1-with both generalized fixed effects and
unobserved aggregate shocks.

sponds to the original point estimate obtained in Nakamura and Steinsson (2014). The results
confirm the intuition discussed above: in the simplest case, our estimator is less precise than
TrsLs, although the difference is small. We see sizable gains in RMSE for the second design.
In the third case, our estimator eliminates most of the bias, while the TSLS error is dominated
by it. Finally, in the most general design, our estimator is nearly unbiased and dominates the
TSLS in terms of RMSE. In Figure 4 we plot the densities of 7 — 7 over the simulations for the
second and the fourth design. These plots demonstrate the gains in variance and bias and show
the estimator’s overall behavior. Once again, we see that even when TSLS is approximately
unbiased, there are gains from using our approach that come from increased precision.

We also investigate the performance of our inference approach as described in Algorithm 2.
In Table 2 we report coverage rates for nominal 95% confidence intervals for 7., and 7rsrs. We
construct A(TfJ ) yr by fitting an ARIMA model to the data {Z }1<r using the automatic model
selection package in R. We see that the coverage is below nominal for all designs and estimators.
This is not surprising, given that the sample size is relatively small, and in the third and fourth
designs, both estimators are biased. In relative terms, the coverage for 7,., is closer to the

nominal one.
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Table 2: Coverage Rates for 95% Confidence Intervals

) (3) (4) (5)
Basic GFE Agg. Sh. GFE+Agg. Sh. Agg. Sh.x2

Trob 091 0.86 0.80 0.84 0.95
7rsrs  0.90  0.85 0.33 0.81 0.08

Notes: The table reports coverage rates for 95% confidence intervals based on Algorithm 2. Each simulation
has 1000 replications, and the true parameter value 7 is set to 1.43. Column (1)-first design: no generalized
FE, no unobserved shock. Column (2)-second design: generalized fixed effects, no unobserved shock. Column
(3)—third design: no generalized fixed effects, unobserved shock. Column (4)—fourth design: generalized fixed
effects, unobserved shock. The last column (5) is the same as the second one, but with n = 100, T' = 80.

To analyze the asymptotic performance of Algorithm 2, we focus on the third design and
9(1/)

increase the sample size. We do this by sampling (Di,ei(w), ;7’) with replacement from the
empirical distribution for n = 100 units. We simulate (Z;, H;) for T' = 80 periods using the
same model we had before. We report the results in the last column of Table 2. The coverage
for the TSLS drops to 8%, which is not surprising, given that the TSLS is not consistent for

this design. The coverage for our estimator is equal to the nominal one.

6 Conclusion

Aggregate shocks provide a natural source of exogenous variation for unit-level outcomes. As
a result, they are frequently used to evaluate the effects of local policies. We argue that this
exercise has two conceptual steps: aggregation of unit-level data into a time series and analysis
of the aggregated data. We propose a new algorithm for constructing unit weights that are used
to produce aggregate outcomes. Using a flexible statistical model, we show that our weights
eliminate potential unobserved aggregate shocks, leading to a consistent and asymptotically
normal estimator. Using data-driven simulations, we demonstrate the superiority of our proposal

over the conventional TSLS estimator in various relevant regimes.
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A Additional Analysis

In this section, we repeat the analysis described in Section 2 but now for the full original sample. The results
are largely similar, and we only comment on the differences. In Figure 5, we plot the reduced-form and the
first-stage coefficients for various periods. Compared with Figure 1 reported in the main text, we see that
states with negative first-stage coefficients receive a large weight in the original exercise, pushing the slope of
the line down, which results in a larger coefficient (the same as reported in Nakamura and Steinsson (2014)).
We also see that a single state — Alaska — has an extreme reduced-form coefficient — three times large than the

second largest.

Figure 5: Reduced-form and first-stage coefficients for Nakamura and Steinsson (2014) data

Panel A: Nakamura and Steinsson weights Panel B: Robust weights

Reduced Form Coefficients
2
1

Reduced Form Coefficients
2
1

Rop = 2.14, S6(T,p) = 1.12

oo °
- :

-0.5 0.0 0.5 1.0 15 -0.5 0.0 0.5 1.0 15

First Stage Coefficients First Stage Coefficients

Notes: This figure shows the state-level reduced-form and first-stage coefficients for Nakamura and Steinsson
(2014) data. Circle sizes reflect the absolute value of weights; negative weights are printed in black, and positive
— in red. Blue triangles are centers of mass for negative and positive weights. Panel A presents the results using
the whole period of 1968 to 2006 for n = 51 states. Panel B shows the results from our estimation algorithm.
Under our data splitting procedure, Panel B reports the results for 1978-2006, as we use the first 1/3 of the data
for weight estimation.

If we compare 7,,, with the estimator that uses the second part of the data but with original weights, they are
now different — 2.14 and 1.83, respectively. Still, there is a significant difference in estimated standard errors —

45%, in favor of the robust estimator. It confirms the intuition from the time-series plots 6, where the
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Figure 6: Aggregate time-series data for Nakamura and Steinsson (2014) data

Panel A: Aggregation over n = 51 states with original weights
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Notes: Solid lines represent aggregate data for different weights; dashed lines represent OLS predictions of the
aggregate data with the instrument. The mean absolute value of weights is scaled to 1.

aggregate data is much better predicted by Z; if we use robust weights vs. the original ones. The increase in
estimated R? is 57% for the endogenous variable and more than 100% for the outcome variable. Figure 7

suggests that these gains come from compressing the distribution of the weights.
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Figure 7: Scatterplot—Nakamura and Steinsson weights and robust weights

Mo
™
~ 4
VT
ca MA
cr
Ks
NH
- GA
MN |y
AR
* MD
% AL
k= Az
] MT LA
2 Flan
g ND AK
g oA
@ HI ﬂ%\wxx
!
"o ur
Sb VA
NEw RI
NM
[
we i wv
-
[ R ™
8Re
KY
NV
o~
) MS
T T T T T T
-2 -1 0 1 2 3
Original weights

Notes: Scatter plot of original and robust weights for Nakamura and Steinsson (2014) data; n = 51, state
abbreviations are used as labels. The variance of weights is scaled to 1.

B Proofs

In Sections B.1 - B.3 we prove the results stated in the main text. In Section B.1 we prove Theorems 1 - 3
taking the results about the robust weights w!® as given. In Section B.2, we consider an abstract quadratic
optimization problem and derive properties of its solution. We then establish a connection between abstract
stochastic and determinstic optimization problems. In Section B.3, we specialize this connection to the
probabilistic models from the main text and prove the results about the robust weights.

We use || - ||2 to denote the euclidean norm, || - || to denote the sup-norm, || - ||gzs to denote the
Hilbert-Schmidt norm, and || - ||op — the operator norm. For a random vector X we use || X ||, to denote its
sub-gaussian norm. We use tr (A) to denote the trace of a square matrix A. For a given set of variables
{X;}, we use P, X; to denote their average. For any T > T}, > T,, > 1 we define two projection matrices:

1
fr __ - T for _ _afr
HTalTb - Tb _ Ta + 11Tb_Ta+11Tb_Ta+17 (HTQ‘Tb) - ITb_Ta+1 HTalTb
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Also, for any T > T, > 1 and k € {z,h} we define AB T g AR T 1T g submatrices of A

Tout1|T T, +1|T T, +1)7 that

correspond to shocks from periods [1,7,] and (T, T, respectively. We also define the matrix that project out
the time fixed effects:

B.1 Partl1

B.1.1 Technical lemmas

Lemma B.1. Let I, be an orthogonal projector on p-dimensional subspace or RT and consider a T X n matriz

A such that ””ﬁ‘”;”s =0 (ﬁ) Then we have

[(Zr = Allus
=2 =1+40(1).

Al s
Proof. The result follows from a chain of inequalities:

|@r —Allus
|Allzs

AL s 0] Allon ( 1 )
-1 < < =DpXxo0 =o(1).
’ Ales = JAlzs VP \ U5

O

Lemma B.2. Suppose v\*) and v™) are independent, isotropic mean-zero vectors with independent coordinates
and subgaussian norms bounded by 1. Then for any x < 1 and an absolute constant ¢ we have with probability

2
at least 1 — 4exp (_ch%)
1B11Z,

N Allopl| Bllzrs

‘(V(z))ABV(Z) - tr(AB)‘ < )
1Bllop

[Allopl| Blizrs

(V(z))ABV(h)‘ <z
‘ 1 Bllop

Proof. Proof follows directly from Hanson-Wright inequality and its proof (e.g., Theorem 6.2.1 in Vershynin
(2018)). O

B.1.2 Theorems in the main text

Proof of Theorem 1:

Proof. We start with the TSLS estimator which under Assumptions 3.1, 3.4 can be represented as

ot
DWTSES)el) + £ p(60), D)o

\
1)/ (D) ()T (i) - e + Jo (€G)) T (I ) -

WL + (;fw(w D)3(6))/5(D) ()T (11{j7) e (21)

T -7 =
TSLS (w)

xf ur

B-4



We have for k € {y,w}

k z k z z k z k
g‘%( TSLS)E( ) — ag‘%(wTSLS)A( ) (2) ”a( )( TSLS)E( )|| " Ha( )( TSLS)A( )”2 <

o™ lop HwTSLst

vTn

Aoy S 1, (22)

where the first implication follows from Assumptions 3.2, 3.3, and the last inequality follows from Assumption

3.6. We next apply Lemma B.2 for z = %, and use Assumption 3.3 and Lemma B.1 to get

1
DT = o sroain + O (= )

7T
T z 1
HENT@l e =02 40, ().

Using these bounds we get

(2.3)

ﬁgg)ﬁ'g(y)pllTo—h,l\T + Op (ﬁ) pég)ae(y)pHTUh,l\T + 0( ) + O (ﬁ)

TTSLSTT = iy - RN )
Pes Ogew) PLTOR AT + Nx0 DO 1T + Op (ﬁ) pes’ Tow) PLITOR AT + Ne0DO 4 17 + 0(1) + Oy (ﬁ)

and the result for the TSLS follows.
Under Assumptions 3.1, 3.4 we have

Trob — T =

1 ( ) 0 (2) 1 robp(y) ¢ _(h) fir 1,(2)
! (wWrP)e €rp1r T 7y Pnw; *9;" (fT +1|T) (HTO+1|T) €Ty+1|T

VT XTo+1|T (2.4)
O‘(Q%L-uT( )ET0+1\T + P"‘*’;Dbagw)(ew 1 T)T(HTU+1|T)J_ ’(1“20>+1\T + M (€ ’(Tzo)+l\T) (HT +1\T) 6T0)+1|T
VT1 Ty Ty
Similar to the result above we have:
i( YTl ) he®) = +0 L
T, To+1|T) €~ = PTo+1TOh,To+1|T 02, To+1|T \VT, ) 25
1 2\ T fir 1L (z 2 1 .
?1(6( )) (HTO+1\T) ) = 0 To+1|T +Op ﬁ )
and by (2.50) we have
robn(w) robp(y) HwTOb”Q
Prwi?®0;"" = 0p(1), Ppwi?0;” = 0,(1), T = Op(1).
By definition e(T ?) T = A(TO) +7;(]I; ur % )+1\T + A(Tz ), +11|‘TT‘3 ﬁ% , and by concentration for anisotropic vectors we have
2),1|T, 2),1|T, ), 1| T ), 1| T
IAS v b = 1AS R s + 0y (1AS3 1R lop ) < Op(IAG R ). (2.6)
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o are independent of ) by construction, we have for k € {y,w}

Since the weights w] To+1|T

(k) roby (z) rob (2),To+1|T_ () (k) rob (2),1]T¢ (Z)
||aTo+1\T(w )e Tg+1|TH2 HaTo+1|T( )ATO+1O|T Y1 +1|TH2 + HaTng1|T( )ATO+1|T0 1|T0H2
[ [lop lw™?]2 To-+1|T 1
( et (A ey + 1A R s) ) = 050 (27
The result for 77°° then follows by combining all the bounds. O

Proof of Theorem 2

Proof. By (2.51) we have:

T0 w 1 TO 1 1 T0
Phwi®6\") = o, <\/TT>> Pwi®0¥) = o, <JTT)> %Hw b Wty = 0p(1). (2.8)

Using the expansion from the previous theorem we can conclude that the dominant part of the error is coming

(y) 'rob) (2)

from o

T0+1|T(w €Ty41|T" We can split this term into two parts:
(v) by (2) (v) b dety (2) (v) dety (2)
aTO+1|T(wT0 Jer, +1|T = O‘T0+1|T(°Jm — Wy e, yyr T+ O‘T0+1\T(WT§ )6T0+1\T (2.9)

By a straightforward extension of the argument in the previous proof we can conclude that the first term is o,(1).

Using this we get the following expression:

(v) det\ A (2)
. HaT +1|T(wT )AL +1|TH
VT (Frop — 7) = 2 o ° 2 2¢, + 0p(1). (2.10)
T z,TO+1|T

where &, is a sub-gaussian centered random variable with unit variance. To justify normality we use the bound:

) dot) ) ( AP ) W) et
RTC ) (CIO) N o

(v) e (2) min e '
HO‘I%,+1|TW%J AT0+1|TH g HO‘TO-H\T dt )

where we used the bound
2

(y) det (=) _ (¥ dety p (2),To+1|T

HO‘TO+1|T Wy ATO—H\TH *HO‘T +1|T( )ATO+1O|T H +
(y) det (2),1|T¢ (y) det
o @EOAIE ] > o2illal @B (212

Using Lindeberg’s CLT we can conclude that &, converges in distribution to a standard normal distribution. O

Proof of Theorem 3
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Proof. The hypothesis of the theorem guarantees that /71 (70p — 7) is asymptotically normal. We thus only
need to guarantee that G, is consistent for the asymptotic standard error. Following the steps of the proof of

Theorem 1 it is straightforward to show that 7., is consistent for n,. We also have

2
1 Yry<<r Zi L@ @\ (mtr Yoae o)
To<t<T

U?,TO+I|T +0p(1), (2.13)

where the last inequality follows from Lemma B.2 for z = o(1), Lemma B.1, Assumption 3.3, and definition of

o2, 41y Finally, we have the following:
~ () dety A (2) (v) dety A (2 det ~(Y) d t (2)
ar, +1\T<WT§ )ATO+1\TH HO‘T +1\T(WT§ )ATO-H\TH ‘ < HO‘T0+1\T<WT§ ) - Qg (wy) H HATO-H\T op

det
(HO‘TOH\T wry)

() det ~(y) det
<HO‘T +1|T (W) — 7, +1|T( 5)

(y) det ~(y) det
. HO‘ﬁH\T(“’Ti ) = Ay (W)

)+
2
det

Op (HO‘T +1\T(°"To

(z)
VA, 1 = A llop =

(v) det ~ () det
) + HO‘T +1\T(WT$ ) - aTO+1|T(sz )

2) (2.14)

det) ~(y) ( det)

The result holds as long as Hag“y)-l,-l\T(de“zt) = 0p(1) and HaT +1|T(WT0 —Qpyr , = op(1). The
second part follows from consistency of 7., and (2.50) that guarantees IP’nw“’bG(y) op(1). The first part follows
from the consistency of w/°® and Assumption 3.6. O

Proof of Proposition 1:

Proof. Consider w; = egd) — Pnegd), it does not satisfy the scale constraint, but as we will see, later it does not

matter. By concentration for sub-gaussian vectors, we have with probability approaching 1:

2
1 1 1 1AL 1
- Zwﬂgk) = *|(6(d))THlLf@(k)|2 < og(n) | 13 < Og(n). (2.15)
n i<n n 7 n n n
mt, L) (mhr )t it g
Define L1|T = U Ta A NTa) %ﬂlm) and Eﬁf% =t iiny <a ‘T“> ; we have
2 1 1 2
(k) _ T 7 (k) T (k) T (k)
> (at,uTa(w)) == Hw Ly, +w' B, H < ﬁ( ) Ly, H 2) (2.16)
t<T,

By concentration of anisotropic sub-gaussian vectors, we have with probability approaching one

‘H 'L, log(n) (2.17)

o] Vioe) HL”T

.~ |12,
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< 1. Similarly, we have conditionally on E*) with probability approach-

By assumption we also have HLllT H

ing one:

e

By concentration of subgaussian random matrices, we have with probability approaching one

H £
1T,

1|T Hs op (2.18)

+
op nTa nTa

= (k)
HEuTa

< Vn VTa

<1, (2.19)

and by Hanson-Wright, inequality

2 tr (2(1]‘6% )

(k) 1 2.20
|0, = 7 +op(l). (2.20)

1T,

It follows that with probability approaching one, we have

> <a§k1)|T (w ))2 < loeln) (2.21)

n
t<T,

Finally, for the denominator, we have

ot > | + B = VA, s + B W+ 2om ( (B0 21, ) 2
tr (ig’f%a)
7 o) (2:22)
Combining all the bounds and using the fact that %Zign Diw; = 02 + 0,(1) we get the result. O
Proof of Proposition 2:
Proof. The proof follows the same steps for Proposition 2 and is omitted. O

B.2 Part Il

B.2.1 Balancing bounds for quadratic problems
For arbitrary matrices {Lj}X_, and vector ¢ consider

K
7o = arg min {Z | Zwal}3 + <2||m||§} ,

=1 (2.23)

subject to: ¢'x = 1,
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and let V2(¢?) be the optimal value of this program. Our goal is to upper bound || Lyag||2, which can be
interpreted as a measure of imbalance. A trivial bound is || Lyxoll2 < V(¢?), and our goal is to establish a
better bound under additional conditions on matrices Ly.

Consider a related program

C—ZL Bk

{,Bko}k 1 :=arg min

2
+¢? Znﬁkng : (2.24)
{Br}E, ) 1

next lemma describes the balancing properties of g in terms of {8y x}2_, and VZ(¢?).

Lemma B.3. Suppose ||c||2 # 0, then for any k we have

ILkzoll2 = V(¢ Broll2- (2.25)

Proof. Using duality (constraint qualification holds because ||¢|| # 0) we have

K
V3¢ = min {Z |zl + <2||x|%} =

min  max {Z)\k | Lxx|l2 — tr) —|—Ztk+g2|x||2+u(1—c x)}

z’{tk}kK: A>0,1 1

K
min ,BLkac—tk 2 + 2m2+u1—ch =
z, {te } 5, Hﬁk”2<1 )\k>0M {ZZ: F ’; kHC ” H2 ( )

K K
min {Z Me(BY Lz — ) + Zti + 2|3 + p(1 — chg)} =

ma
|\5k”2<1 >‘k>0/1‘wl{tk}k 1 k=1 k=1

Zﬁ;;rLk

max
B>t 442

—<2ﬂmh>ﬂ¢:

2
max C

e s e, + e (S 1sz)

We can express xg in terms of the solution to the dual problem:

(e =i LiBro)
e~ iy 27 B[, +¢2 (S NBeol3)

o —
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Using the first-order conditions for the dual problem, we have the following for any k:

K T
<C - ZLgﬂk@) L = B0 = | Lrxolla = V(S Br.oll2;
k=1

where for the implication, we used the relationship between xq and . O

By construction, program (2.24) is invariant to the left rotation of Ly (the I3 norm of coefficients does not
change). By virtue of the SVD decomposition, we can, without loss of generality, assume that each Ly is a

product of two matrices,
Ly, = UyDy,

where each Dy, is a diagonal matrix of size py = rank(Ly), with positive values on the diagonal, and
U/ Uy =T,,. For a given k let s, € RP* be a unit vector and define U(sy,) := Ux Dgsk, o(sg) := [|U(sk)|2,

u(sy) == ﬁU(sk). Fix k and observe that (2.24) is equivalent to the following one:
2

({Bo,1}1£k> 50,65 Ao,k) = arg  min ¢= ZLITBI —u(sk)o(si) || + ¢ Z 183 + A% | »
{Bi}izk,5k, kK Ik 1#£k
2

where 8o = s and ||Bokl2 = |Aok|. For fixed k, s and ¢? define

V3(sx,¢%):=  min > O ILexls + Cllal3 ¢
ziu(sg) Tz=1 12k

and let z*(u(so x)) be the solution to this problem. Next lemma connects ||Bo k|2 to VZ(sox, ¢?), ¢?, and

U(SOJ@)~
Lemma B.4. Suppose ||c||2 # 0, then the following bound is satisfied for all k such that px > 0:

o(so.k)
V2(s0,,¢2) +0%(s0,k)

1Bo.kllz < llell2 > [l2* (u(so,r))ll2 x (2.26)

Proof. Fix k with py > 0 and stack matrices {L; };z into a large matrix LT, and define p_j, := Zl# pr. Using

inversion for block matrices we get the expression for Ag :

o CT{J(SOJC)
UT (s0,4)U(s0,6) +¢2
U(sor) = U(sox) — LI (L_x LT, + T, ) ' L_xU(s0.4)-

Ao,k
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Define @(so ) := %U(soﬁk). We have

o SO,k)

(6000) D) = o000 I+ ¢ )
0.k) (s0.k) = 0(s0.6) | [a(s0.0)113 + > Ivoa(s0x)l3 | >0,
1%k

where {’V()’l(soyk)}l;ék is the solution for the optimization problem:

<-2
{70,1(s0,k) }1£6 = arg max
b | o) = Xpep Ll nll3 + @ X I nll3

By the same argument as in Lemma B.3, we have equality between two problems:

¢? . 2 2012
max = min |Lgz||5 + ¢
{nhizn { Ju(so0,k) = 21en L ll3 + €2 20025 1ll3 ziu(so,k) Te=1 #Zk ? ?

¢Cllz* (ulso.6)) 2

Using Lemma B.3 we get ||a(so.x)||2 = V250, ¢ - Combining this result with definition of A, we get the
bound
llellzo (s0.k) (50,5l R (s0.1)
Aokl < ’ : < lellz x fl=" (ulso,x)ll2 X : ,
¢2 + 02 (s0.0) pare ey VEon ¢+ oo
where we used the CS inequality. Since |Ag x| = ||Bkll2 we get the result. O

Next corollary combines the bounds from Lemmas B.3, B.4.

Corollary B.1. Suppose ||c||2 # 0, V2(sox, (%) S €%, VZ(¢?) S V3(s0.k,¢?), and ||c||2 S 1. Then the following
holds for all k such that pr, > 0:

2
ILkxoll2 < min {U(go,k)’ O’(Sovk)} . (2.27)

Proof. Combining the bounds (2.25), (2.26) we have the following for all k:

V2 (s0,5,¢*)o(s0,1) <min{ ¢?
o

L < V2(¢? < -5 )
IEssalls < VA Broll S gt T i {0}

B-11



B.2.2 Oracle bound

This section establishes a connection between a random and a deterministic optimization problem. Consider a

T x n matrix L with a special structure:

L=HO+L, E[H] =0,

where a k x n matrix © and T x n matrix L are deterministic. Let Z be a random T x p matrix, define a

random variable

o ming By z||L — Z®| 36

A= hing ||L — 20|34

)

where ® is a p X n matrix. Let A C R™ be a convex set, define solutions to two programs

eri=arg i {pLa = 20l + ¢Cllal3 .
: (2.28)
To 1= arg min {EH z [||L$ - Zq/’“%] + CZHx”%}’
€A YERP ’

and define § := 1 — xg.
Define projection matrices Il := Z (ZTZ)f1 ZT and I+ := Zp — II. By construction, we have:
in ||Lz — Z||3 = |+ Lz|3
min ||z — 26| = 1T Lo,

and can re-express x; differently:

o 1= argmin {201 Lal|§ + ¢2lo3}.
z€A

Using the definition of L we expand the expectation:

|HOz — Z|3] .

Enz [||ILz — Z9|I3] = | Lel3 +Enz |
The minimum value of the second part can be expressed differently:
min By 7 [|HOz — Zy|3] =2 'O "En z[(H — 2¥*)" (H — ZV*)]Ox,

where U* = (I[EHyZ[Z—'—Z])f1 Ep z[Z7 H]. Similarly for ¥ = (Z—'—Z)f1 (ZTH) we can express the empirical

value:

min |HOz — Zy||2 = 2O (H — 29)" (H — Z¥)O.
€RP
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Define two matrices
K :=E[(H-2ZV*)"(H - Z¥")], K:=(H-2Z¥V)"(H-29). (2.29)

and suppose that a symmetric matrix K is invertible. Define a relative distance between K and K:

Nl
N

E=K*(K-K)K *=1,-K KK 3%,

and several quantities that govern the behavior of the bound later:

e (TILS |13 ¢ |zg LTTILS| ¢ |zg © T HII' L6|

= 5 2 = T= . .= . 3 = ~ Pl

' 16113 I L][2|| Laol|2 152 Oz|2| L] 2
_|ag LTI HT 64| _ |z{©THTIITHOS|

&= ——, &= .
| K203 2||Lxo|2 | K 2 ©z0l|2|| K 2 0|

Define a set A; on which three inequalities hold:

1

1Bllop < 5 L83 = 5 (I HO0)3 + T LaJ3) . |2~ 1 <

N |
e

In addition, define a set Ay on which another inequality holds:
=6

Next lemma provides a connection between two programs (2.28).

Lemma B.5. Suppose matrixz K is invertible, then on A1 N Ay we have the following bounds:

1K260]|2 < (| Ellop + & + |1® — 1|65)|| K 20||2 + (€4 + 2 + |u® — 1])|| Lao]|2,

ILS]|2 S (1 Elop + &3 + |1® — 1€5) | K20 |2 + (€4 4 &0 + | — 1)) || Lao]|2, (2.30)
18] < (I Elop + &3 + |52 — 1/€5)|| K 2 Ozol2 + (€4 + & + 1% — 1)) || Laol|2
~Y C .

Proof. Using first order conditions for (2.28) we have two inequalities:
ple] LTI LS + 26 <0, 2] K64z LTLo + zfd > 0.
Combining these inequalities, we get:

P2 LO|% + C6])2 + 20 ©T(K — K)O 6 — ) LTTILS + p2ag © T HITY LS + p2a LTI HOS+

(u? = Vg LTIHLS + (2 — 1)z ©THIIHHOS < 0.
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By CS we have

(42 = V)ag LTI L] < | — 1| Laolls | 29]l2

(1 = 1)ag ©T HT I HOG| < &|u? — 1]|K O ]| K 2 O3] -
By definition using the fact that K is invertible:

I HO|2 = (05)T KOS+ (06)T KZEK205 > || K206|2(1 — || Elop),
2g ©T(K — K)OT8 > || KZ0wo||2||Elop|| 2O 62

By the properties of the projection matrix and definition of £2:
T La|f3 = [1L83 — ITLLS|13 = [ L6]13 — £2(16]13-

Combining these results, definitions of &9, &3, &4 we have the following on Ay N As:

3 1 3,5 3 1 - ~ 1
0> —|IKF03]3 + L33+ Scol13 — (153 Oaolle (1| Ellop + 12 = 11¢5 ) + EallLaolls) 1K 207 ]|

N . .
(1153 Ozollags + (€2 + |42 = 1)1 Loll2) I Z6]l2
This expression has the following form (for appropriate x1, x9, 3, a1, az):

0> 2% + 23 + 23 — 20171 — 2a9w = (x1 — a1)* + (v2 — az)? + 23 — a} — a3 =

1 < ay++/a?+a3 z1 S a1+ az
o <ag+ /a2 +a3 = w2 Sartas

r3 < +\/a? + a3 r3 S ap + as.

Substituting x1, z2, z3 and a1, as we get the result. O

B.3 Part III

Lemma B.5 and Corollary B.1 allow us to connect the empirical problem to a deterministic program for which
we have a general bound. These results do not restrict the dimension of H as long as their assumptions are
satisfied. In particular, we need to guarantee that the hypothesis of Lemma B.5 holds with high probability

and establish high-probability bounds on £1,...,&;. These guarantees can be established under different
assumptions on H, and below we prove them for the one-dimensional and sub-gaussian case. As long as the

dimension of H remains bounded one can establish similar rates at the cost of more elaborate notation.
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B.3.1 One-dimensional subgaussian noise

In this section, we analyze the bounds from the previous section under additional assumptions on H and Z.

Assumption B.1. Suppose L = HO + L, where
H= Ahl/dh, 7 = Azl/dz7

and dp, = (1,0), d, = (p,\/1 — p?), v is a T X 2 matriz, and Ay, A, are T X T matrices.

Our goal is to lower bound the probabilities of sets A;, Ay and bound &7, &, €3, &y, &5 under the tail
assumptions on v, restrictions on Ay, A, and p. All asymptotic statements in this section are with respect to T

going to infinity.
Assumption B.2. Random variables viy = (V) ,x) are i.i.d. acrosst and k, and |[vyilly> S E[v7,] > 0.
Assumption B.3. |p[ < ¢, <1, [[Azllop ~ [[Anllop, [Anllms ~ [[Azllas, [1Anllop = o (|An][as)-
Next lemma established properties of K define in (2.29).
tr(A)AL))?

Lemma B.6. Suppose Assumptions B.1, B.2, B.3 hold, then K = (1 - p2|A(z|%IS|Ah)|)2M> E[v2]||Anl%s > 0.

Proof. Result follows from definition of K:

E[HT Z]? E[H Z)?
K =E[|H|3) - ———SE[|Z]3) = E[|H|3] | = =7z ) »
RERCIEAE “\ T ElZBENHT)

and Assumptions B.1, B.2, B.3. O
Lemma B.7. Suppose that Assumptions B.1, B.2, B.3 hold, and E[v2] = 1. Suppose max{z1,z3} < %,
x2 < % Then with probability at least 1 — cexp(—cx?) — cexp(—ca3) — cexp(—cx?) we have

HI3 — ||é\h||§15| <z [Anlop 7 213 — H;\z||§zs| < 2 1A llop ,

[AR[I7 s ARl A= N7s A s (2.31)
ZVH — ptr (AT A, Anllo '
AR 7 s [Anllzs

Proof. We focus only on the first inequality, the second follows in the same way. By Hanson-Wright inequality
the inequality holds with probability at least

. Anllop o ( ||Ah||op)2 1A I35 2
1—2exp| —cminqx , T =1—2exp(—cz?),
( { Wanlas” ™ \Thnllus) [ TAnIE, (~ezd)
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where the second equality follows from Assumptions on 1. To analyze the last quantity we split it into two

using Assumption B.1:
|ZTH — ptr (AZTAh) ‘ = |p||th/TAZTAhl/dh —tr (AZAh) | + 11— p2‘l/(T1)A;rAhV(2)|

For the first quantity we can use Hanson-Wright inequality as before, utilizing Assumption B.3. For the second

one we can use the argument from Vershynin (2018) Theorem 6.2.1 to make the same conclusion. O
.. . . 3 HTZ . . ptr(A:Ah)
Define the empirical regression coefficient ¢ = 1212 and its population counterpart ¥ = AL Next
2 zZIlHS

corollary quantifies the error of ).

Corollary B.2. Suppose Assumptions B.1, B.2, B.3 hold, then for any x < %

7 Az 19}

[ — | < :zr”A¢ (2.32)

1Az ms
holds with probability at least 1 — cexp(—cz?). In particular, 7,/; is consistent.
Proof. By construction ’(/AJ is scale invariant with respect to v so we can assume ]E[I/fk] = 1. The result then
follows from applying Lemma B.7 together with the following expansion:
te(A] AR (1Z)15-11A= 12
R ZTH 1 ZTH _ ptr (AZTAh) + P ( z h”)/(\”z”%i, || HHS)
R 71 B W 8 1+ 2B T T
A=11% s
O

Lemma B.8. Suppose Assumptions B.1, B.2, B.3 hold, and E[ka] = 1. Then for x1,z2 > 0 and a unit vector

u inequalities
[H | < a1l|Anllops |27 u] < zal|Asflop (2.33)

hold with probability at least 1 — 2 exp(—cx?) — 2exp(—cx?).

Proof. We show the first inequality, the second follows in the same way. By concentration for independent

sub-gaussian random variables we have that the inequality holds at least with probability

2 2
xIHAh”op
1— 2exp |~ 2hlop ) (2.34)
( [ Anull3
Since [[Apul|3 < [|An|[2, the result follows. O

Lemma B.9. Suppose Assumptions B.1, B.2, B.3 hold, then E[{A;}] — 1.
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[tr(A] An))l

Proof. E is scale invariant, so we can assume that E[v3] = 1. Let  := /(1 — p2)m
definition
ol KoK (I3~ 18nls) — w2 (1208 ~ 8 0s6) + (02 = 321213

K k2| Al

As a result, if the following inequalities hold, then |E| < %:

1
I3 = 1Anl7zs| < g% l1An]Frs,

1

1 A2l Anlrs
8 max{?,1}

Z2_ AZ 2 < . .
1215 = 1A s < i { 124 %6

1 R
alBrss 5IAas o 102 =71 <

By Lemma B.7 and Corollary B.2 these inequalities hold with probability approaching one.

For the second part of set A; we have

1 ~ 1 1 ~ ~
Jt L6113 — 5 (I HOS |3 + I+ Lo|3) = S HOG |5 + 5T Lo +20TOT H I+ Lo =

< 1, by

1 o )
§5T (@THTHLH@ + LTI L+ 4@THTHLL) 6.

To guarantee that this expression is nonnegative, we need the underlying matrix to be positive semi-definite:

O"TH I HO+ LI L +40"H'IIL > 0.

oT
ellz-

By construction it is enough to check this inequality on u :=
|OI2H "I+ H + 4]|©||oH "I+ Lu + L "I+ Lu > 0.

This inequality is satisfied as long as

|H T+ Lu|
[T H |2 [T+ L

1
< 57
-2
which is validated by the following inequalities:

K4 Eulls

1 1 ~ 1. -~ ~ 1~ -
O H|, > =K=, |[I*Luls > =|L H"Lu| < Kz||L Z Ly < — 12
I Hll = S8, T Lulle = S Eulz 1T Lul < K| Lull, 177 Lul < S

-yl <1
We have the following expansion:

(ZT Lu)?

I H|3 = [ H3 213, 1T Lul3 = || Lull ~ 1212
2
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and thus the result follows from Lemmas B.7 and B.8.

For the final part of set A; we expand p?:

5 _ LIl + K013
Il + 103K + 20T L(H —42)
e (K—fA()H@II%—A?@ﬁ(ﬁ—ﬁZ) e
ILI}s + IOI3K + O3 (K — K) +20TL(H —¢2)  1+e

=

Suppose that |e| < £, where z < 1, then it follows [u? — 1| < z. If next inequalities hold, then |e| < a:

K — K|
K

0" L(H —$Z)|

=|E| < 72 2
IL1%s + OI3K

<

|8

X
27

From Lemma B.7 it follows that |F| < xHHAA;hH”;ps with probability at least 1 — cexp(—2?) for # < % By

Lemma B.8 and Corollary B.2 next inequality holds with probability at least 1 — cexp(—cax?).

©TL(H = 92| _ || LloplAnllon

OTL(H ~02)| < 2\ /EWR] | Elopll©]l2]l Anllop = - <l .
el ler P Ll + 102K, ILluslAnlus

Using appropriate x we get the result. O

Corollary B.3. Suppose condititions of Lemma B.9 hold, then with probability approaching one we have

3 3
€3] < \/; €] < 3 (2.35)

Proof. Using the results of the previous lemma we have with probability approaching one:

HIM|)2 K+K-K 3 TOoTHIL LS HIT-
[HOYE K4 Rk oy 3 0TI s _ |HI
K K 2 [ K2 Oz0l|2]|Lo||2 K=
For &5 we have
|xJ®THTHlH@5| _ ||HHL||§
| K2 Oz0]|2]| K204 K
and thus the same conclusion holds. O

Corollary B.4. Let ar be an arbitrary sequence such that ar — 0o and ap < Anllis

. Suppose Assumptions
~ [Anllop

B.1 - B.3 hold, then with probability approaching 1 we have

[[Anlop

2
w =1 <ar .
e T

(2.36)

Proof. Expansion from Lemma B.9 we have [y —1| < H”//x\:l\l‘:; with probability at least 1 — cexp(—cx?). Using
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x = ar we get the result. O

Lemma B.10. Suppose Assumptions B.1, B.2, B.3 hold, and (*> > %(2 + ar)?, where ar > 0 is an

arbitrary sequence such that — o0. Then with probability approaching 1, we have

HLTA llop
&< (2.37)

Proof. By definition of II we have
L33 I Awlls )
2 S ||LTHE||O _ V2|2 7
16113 g [Azv: |2

where v, := vd,. This quantity is scale invariant, so we can normalize E[2] = 1. We decompose numerator and

denominator

ILTAvelle LT Aslms _ 1L Asllgs +er LT Azllms _ ILTAlms
A2zl 1Az ms [A: s + €2 Az ms IA:las

(x+1),
as long as

o] < |

|€ | |AZ||HS

l\D\H

By concentration for anisotropic vectors these inequalities hold with probability at least

2
1—2exp fNL Qexp( cllA |HS>
AILTAZ, 1A:[[3

and with the same probability:

LTA,|?
1A= l7s
The result follows by using x = ar and Assumption B.3. O

Lemma B.11. Suppose Assumptions B.1, B.2, B.3 hold and let ap > 0 be arbitrary sequence that converges to
infinity. Then with probability approaching one

1Az lop
& <ar . (2.38)
Az ms

Proof. By construction & is scale invariant, so we can assume that E[ka] = 1. By CS inequality:

e LTOLS| _ |edETZ11Z7TE) _ |e§LT2] _ el
\Zola[Zaolls — 12131281l Zaoll> ~ 1Z]allEaolls — TA-Tas
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as long as

G L72] _ Aoy
IZ

1
1 Zllz = l[Azllms| < SllAzllzs,

Using concentration properties of anisotropic sub-gaussian vectors we conclude that the inequalities hold with

probability at least

1= 2exp(—ca?) — 2exp(—c||AxllFs /A2 ]12,)-

The result follows by using = ar and Assumption B.3. O

Lemma B.12. Suppose Assumptions B.1, B.2, B.3 hold, and ar > 0 is an arbitrary diverging sequence. Then

with probability approaching one

Az llop.
§a <ar 2.39
" Manllas (239
Proof. &, is scale invariant, so we can assume E[ka] = 1. By definition of the projection matrix we have By

definition we have
2y LTI H| < |og LTH| + [ — ol|2g LT Z| + [y||zg LT 2],

and thus &4 < cx provided the following inequalities hold:

|za LTZ| x lzg LT H| <z
ETESen |¢| [Anllrs, —=——

< — min mi
[Lzol, ~ 3

n Anllus, [0 —v| <L 2.40
HLxOHQ 3 { |¢|}H nlas, [ =9 < ( )

By Corollary B.2 the last inequality hols with probability approaching one, and from Lemma B.8 that for

max{|[A: [lop,[|A=llop}

=2z
[Anllms

the first two inequalities hold with probability at least 1 — cexp(—cz?). O
We collect all these statements together in the next theorem.

Theorem B.1. Let {ai1,aar} be arbitrary sequence such that HETG%H — 00, and agy — 00, and asr S \/T;
llop

suppose Assumptions B.1, B.2, B.3 hold,

”AZHOP < i HAhHOP < L Hz/HHS <1, <2 a’lT

[Alls ~ VT Anllas ~ VT

Then with probability approaching one we have:

1 7 1 asT | 7
max{||K200|2, || L2} S |K2Oxo||2 + —=|| Lz
{I 2, 1612} < ollz + = 1 Lol
VT

1 a ~
ol 5 X5 (|K%@a:o||2 ; \/2%||on||2>

(2.41)
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Proof. The result follows by combining Lemma B.5, results in this section, and using inequality

|AB|rs < min{[|Allop || Bl ms, [|All sl Bllop}-

B.3.2 Analysis of the estimator

Define Yi.1,, Wi.ty,, Z1.1, — the part of the data that corresponds to periods 1,...,Ty. Our estimator has the

following form:

2 2
rob _ [ Minen —voy — 1 Zunll, | [Winws — Yow —rwZinll, | o @l
W' = arg min > + o) + G
w 0,91 Too2 Toay, ) (2.42)
1 1
subject to: —DTw=1, =1Tw=0.
n n
Define
~ 1
D = %Hlny’
- 1 1 . 1 L
Vig, = ——— I}, (va’" ) . Wi = ——— I, W, (Hf"“ ) ,
HT UnThoy g, BT T HT Ty, T T
Hth*,Uh Zizt*,uh
t — ) t — .
Vo Vo
Define
~ rob : 2 |5 5 2 o T > S 2
W = arganllpn {My HYLTOW — Y1,y 21T, ) + Hay HWLTOW = Y1,wZ1:m, ) + Cn,T|w||2}
Y1

subject to: DTw =1,

2
where uz = % for k € {y,w}. By construction @™ = ﬁw“’b. We define the deterministic weights
k

2
- _
) + HWLTOW — Y1,wZ1:T,

2
~d : Yol ~7 2 2
st = argmin {B |[#lnw — w142, |+ Grllel}

(2.43)
subject to: DTw = 1,

and set 6 := @™ — Gdet
0

Under Assumption 3.1 we have
Yirg=Lyy +OyHiry + AZ1.r,, Wi, = Lwp + OuwHimy + 11217,
@ (w) o (w) _pw) (w) W) (AY — o
where (Ly,1.m)it = o + 705, (Loimy)ie = o, (©y)i = 0;7 + 76,7, (04); = 0;", (A); = 7m;, and
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(IT); = m;. Without loss of generality we can drop Z;.7;, from these expressions (since we later project them our

later), and get the expression for }N’LTO, WLTO
- . < e\ . . R Fr \
Yior, = Ly11, + eyHb (H1|T ) . Wir, =Ly, + @yleTo <H1[T ) ,

- . 1

where for k € {y,w} O = nl{f@k, and Ly 1.7 = ﬁnﬁka,lzTo (H{|;o) . By Assumption 3.3 we have
W) Hn = (00 ) A% — &, id

1|To 1:Ty — 1|To hb\/ﬁ = NpplVap,

S\L - 1 vd <
() 210 (045 ) 2~ ..

By Assumption 3.3 we have that Assumptions B.1-B.3 hold for (H{I’T ) I;TLTO and (H{"T ) Zl:Tg~ Define the

size of the residual variation in H- 1T
Ky, = min g [||H1¢To - ¢21:T0H3} :

By Lemma B.6 we have 0 < f(l:TO < 1. Invoking Theorem B.1 we can conclude

~ 1 S R log(1t .
wmace 1Ky, Ol | LBl S pmace {1561, @4l + B Lt
key,w key T() (2 44)
To L1 ~d log(To) 5 '
max Kz et det
1512 5 -2 e {1k But s + 20 i
as long as (2 = log(Tp)
We can express the problem for wdet differently:
~ det : FT 2 & 2 2 2
wr, = argmin Z Ly ynw| + Kir, (Orw + Gorllwllz
key,w 2 (245)
subject to: DTw =1,
Let Vg, ((%7T) be the value of this program. Assumption 3.5 guarantees that Vr, ( fL )< log(n) + n 7, which

under Assumption 3.6 and ¢? = log(Tp) implies

Ve, (Ghr) < G

log(To ~ det
~ o/ and HLk 1:ToWT,

SRV, log(TO . Using
2

It immediately follows that for k € {y,w} KI%:T0 ’(:)k&)%gt
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(2.44) we can conclude

log(Th)
max |P,w!°0%| = O 2.46
ke{yw) | =0y To (2.46)
We define for k € {y, w}
Vir(@Er)i=  min {1 Lynel} + | Lwimel3 + Kin (@) + Grllzl3} -
x:(—)lm:“@kﬂz
Assumptions 3.7 implies
log(n
VkQ,TO(CrQL,T) S # + CZ,T' (2.47)

Using Assumption 3.6 we conclude Vk2,T0< ELT) < %. We can thus invoke Corollary B.1 and conclude

1 ~
2 ~ det
Kl:To ‘@kwTo

log('T; ~
< min{w, ||@k||2}. (2.48)
To|[©k|l2

Under Assumption 3.6 ||©l2 ~ 1 and we can conclude using (2.44)

log(T¢
max} }]P’nwimbﬁﬂ =0, (Og(o)> ,

ke{y,w T()
(2.49)
131l = 0, | /" BT0)
2 P TO
We collect these statements in the following theorem.
Theorem B.2. Suppose conditions of Theorem 1 hold; then we have
1 T rob
max |in:‘0bef‘ — Op Og( 0) , ||bu' H2 5 1. (250)
ke{y,w} To \/ﬁ
If, in addition, conditions of Theorem 2 hold, then we have
log(T0)>
max |P,w!°0%| = O ,
kE{ny}} | P ( To
(2.51)
- - log(To)
b det
J@? — &g Hz =0y To

It is easy to see that similar result holds in the regime where ||©y]|2 — 0. The worst rate is achieved if

5 [log (T, . . . . . . .
1Ok]l2 ~ %‘)0), and in this case, there is no improvement in rate from using our estimator compared to the
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standard TSLS. If || O]l < \/%, then our estimator performs similarly to the TSLS in terms of rate,

othewise it dominates it.

C Heterogeneous treatment effects

In this section we sketch the argument for the convergence of w!® to limit weights described in Section 4.2. It
relies on the bounds established in Hirshberg (2021), and a formal proof can be completed by verifying the
conditions of Theorem 1 in that paper.

(k)

To describe the analysis under heterogeneous treatment effects we impose additional structure on D; and o,

for k € {y,w}:

alp) = () Ty + €,

(3.1)
Dy =By + 8" (11,60 ,0) + €,
where (egi’ ), egzv )) and egd) satisfy conditions of Proposition 1.
Using the dual for the oracle problem (2.45) we get that @%ﬁt is proportional to the residual
~ ~ 1 ~
At (D— Y Lunndl” — K2p,0ra8” (3.2)
ke{y,w}
where (dgy), déy)7 dgw), dgw)) solve the optimization problem:
2
~ - 1 .
D= 3 Luma” - Kig €| +Gr| X a3+ @) ). (33)
{al 3Qg }kG{y,w} ke{y,w} 9 ke{y,w}
Next, consider the expected version of this problem:
2
. = = k oA (k k k
Lomin EfD— 3 Lunal” - Kin Ol | | +Gr | D0 eI+ (@) ), (3.4)
{a1"’ a5 }ke{y,w} ke{y,w} 9 ke{y,w}
where the expectation is now with respect to the errors in (egf), E,E;U)) and egd), and define
~ ~ 1 ~
o (D= Y Linnal” — K2p, 048" | . (3.5)

ke{y,w}

For ¢ = log(Tp) results in Hirshberg (2021) guarantee [|0F, — @4¢'||l2 = 0,(1). Finally, as long as (7 converges
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to zero, the solution to (3.4) itself converges to the solution of the unpenalized regression problem:

2

min E [||D - Z Ek,l:Toagk)—KETOékaék)

(k) (k)
{a17,a5 Yree gy wy ke{y,w} 9

and thus residuals are equal (up to proportionality) to ¢;(d). As a result,

D Simulation details
Our simulations are based on the following model:

Y= 5"+ + LY+ 7Wa + 00 Hy + e}, m

Wi = Bl-(w) + /ng) + LE—Z”) +mi 2y + 9§w)Ht + 65—;”-

Here parameters {Bi(y),ﬁ-(w),ugy),ugw) LW W T, T, 957‘"), Ggy)}i’t are fixed, while egf), egzu) and {Z;, Hi }i<r

7 » it 0 it o

are random.

We set the treatment effect equal to the original estimate 7 = 1.43; we estimate unit-level regressions by OLS:

Y = aﬁy) +0:; 2y + f—:ﬁf),
(4.2)

Wit = OLZ(-w) +miZy + 55?)5

(w)
and use estimated 7; scaled by HTI:thHi =2.71n (5.1).

For k € {y,w} let E®) be the n x T' matrix of residuals from (4.2): (E®));, := égf). We construct Lgf) by

solving

2
L™ .= argmin Z (El(tk) — Mit) (4.3)
M rank(M)=13 "7}

which implies that L(*) simply sets all but 13 largest singular values of E*) to zero. We use the residuals

E® — L) o construct the covariance matrix:

1 (B9 1)’ (Y - L) (£ - L)
T\ o) e -) ()’

)

it

and generate (¢/?), e\™)) from N(0,X).
We estimate the model for Z, by fitting an ARIMA model to the data {Z;};<7 using the automatic model
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selection package in R, which delivers a MA(2) model with coefficients (1.15,0.53). We set H; to

H, =0.5Z, +V/1—-0.25Z,, (4.5)
where Z; has the same distribution as Z; and is independent of it. Exposures 91@) and HZ(y) are defined as

0" = 0.2m; + /1 - 0.226"),
0 =3 (03m + V1-032¢"),

(4.6)

where §i(w)7 fgy) are independent realizations of standard normal random variables.
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