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Abstract
The Baron-Ferejohn multilateral bargaining model predicts a payoff-unique stationary
subgame perfect equilibrium (SSPE) in which players' equilibrium strategies are not
uniquely determined. In this note, we present a modified version of the Baron-Ferejohn
model by introducing veto players and provide a sufficient condition to obtain a truly
unique SSPE in terms of payoffs as well as players' equilibrium strategies.

Abstrakt
Baron-Ferejohnv multilateradlni vyjednévaci model pfedpovida jediné stacionarni
subgame-perfect rovnovazné feseni pro vynos (payoff-unique stationary subgame perfect
equilibrium — SSPE), pfiCemz strategie hra¢l nejsou jednoznaéné uréené. V této
poznamce predstavujeme modifikovanou verzi Baron-Ferejohnova modelu tim, Ze
zavadime hrace s pravem veta, a poskytujeme postacujici podminku pro ziskani skute¢né
jediného SSPE feSeni, ve smyslu vynosu 1 strategie hraca.
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1 Introduction

The Baron-Ferejohn model is one of the most widely used legislative bargaining models to
study different aspects of distributive politics and government policy-making.! Despite its
wide use, there are still some issues that are not clarified enough in the literature. One such
issue is the uniqueness of a stationary subgame perfect equilibrium (SSPE). Eraslan (2002)

states on pages 11-12 the following:

While in their [Baron-Ferejohn, 1989] model they allow for the probabilities
with which the players are selected to be the proposer to differ, they only establish
the uniqueness of the stationary subgame perfect equilibrium when these recogni-
tion probabilities are restricted to be the same.

Baron and Ferejohn also show with an example that when the players have
different probabilities of being selected as proposer, the equilibrium need not be
unique. In particular, they construct an example with a continuum of equilibria.

However, in this example all the equilibria yield the same payofts.

The multiplicity of SSPE in the asymmetric Baron-Ferejohn game that Eraslan describes
arises from the flexibility to choose the randomization probabilities with which proposers select
coalition members. We first argue that Eraslan’s statement is not entirely true; the multiplicity
of equilibria that is present in the asymmetric setup is also present in the symmetric setup, i.e.,
the equilibrium is not unique in the symmetric setup either. Next, we present a modified version
of the Baron-Ferejohn game by introducing veto players and describe a sufficient condition for

a unique SSPE.

2 The Baron-Ferejohn game

A k-majority rule symmetric Baron-Ferejohn game is an infinite-horizon sequential multilat-

eral bargaining game with the following structure. At the beginning of each period, one of the n

'See Snyder, Ting and Ansolabehere (2005) and the references therein for further examples (especially foot-
note 6 on page 5). In addition, see Celik, Karabay and McLaren (2011a and 2011b) for its recent use in trade
policy.



(odd) players is randomly selected (equivalently, recognized) with equal probability % to make
a proposal for the division of $1. If the proposal receives k votes, 1 < k < n, it is accepted
and the game ends.? Otherwise, the game proceeds to the next period in which another player
(possibly the same) is randomly selected to make a proposal. This process continues until an
agreement is reached. When voting on a proposal, players compare their current payoff with
the alternative of continuing to the next period.? All players discount the future at a common
rate of J.

The equilibrium concept used is stationary subgame perfect equilibrium (SSPE). In a sta-
tionary equilibrium, a player who is recognized to make a proposal in any two different pe-
riods makes the same proposal in both periods.* Hence, stationary equilibria are history-
independent.

When selected as the proposer, a player makes a proposal that will be accepted by exactly
k players since she wants to maximize her own share of the dollar. In other words, she offers a
positive share to only k — 1 other players, thereby forming a minimum winning coalition.®> Let
pi; represent the equilibrium probability that the i*" player chooses the j™ player as a coalition
member when she is the proposer, and z;; represent the equilibrium share she offers to the j*
player in this case. Note that if the j* player is not in the winning coalition, then she is offered
a payoff of 0. When chosen as a coalition member, the j** player compares the current offer

x;; with her discounted equilibrium continuation payoff, which is given by

Tjj+ ZPU%] : (1)

i#]

1
Vy:g

This is the payoff the j'" player expects to get if she votes no to the current proposal, and
the bargaining is carried over to the next period. A proposer offers each player in the winning
coalition a share that is equal to the discounted equilibrium continuation payoff of that player.

So, when the i*" player includes the j** player in the winning coalition, it follows that

ZWhen the voting rule is unanimous, i.e., when k = n, the Baron-Ferejohn game has a unique SSPE. Since
this is obvious, we assume k < n for the rest of the analysis.

3To eliminate unreasonable equilibria, weakly dominated strategies are ruled out.

4Baron and Kalai (1993) argue that stationarity is an attractive restriction since it is the “simplest” equilibrium
such that it requires the fewest computations by agents.

3This follows from subgame perfection. See Baron and Ferejohn (1989) for a more elaborate discussion.



Proposition 1 The set of randomization probabilities {p;;} in a k-majority rule symmetric

Baron-Ferejohn game is not unique.
Proof. See the Appendix.

One solution to the symmetric Baron-Ferejohn game, for instance, has each player choosing
each possible minimum winning coalition with an equal probability (this in turn implies that
Dij = %). Another solution involves, if we imagine players placed around a circle, each
player choosing the £ — 1 players on her right with pure strategy. It is important to note that the
equilibrium strategies are balanced (see Baron and Kalai, 1993); i.e., all players have an equal
probability of being included in minimum winning coalitions when added up over all proposing
players. (Innevery SSPE, the probability that player j is included in a winning coalition is given

by 21+ py) = %)
2]

3 A Modified Baron-Ferejohn game

In this section, we present a modified version of the Baron-Ferejohn game in which there are
veto players who must be present in every winning coalition. Veto players are individual or
collective decision-makers whose agreement is required for the change of the status quo. There
is a huge literature in political science on veto players (see Tsebelis, 2002). Examples of veto
players include the President, the House and the Senate in the United States and the Prime
Minister and the chambers of Parliament in western European countries.

We first assume n = 3 and k = 2 (i.e., three-player simple majority rule game) to show the
result. Then, we generalize it. Consider the standard symmetric Baron-Ferejohn framework,
but now assume that the 15 player has veto power. Then, we have the following system of
equations.

When the 3™ player is the proposer, she surely chooses the 1% player as the coalition
partner and offers a share

1
T3 = 5§ (11 + o1 + 31], 3)

where the right-hand side is the discounted continuation payoff of the 1% player. Similarly,



when the 2" player is the proposer
1
To1 = 55 (211 + @21 + T31] . 4)

When the 1% player is the proposer, on the other hand, she has a flexibility as to whom to

choose as the coalition partner. Thus,

1

Tip = 5§ [T22 + P12%12] (5)
1

T3 = 5§ (33 + p13T13) - (6)

Since the right-hand sides of equations (3) and (4) are the same, we must have x3; = x5 =
1 — x99 = 1 — x33. In addition, for the 1*¢ player to randomize between the other two players,
we must have x5 = 213 = 1 — x1;. Moreover, we know that p;5 + p13 = 1. To simplify the
notation, let us denote x1; = x and x99 = x33 = y and pyo = p. Thus, x31 = 191 = 1 — y and
T =T13=1—1x.

Now, we can combine and rewrite equations (3), (4), (5) and (6) as

-y = 5ot (-y)+(1-y),

l—z = 5%[y+p(1—$)],

-z = d3ly+(-p)(1 ).

As a result, there are three independent equations with three unknowns, and therefore, there is

a unique solution. If we solve the above system, we obtain

_ (3-20)(2-9) (6 —0)(1— ) 1

6-5 V7 6-5 P72

How did we get a unique solution? The first thing to note is that the number of equations
is always equal to the number of players, n. Therefore, in order to get a unique solution, the
number of unknowns should not be more than n. For an n-player game, when s < n of the
players have veto power (i.e., they have to be in any winning coalition), there are (n — s)
randomization probabilities to be determined for each veto player and (n — s — 1) for each
one of the remaining players. The randomization probabilities add up to a certain constant for
each player, providing one degree of freedom. Additionally, the share veto players get, x, and

the share other players get, y, need to be determined. Thus, the total number of unknowns is

5



s(n—s—1)+ (n—s)(n — s — 2) + 2. In order to have the number of unknowns equal to the

number of equations, we must have

s(n—s—1)+(n—s)(n—s—2)+2=mn,

=s=n—2.
Thus, we have the following proposition.

Proposition 2 A k-majority rule symmetric Baron-Ferejohn game has a truly unique SSPE

when k = n — 1 and there are at least s = n — 2 veto players.

For example, for the case n = 3 and k = 2, it is enough to have one veto player to obtain a
unique SSPE. In this case, if the veto player is selected as the proposer, she chooses one of the

remaining two players with equal probabilities (i.e., p = %)‘



Appendix

Proof of Proposition 1. Two observations are important for the proof. First, Z Vi =1,1e,
j=1
the equilibrium continuation payoffs of the players must add up to the total size of the dollar.

This can be seen analytically by summing equation (1) over j:

n 1 n n n
D Vi= o | 2wt DD b
j=1 Jj=1

J=1 it
Note that

Z Zpij$ij = Z ijixjia

=1 i#j =1 i#j
n
SO Z V; can be rewritten as
j=1

n

n 1 n
Z Vi = - Z xj; + ijil"ji
j=1

j=1 i

n
Since z;; + Z pji%ji 1s equal to the total size of the dollar, we have
i#j

n 1 n
]Zlvj_ﬁ ]le =1. (7)

Second, since all players are symmetric, their equilibrium continuation payoffs must be
equal.® This implies V; = % for all j = 1,...,m. As a result, each player is always offered
the same share whenever she is in a winning coalition (except for when she is the proposer).

Similarly, the share the proposer gets is also the same for all players who are proposers:

ry; =xforalli=1,...,n,

(8)
zij = == forall i # j.

®Here, we provide a formal proof for n = 3. The main logic extends to any value of n. Without a loss of
generality, order the continuation values such that V7 < V5 < V3. First, suppose that V3 > V5. By equation (7),
this implies that V3 > % Since player 3 has the highest continuation value, she is in a winning coalition only when
she is the proposer. This means that V5 = %3333. Since x33 < 1, we reach a contradiction. Hence, V5 = V3. Next,
suppose V1 < V5, which implies that V; < % In this case, player 1 is always in the winning coalition. When she
is the proposer, she offers a payoff of §V5 to one of the other two players. When one of the other two players is
the proposer, she is offered a payoff of §V;. Thus, V; = %5V1 + %( 1 — 0V2). By equation (7) and the fact that
Va = V3, we have 1V, = % Plugging this into the previous expression, we have V; = %5\/1 + %(1 -0 %)

Simplifying leads to V; = % > %, so again a contradiction. Hence, it must be true that V; = V5, = V5.

7



Then, by using equations (1) and (8), we can rewrite equation (2) as

1— 1—a
r_ é [x—l— xZsz] forall j =1,...,n. )

k—1 n k— 14—
i#£]

As a result, we have n(n — 1) randomization probabilities together with x to be determined.
It is possible to reduce the number of unknown variables. First, since V; = %, the term in the

brackets in equation (9) must be equal to 1. Hence,

> piy=k—1forallj=1, . n
i#j
This further implies that it is possible to determine x uniquely. Given that V; = % for all 7,
equation (9) implies
o

i=v=1—(k—1)—,

0
Tij = ﬁ for all ¢ 7é j

In addition, notice that there is a total of G (n—1)! possible coalitions the i*" player may

—D)!(n—k)!
form when she is the proposer. All of these possibilities occur with certain probabilities which
add up to 1. The probability that the j™ player (j # i) is in the winning coalition, p;;, is
simply the summation of the probabilities of the possible coalition formations to which this
particular player belongs. Since all coalitions involve £ — 1 members other than the proposer,

the probability assigned to a particular coalition appears k£ — 1 times in the summation of the
n
randomization probabilities, E pi;. Thus, the randomization probabilities with which a player

J#i
chooses coalition members add up to £ — 1, i.e.,

> piy=k—1foralli=1,.n’ (10)
J#i
By making use of (10), we gain one degree of freedom for each i. Hence, we need to

determine only n(n — 2) randomization probabilities along with x, or n(n —2) +1 = (n — 1)?

7 An example may be helpful. Consider a 5-player game with & = 3, and assume that player 1 is the proposer.
There are 6 possible coalitions that player 1 may form: C; = {1,2,3}, Cy = {1,2,4}, C3 = {1,2,5}, Cy =
{1,3,4}, C5s = {1,3,5} and Cs = {1,4,5}, where the elements indicate the identities of players. Let ¢; denote

6

the probability that C; occurs. Note that Z q; = 1. Then, we have: p1s = ¢1 + q2 + q3, P13 = ¢1 + q4 + g5,

i=1
5

P14 = G2 + 41 + g6 and p15 = g3 + g5 + ge. This implies that Y pr; = 2(q1 + g2 + g3 + ¢4 + G5 + ¢6) = 2.
=2



unknowns in total. However, there are only n independent equations given by (9). Thus, for

any n > 3, the solution to randomization probabilities is not unique. m
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