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♦ ♣ ❡ ✈ ❛✐❧✐ ♥ ❣ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ✐ ♥ ✇ ❤✐ ❝ ❤ ♠ ♦ ❡ ❛ ❣ ❡ ♥ ❧ ❡ ❛ ♥✱ ✇ ❡❧❢ ❛ ❡✲

❞ ♦ ♠✐ ♥ ❛ ❡ ❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✳ ❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ❤ ♦ ✇ ❤ ❛ ❛ ❜ ♦❧✐ ❤✐ ♥ ❣ ✉ ♥ ❝ ❡ ❛✐ ♥ ②
❛ ❜ ♦ ✉ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ❛ ♥ ❝ ❡ ❧ ❡ ❛ ❞ ♦ ❛ ✇ ❡❧❢ ❛ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✳ ❚ ❤ ❡ ❡ ✉❧ ❝ ❛ ♥
❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞✱ ❢ ♦ ✐ ♥ ❛ ♥ ❝ ❡✱ ♦ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ❛ ❦ ❡ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ✇ ❡❧❢ ❛ ❡ ❡ ✉❧
❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣✱ ✐ ♥ ✇ ❤✐ ❝ ❤ ❛ ♥ ❞ ♦ ♠✐ ③ ❛ ✐ ♦ ♥ ✐ ♦❢ ❡ ♥ ✉ ❡ ❞ ♦ ❜ ❡ ❛ ❦
✐ ❡ ✳ ❲❡ ❛ ❣ ✉ ❡ ❤ ❛ ❤ ❡ ✇ ❡❧❢ ❛ ❡ ♦❢ ✉ ❞ ❡ ♥ ✇ ♦ ✉❧ ❞ ❜ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ✐❢ ✐ ❡✲ ❜ ❡ ❛ ❦✐ ♥ ❣ ♦ ❝ ❝ ✉ ❡ ❞

❜ ❡❢ ♦ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✲ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ✇ ❤✐ ❝ ❤ ✐ ❡ ❝ ❤ ♥✐ ❝ ❛❧❧ ② ♣ ♦ ✐ ❜❧ ❡ ♦ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ✳

❈ ❤ ❛ ♣ ❡ ✸ ✉ ❞✐ ❡ ❛ ♠ ♦ ♥ ♦ ♣ ♦❧✐ ✐ ❝ ♣❧ ❛ ❢ ♦ ♠✬ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦ ♥ ❤ ♦ ✇ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ❡❧❧ ❡ ♦
❝ ♦ ♥ ✉ ♠ ❡ ✐ ♥ ❛ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ❦ ❡ ❢ ♦ ❞ ❡ ♣❧ ❡ ❛ ❜❧ ❡ ❣ ♦ ♦ ❞ ✳ ❲❡ ✜ ♥ ❞ ❤ ❛ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❡ ❝ ♦ ♠✲
♠ ❡ ♥ ❞ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ❛ ♥ ❞ ❤ ✉ ❢ ❛ ❝✐❧✐ ❛ ❡ ❛❧ ❡ ♦❢ ❧ ♦ ✇ ❡ ✉ ❛❧✐ ② ♣ ♦ ❞ ✉ ❝ ✐ ♥ ♦ ❞ ❡ ♦
✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡ ✳ ❚ ❤✐ ✐ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ❛ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠
❝ ♦ ♠ ♠✐ ♦ ❛ ✉❧ ❡ ❤ ♦ ✉ ❣ ❤ ✇ ❤✐ ❝ ❤ ✐ ❞✐ ✈ ❡ ♦ ♠ ❡ ❞ ❡ ♠ ❛ ♥ ❞ ❢ ♦ ♠ ❤✐ ❣ ❤ ✉ ❛❧✐ ② ♣ ♦ ❞ ✉ ❝ ♦
❧ ♦ ✇ ✉ ❛❧✐ ② ♣ ♦ ❞ ✉ ❝ ✐ ♥ ✐ ♠ ❡ ♦❢ ❧ ♦ ✇ ❞ ❡ ♠ ❛ ♥ ❞ ✐ ♥ ♦ ❞ ❡ ♦ ❛ ✐ ❢ ② ❤ ❡ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♦ ♥ ❝ ♦ ♥✲

❛✐ ♥ ♦❢ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ❛ ♥ ❞ ❡ ♥ ✉ ❡ ❤ ❡ ② ❡ ❛ ♥ ♥ ♦ ♥✲ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♣ ♦ ✜ ✱ ❛ ♥ ❞ ❤ ❡ ❡ ❜ ② ❡ ♥ ❛ ❜❧ ❡
❤ ❡ ♠ ♦ ❛ ② ♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ✳ ❚ ❤ ❡ ✉❧ ❡ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❡❧❧ ❡ ♦ ♥ ❤ ❡

♠ ❛ ❦ ❡ ✐ ♥ ✐ ♠ ❡ ♦❢ ❤✐ ❣ ❤ ❞ ❡ ♠ ❛ ♥ ❞ ❛ ♥ ❞ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ❡ ① ❛ ❝ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✜ ❤ ♦ ✉ ❣ ❤
❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡ ✳

■ ♥ ❈ ③ ❡ ❝ ❤✿

❑ ❛ ♣✐ ♦❧ ❛ ✶ ❡ ③ ❛ ♠ ➙➦ ✉❥ ❡ ♥ ❛ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ② ♥ ❛ ③ ❝ ❤ ❛ ② ♠ ❡ ✐ ❝ ❦ ♠✐ ✐ ♥✲
❢ ♦ ♠ ❛ ❝ ❡ ♠✐ ❛ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♥ ♠✐ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ♠✐ ❤ ↔ ➲✳ ▼ ♦ ❞ ❡❧ ♦ ✈ ❛ ♥ ❤ ❡ ❦❧ ❞ ③ ❤ ↔ ➲

✈



❛ ✈ ② ↔ ❡ ♣ ❛ ❡❧ ♥ ❝ ❤ ❧ ♦ ❦ ❛ ❝ ✳ ❍ ↔✐ ✐ ③ ✈ ♦❧ ❥ ❡ ❞ ♥ ✉ ③ ❡ ❞ ✈ ♦ ✉ ❧ ♦ ❦ ❛ ❝ ✳ ▲ ♦ ❦ ❛ ❝ ❡ ✈➨ ❛ ❦ ♠ ♣ ♦ ✉ ③ ❡
♦ ♠ ❡ ③ ❡ ♥ ♦ ✉ ❦ ❛ ♣ ❛ ❝✐ ✉✳ ❱ ♣➦ ♣ ❛ ❞ ➙✱ ➸ ❡ ❡ ❧ ♦ ❦ ❛ ❝ ❡ ♣➦ ❡ ♣❧ ♥ ✱ ❥ ♦ ✉ ♦ ❞ ♠ ♥ ✉ ❤ ↔✐ ♣➦ ❡ ✉ ♥ ✉ ✐
♥ ❛ ③ ❜ ②❧ ♦ ✉ ❧ ♦ ❦ ❛ ❝✐ ✈ ♦❧ ♥ ♦ ✉ ❦ ❛ ♣ ❛ ❝✐ ♦ ✉✳ ❚❡ ♥ ♦ ↔❧ ♥ ❡ ❦ ✉ ❦ ❛ ③ ✉❥ ❡✱ ➸ ❡ ✈ ♣➦ ♣ ❛ ❞ ➙ ❦ ♦ ❡❧ ♦ ✈ ❛ ♥ ❝ ❤
♣ ❡❢ ❡ ❡ ♥ ❝ ♣➦ ❡ ✈ ❛❥ ❜ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ② ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢✳ ❈ ❤ ❛ ❛ ❦ ❡ ✐ ③ ❛ ❝ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡
❛❧ ♦ ❦ ❛ ↔ ♥ ❝ ❤ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ➲ ❥ ❡ ♣➦ ❡ ❞❧ ♦ ➸ ❡ ♥ ❛✳ ◆ ❛ ③ ✈ ➙ ✱ ❥ ❡ ♣➦ ❡ ❞❧ ♦ ➸ ❡ ♥ ♦ ♥ ➙ ❦ ♦❧✐ ❦ ♣ ♦ ❛ ↔ ✉❥ ❝ ❝ ❤ ♣ ♦ ❞✲
♠ ♥ ❡ ❦ ♥ ❛ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✱ ✈ ↔ ❡ ♥ ➙ ♥ ❡ ③ ✈✐ ❧ ♦ ✐ ♣ ❡❢ ❡ ❡ ♥ ❝ ✳

❑ ❛ ♣✐ ♦❧ ❛ ✷ ❡ ③ ❛ ♠ ➙➦ ✉❥ ❡ ♥ ❛ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ② ✉ ↔ ❡ ♥ ❛ ❜❧ ❛ ❤ ♦ ❜ ② ♥ ❛ ③ ❝ ❤ ✈ ② ↔ ❡ ♣ ❛ ❡❧ ♥ ♠✐
❛ ❦ ②✳ ❆ ❜ ② ❝ ❤ ♦ ♠ ❡ ✈ ② ❤ ♥ ✉❧✐ ❛ ❜ ❡ ♥ ❝✐ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♣➦ ❡ ❞ ♣ ♦ ❦❧ ❞ ♠ ❡✱ ➸ ❡ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡

❤ ↔ ➲ ❥ ♦ ✉ ❛ ✐ ✐ ❝ ❦ ② ♥ ❡ ③ ✈✐ ❧ ✳ ❍ ↔✐ ✐ ♣ ♦ ③❥✐➨ ➙ ♥ ✐ ♥❢ ♦ ♠ ❛ ❝ ♦ ❞ ✈ ♦ ✉ ❞ ♦ ✉ ♣ ♥ ❝ ❤ ❧ ♦ ❦ ❛ ❝ ❝ ❤
❥ ❡ ❞ ♥ ✉ ③ ♥✐ ❝ ❤ ✈ ② ❜ ❡ ♦ ✉✳ ❱ ♣➦ ♣ ❛ ❞ ➙✱ ➸ ❡ ❡ ❧ ♦ ❦ ❛ ❝ ❡ ♣➦ ❡ ♣❧ ♥ ✱ ❥ ♦ ✉ ♦ ❞ ♠ ♥ ✉ ❤ ↔✐ ♣➦ ❡ ✉ ♥ ✉ ✐
♥ ❛ ③ ❜ ②❧ ♦ ✉ ❧ ♦ ❦ ❛ ❝✐ ✈ ♦❧ ♥ ♦ ✉ ❦ ❛ ♣ ❛ ❝✐ ♦ ✉✳ ◆ ❡❥ ♣ ✈ ❡ ✉ ❦ ➸ ❡ ♠ ❡✱ ➸ ❡ ✈ ❛ ❦ ♦ ✈ ❤➦ ❡ ✈ ② ❦ ❛ ③ ✉❥ ✉ ↔ ❝

❛ ❡ ❣✐ ❡ ❤ ↔ ➲ ❛ ❡ ❣✐ ❝ ❦ ♦ ✉ ❦ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ✉✳ ❚ ♦ ♠ ③ ❛ ♥ ❧ ❡ ❞ ❡ ❦ ♥ ❡❥ ❡ ❞ ♥ ♦ ③ ♥ ❛ ↔ ♥ ♦ ➦ ❡➨ ❡ ♥
✈ ♣ ♦ ❞ ♦ ❜ ➙ ◆ ❛ ❤ ♦ ✈ ❝ ❤ ♦ ✈ ♥ ♦ ✈ ❤✳ ❯ ❦ ➸ ❡ ♠ ❡✱ ➸ ❡ ♣ ♦ ③✐ ✐ ✈ ♥ ❡ ① ❡ ♥ ❛❧✐ ② ♠ ❛❥ ③ ❛ ♥ ❧ ❡ ❞ ❡ ❦✱ ➸ ❡
✈ ♦ ✈ ♥ ♦ ✈ ❤ ➸ ♥ ❝ ❤ ❛ ✈ ❡ ❝ ❤✱ ✈ ❦ ❡ ❝ ❤ ❡ ✉ ↔ ✈ ❝ ❡ ❤ ↔ ➲✱ ❞ ♦ ❛ ❤ ✉❥ ❤ ↔✐ ✈ ②➨➨ ❤ ♦ ❜❧ ❛ ❤ ♦ ❜ ② ✉✳
◆ ❛ ③ ✈ ➙ ✉ ❦ ➸ ❡ ♠ ❡✱ ➸ ❡ ♥ ➸ ❡ ♥ ♥ ❡❥✐ ♦ ② ✈ ➨ ❛ ♥ ❝ ❝ ❤ ♥ ❛ ♣➦✐❥ ❡ ❤ ↔ ❡ ❧ ♦ ❦ ❛ ❝ ✱ ♠ ③ ❛ ♥ ❧ ❡ ❞ ❡ ❦
③ ✈ ➨ ❡ ♥ ❜❧ ❛ ❤ ♦ ❜ ② ✉ ❤ ↔ ➲✳ ❱ ❧ ❡ ❞ ❡ ❦ ❥ ❡ ♠ ♦ ➸ ♥ ♣➦ ♠ ♦ ❛ ♣❧✐ ❦ ♦ ✈ ❛ ♥ ❛ ♣ ♦ ❜❧ ♠ ✈ ♦❧ ❜ ♦ ✉ ➨ ❦ ♦❧ ②✱ ✈
❦ ❡ ♠ ❡ ↔ ❛ ♦ ✈ ② ✉ ➸ ✈ ❧ ♦ ❡ ✐ ❡ ③ ❛ ↔ ❡❧ ❡ ♠ ❛❧ ♦ ❦ ❛ ❝ ❡ ✉ ❞ ❡ ♥ ➲ ❡ ❡❥ ♥ ♦ ✉ ♣ ✐ ♦ ✐ ♦ ✉✳ ❚ ✈ ❞ ♠ ❡✱
➸ ❡ ✉ ❞ ❡ ♥ ➲ ♠ ❜ ② ❡ ❞ ❛➦✐❧ ♦ ❧ ♣ ❡✱ ❦ ❞ ② ❜ ② ❡ ② ♦ ❧ ♦ ❡ ✐ ❡ ❡ ❛❧✐ ③ ♦ ✈ ❛❧ ② ✈ ❞ ♦ ❛ ❡ ↔ ♥ ♠ ♣➦ ❡ ❞ ✐ ❤ ✉
♣➦ ❡ ❞ ♣➦✐ ❤❧ ❛➨ ♦ ✈ ♥ ♠ ✉ ❞ ❡ ♥ ➲ ♥ ❛ ➨ ❦ ♦❧ ②✳

❑ ❛ ♣✐ ♦❧ ❛ ✸ ❡ ③ ❛ ♠ ➙➦ ✉❥ ❡ ♥ ❛ ❝ ❤ ♦ ✈ ♥ ♠ ♦ ♥ ♦ ♣ ♦❧✐ ✐ ❝ ❦ ❝ ❤ ♣❧ ❛ ❢ ♦ ❡ ♠ ❛ ❥ ❡❥✐ ❝ ❤ ♦ ③ ❤ ♦ ❞ ♦ ✈ ♥
❥ ❛ ❦ ❦ ♦ ❜ ➙ ❛❧ ♦ ❦ ♦ ✈ ❛ ❦ ✉ ♣ ✉❥ ❝ ❛ ♣ ♦ ❞ ❡❥ ❝ ❡ ♥ ❛ ③ ❝ ❤ ✈ ② ↔ ❡ ♣ ❛ ❡❧ ♥ ♠✐ ❛ ❦ ②✳ ❯ ❦ ➸ ❡ ♠ ❡✱ ➸ ❡
♣❧ ❛ ❢ ♦ ♠ ② ♠ ❛❥ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ♣ ♦ ✈ ❛ ❦ ✉ ♣ ✉❥ ❝ ❦ ♣ ♦ ❞ ❡❥ ❝ ➲ ♠ ♥ ③ ❦ ♦ ✉ ❦ ✈ ❛❧✐ ♦ ✉ ③ ❛ ↔ ❡❧ ❡ ♠ ❛ ❜ ②
✐ ♦ ♣ ♦ ❞ ❡❥ ❝✐ ♥ ❛ ♣❧ ❛ ❢ ♦ ♠ ➙ ③ ➲ ❛❧✐ ❛ ❦ ✐ ✈ ♥ ✳ ❧ ❛ ❢ ♦ ♠ ❛ ❛ ❦ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ✉ ♠ ➙❧ ❡ ③ ✈ ➙ ➨ ✉❥ ❡ ❤

♥ ❛ ❦ ❡ ♠ ♣ ➲ ♦ ❜ ✳ ❚ ❤ ❛ ❦ ♠ ➲ ➸ ❡ ♣ ♦❥ ♠ ♦ ✉ ✈ ❝ ❡ ❦ ✉ ♣ ✉❥ ❝ ❝ ❤ ✈ ♦ ❜ ❞ ♦ ❜ ③ ✈ ➨ ❡ ♥ ♣ ♦ ♣ ✈ ❦ ②✳
❧ ❛ ❢ ♦ ♠ ❛ ✈ ❞ ➲ ❧ ❡ ❞ ❦ ✉ ❡ ❛❧✐ ③ ✉❥ ❡ ❞ ♦ ❞ ❛ ❡ ↔ ♥ ③✐ ❦ ② ✈ ➙ ❝ ❤ ♦ ♦ ❜ ❞ ♦ ❜ ❝ ❤✳

✈✐



❆ ❝ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ♠ ❡ ♥

■ ✇ ♦ ✉❧ ❞ ❧✐ ❦ ❡ ♦ ❡ ① ♣ ❡ ♠ ② ❣ ❛ ✐ ✉ ❞ ❡ ♦ ♠ ② ❛ ❞ ✈✐ ❡ ❏ ❛ ♥ ❩ ♣ ❛❧ ❢ ♦ ❤✐ ♣ ❛ ✐ ❡ ♥ ❣ ✉✐ ❞ ❛ ♥ ❝ ❡
❛ ♥ ❞ ✈ ❛❧ ✉ ❛ ❜❧ ❡ ❛ ❞ ✈✐ ❝ ❡ ❤ ♦ ✉ ❣ ❤ ♠ ② ❤✳ ❉✳ ✉ ❞✐ ❡ ✳ ▼ ❛ ♥ ② ❤ ❛ ♥ ❦ ❛❧ ♦ ♦ ❤ ❡ ♠ ❡ ♠ ❜ ❡ ♦❢
♠ ② ❞✐ ❡ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♠✐ ❡ ❡ ❏ ❛ ❦ ✉ ❜ ❙ ❡✐ ♥ ❡ ❛ ♥ ❞ ❋✐❧✐ ♣ ▼ ❛ ❥ ❦ ❛✱ ✇ ❤ ♦ ❞✐ ❝ ✉ ❡ ❞ ♠ ② ❡ ❡ ❛ ❝ ❤
✐ ❞ ❡ ❛ ✇✐ ❤ ♠ ❡ ❝ ♦ ✉ ♥ ❧ ❡ ✐ ♠ ❡ ✱ ❛ ♥ ❞ ✜ ♥ ❛❧❧ ② ♦ ❡ ✈ ❡ ② ♦ ♥ ❡ ❡❧ ❡ ✇ ❤ ♦ ✉ ♣ ♣ ♦ ❡ ❞ ♠ ❡ ❞ ✉ ✐ ♥ ❣ ♠ ②

✉ ❞✐ ❡ ✳
■ ❛ ♠ ❣ ❛ ❡❢ ✉❧ ♦ ♠ ② ❞ ❡ ❛ ❡ ✇✐❢ ❡ ❛ ♥ ❞ ♠ ② ♣ ❛ ❡ ♥ ❢ ♦ ❤ ❡✐ ✉ ♥ ❡ ♥ ❞✐ ♥ ❣ ✉ ♣ ♣ ♦ ✱ ✇✐ ❤ ♦ ✉

✇ ❤✐ ❝ ❤ ■ ✇ ♦ ✉❧ ❞ ✉ ❡❧ ② ❜ ❡ ❧ ♦ ✳ ▲ ❛ ❜ ✉ ♥ ♦ ❧ ❡ ❛ ✱ ■ ✇ ❛ ♥ ♦ ❤ ❛ ♥ ❦ ♠ ② ❝ ♦❧❧ ❡ ❛ ❣ ✉ ❡ ❢ ♦ ♠ ❤ ❡
✉ ♥✐ ✈ ❡ ✐ ② ✇ ❤ ♦ ❡ ♥ ❞ ✉ ❡ ❞ ✇✐ ❤ ♠ ❡ ❤ ❡ ✉ ❣ ❣❧ ❡ ❛ ♥ ❞ ❥ ♦ ② ♦❢ ❤✳ ❉✳ ✉ ❞✐ ❡ ✐ ♥ ❛ ❣ ✉ ❡✳

■ ❣ ❛ ❡❢ ✉❧❧ ② ❛ ❝ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ✜ ♥ ❛ ♥ ❝✐ ❛❧ ✉ ♣ ♣ ♦ ❢ ♦ ♠ ❈ ❤ ❛ ❧ ❡ ❯ ♥✐ ✈ ❡ ✐ ② ● ❆ ❯ ❑ ♣ ♦❥ ❡ ❝
◆ ♦✳ ✺ ✼ ✵ ✷ ✶ ✽ ❛ ♥ ❞ ❤ ❡ ❊ ✉ ♦ ♣ ❡ ❛ ♥ ❘ ❡ ❡ ❛ ❝ ❤ ❈ ♦ ✉ ♥ ❝✐❧ ✉ ♥ ❞ ❡ ❤ ❡ ❊ ✉ ♦ ♣ ❡ ❛ ♥ ❯ ♥✐ ♦ ♥✬ ❍ ♦ ✐ ③ ♦ ♥
✷ ✵ ✷ ✵ ♦ ❣ ❛ ♠ ❣ ❛ ♥ ◆ ♦✳ ✻ ✼ ✽ ✵ ✽ ✶✳

❈ ③ ❡ ❝ ❤ ❘ ❡ ♣ ✉ ❜❧✐ ❝✱ ❛ ❣ ✉ ❡ ❏ ❛ ♥
▼ ❛ ② ✷ ✼✱ ✷ ✵ ✷ ✶

✈✐✐



viii



■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥

❚ ❤ ❡ ✉ ♥✐❢ ②✐ ♥ ❣ ❤ ❡ ♠ ❡ ♦❢ ❤✐ ❞✐ ❡ ❛ ✐ ♦ ♥ ✐ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ♠ ❛ ❦ ❡ ✇ ❤✐ ❝ ❤ ❡ ①✲

♣ ❡ ✐ ❡ ♥ ❝ ❡ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥✳ ❆❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❛ ❡ ❡❧ ❡ ✈ ❛ ♥ ✐ ♥ ♠ ❛ ♥ ② ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ❝ ♦ ♥ ❡ ① ✱ ✐ ♥

✇ ❤✐ ❝ ❤ ❤ ❡ ❞ ❡ ✐ ❡ ❞ ♠ ❛ ❦ ❡ ♦ ✉ ❝ ♦ ♠ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ♣ ✐ ❝ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✳ ❙ ♦ ♠ ❡✲

✐ ♠ ❡ ✐ ✐ ♥ ♦ ❢ ❡ ❛ ✐ ❜❧ ❡ ♦ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ♣ ✐ ❝ ❡ ❡ ✣ ❝✐ ❡ ♥ ❧ ②✱ ✇ ❤✐❧ ❡ ✐ ♥ ♦ ❤ ❡ ✐ ♠ ❡ ❤ ❡ ② ❛ ❡ ♥ ♦

❡ ✈ ❡ ♥ ❞ ❡ ✐ ❛ ❜❧ ❡✳ ❲ ❤✐❧ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡ ❢ ♦ ♠ ❡ ❛ ❡ ✉ ❜✐ ✉✐ ♦ ✉ ✱ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡ ❧ ❛ ❡ ✐ ♥✲

❝❧ ✉ ❞ ❡ ♠ ❛ ❦ ❡ ❢ ♦ ❡ ❞ ✉ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ❣ ❛ ♥ ❞ ♦ ♥ ❛ ✐ ♦ ♥✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❡ ✈ ❡ ♥ ✐ ♥ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢

♣ ✐ ❝ ❡ ✱ ❛ ♥ ❞ ♣ ❡ ❤ ❛ ♣ ✐ ♥ ❝ ✉ ❡ ♥ ♣ ❛ ♥ ❞ ❡ ♠✐ ❝ ✐ ♠ ❡ ♠ ♦ ❡ ❤ ❛ ♥ ❡ ✈ ❡ ✱ ✇ ❡ ✐❧❧ ♦ ♠ ❡ ✐ ♠ ❡ ❢ ❛ ❝ ❡

❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥ ♦ ❤ ♦ ❛ ❣ ❡ ✳ ❲ ❤✐❧ ❡ ❤ ♦ ❛ ❣ ❡ ❛ ❡ ♠ ♦ ❧ ② ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ✉ ♥ ❞ ❡ ✉ ♣ ♣❧✐ ❡ ♦❢ ❞ ❡✲

♠ ❛ ♥ ❞ ❡ ❞ ❝ ♦ ♠ ♠ ♦ ❞✐ ✐ ❡ ✱ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥ ✐ ♦❢ ❡ ♥ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❛ ♥ ❞ ✐ ♥ ❞✐ ✈✐ ✐ ❜❧ ❡

❣ ♦ ♦ ❞ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❝ ✉ ❡ ♥ ✐ ♠ ❡ ✱ ✇ ❤ ❡ ♥ ✇ ❡ ♦ ❜ ❡ ✈ ❡ ✉ ❡ ✉ ❡ ✐ ♥ ❢ ♦ ♥ ♦❢ ✉ ♣ ❡ ♠ ❛ ❦ ❡ ❛ ♥ ❞

❤ ♦ ❛ ❣ ❡ ♦❢ ♣ ♦ ❡ ❝ ✐ ✈ ❡ ♠ ❛ ❦ ✱ ♦ ❤ ❡ ❛ ♥✐ ❛ ② ♣ ♦ ❞ ✉ ❝ ✱ ❛ ♥ ❞ ❡ ✈ ❡ ♥ ❝ ❡ ❛✐ ♥ ❢ ♦ ♦ ❞ ✐ ❡ ♠ ✱ ✇ ❡

❛ ❡ ❡ ♠✐ ♥ ❞ ❡ ❞ ♠ ♦ ❡ ❤ ❛ ♥ ❡ ✈ ❡ ❤ ❛ ❤ ♦ ❛ ❣ ❡ ❛ ❡ ♥ ♦ ♦ ♥❧ ② ❛ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❤ ❡ ♣ ❛ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥

❜ ❡ ✐ ❣ ♥ ♦ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥ ❤ ❛ ✐ ❝ ❛ ♥ ❜ ❡ ♦❧ ✈ ❡ ❞ ♦❧ ❡❧ ② ✈✐ ❛ ❛ ♣ ✐ ❝ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✳

❚ ❤ ❡ ✐ ❞ ❡ ❛ ❜ ❡ ❤✐ ♥ ❞ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦ ✐ ❤ ❛

✐ ✐ ✉ ♥ ❝ ❡ ❛✐ ♥ ✇ ❤ ❡ ❤ ❡ ❛ ♣ ❡ ♦ ♥ ✇✐❧❧ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ✇ ❤ ❛ ❤ ❡ ❝ ❤ ♦ ❡✱ ❛ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞

♦ ♥ ❤ ♦ ✇ ♠ ❛ ♥ ② ♣ ❡ ♦ ♣❧ ❡ ♠ ❛ ❦ ❡ ❤ ❡ ❛ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡✳ ❚ ❤ ❡ ❧✐ ❡ ❛ ✉ ❡ ♦ ♥ ♠ ❛ ❦ ❡ ❞ ❡ ✐ ❣ ♥ ♣ ♦ ✈✐ ❞ ❡

♠ ❛ ♥ ② ❞✐ ✛ ❡ ❡ ♥ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✇ ❤✐ ❝ ❤ ✜ ❤✐ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥✱ ✉ ❝ ❤ ❛ ❤ ❡ ❝ ❡❧ ❡ ❜ ❛ ❡ ❞

❞ ❡❢ ❡ ❡ ❞ ❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✭ ● ❛❧ ❡ ❛ ♥ ❞ ❙ ❤ ❛ ♣❧ ❡ ② ✶ ✾ ✻ ✷✮✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❤ ❡ ❡ ❛ ✐ ❡ ✇ ❛ ②

♦ ♠ ♦ ✐ ✈ ❛ ❡ ❤✐ ❡ ✐ ♥ ❣ ✐ ✇✐ ❤ ❛ ✜ ✲ ❝ ♦ ♠ ❡✲ ✜ ✲ ❡ ✈ ❡ ❞ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✉❧ ❡✳ ❚ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠

❝ ❛ ♥ ❤ ❡ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❛ ♣ ❡ ♦ ♥ ❞ ❡ ❝✐ ❞✐ ♥ ❣ ✇ ❤✐ ❝ ❤ ❡ ❛✐❧ ♦ ✉ ❧ ❡ ♦ ❣ ♦ ♦ ♦ ❛ ❝ ✉✐ ❡ ❛ ❝ ❡ ❛✐ ♥

❣ ♦ ♦ ❞✳ ▼ ✉ ❝ ❤ ❧✐ ❦ ❡ ✇✐ ❤ ❧✐ ♠✐ ❡ ❞ ♣❧ ❛ ❝ ❡ ✐ ♥ ❝ ❤ ♦ ♦❧ ✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ♦❢ ❡ ♥ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❛

❞ ❡❢ ❡ ❡ ❞ ❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✱ ❤ ❡ ✉ ❝ ❝ ❡ ♦❢ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ♦ ✇ ♠ ❛ ♥ ② ♣ ❡ ♦ ♣❧ ❡

❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ❛✐❧ ♦ ✉ ❧ ❡ ✱ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ✉ ♣ ♣❧ ② ♦❢ ❤ ❡ ♣ ❛ ✐ ❝ ✉❧ ❛ ❣ ♦ ♦ ❞ ✐ ❧✐ ♠✐ ❡ ❞✳ ▼ ♦ ❡

♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ②✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❡ ❛ ❝ ❤ ♣ ❡ ♦ ♥ ♣ ❡❢ ❡ ♦ ♥ ❡ ♦❢ ✇ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✭ ❝ ❤ ♦ ♦❧ ♦ ❡ ❛✐❧

✶



♦ ✉ ❧ ❡ ✮ ✶ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❤ ❛ ❛ ❧✐ ♠✐ ❡ ❞ ❝ ❛ ♣ ❛ ❝✐ ② ♦ ♣ ♦ ✈✐ ❞ ❡ ❤ ❡ ❣ ♦ ♦ ❞✳ ■❢ ❤ ❡

♣ ❡ ♦ ♥ ✐ ♥ ♦ ❛ ❜❧ ❡ ♦ ♦ ❜ ❛✐ ♥ ❤ ❡ ❣ ♦ ♦ ❞ ✐ ♥ ❤✐ ❝ ❤ ♦ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❤ ❡ ✐❧❧ ❝ ❛ ♥ ♦ ❜ ❛✐ ♥ ✐ ✐ ♥

❛ ♥ ♦ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❛❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ❡❢ ❡ ✐ ❢ ♦ ♠ ❤✐ ❝ ❤ ♦ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦ ❤✐ ❝ ❤ ♦ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥

❡❧❧ ✐ ❢ ♦ ❛ ❧ ♦ ✇ ❡ ♣ ✐ ❝ ❡✳

❈ ❤ ❛ ♣ ❡ ♦ ♥ ❡ ❛ ❦ ❡ ❛ ❞ ❡❢ ❡ ❡ ❞ ❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ❛ ♠ ♦ ❞ ❡❧ ✐ ♥ ✇ ❤✐ ❝ ❤ ♣❧ ❛ ② ❡

❤ ❛ ✈ ❡ ✉ ♥ ❝ ❡ ❛✐ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ✈ ❡ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳ ❡ ✈✐ ♦ ✉ ❧✐ ❡ ❛ ✉ ❡ ❤ ❛ ❤ ♦ ✇ ♥ ❤ ❛ ❤✐

♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ✐ ♥ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤ ♣ ❡ ❢ ❡ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❛ ❡ ✐ ♥ ❣ ✇ ❤ ❡ ❡

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❛ ❝ ♦ ♣❧ ❛ ② ❡ ✳ ❙ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ♠ ♣❧ ② ♠ ❡ ❛ ♥ ❤ ❛ ♣❧ ❛ ② ❡

❝ ❤ ♦ ♦ ❡ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❤ ❡ ② ♣ ❡❢ ❡ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ♣ ❡ ❢ ❡ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❛ ♥ ❞ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❤ ❡ ②

♣ ❡❢ ❡ ✐ ♥ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ✉ ♥ ❝ ❡ ❛✐ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✇ ❡ ❛❧❧ ♦ ✇ ❤ ❡

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦ ❜ ❡ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❛ ❝ ♦ ♣❧ ❛ ② ❡ ❛ ♥ ❞ ❤ ♦ ✇ ✉ ♥ ❞ ❡ ✇ ❤ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ✐ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞✳ ❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ♣ ♦ ✈✐ ❞ ❡ ❛ ❝ ♦ ✉ ♥ ❡ ✲ ❡ ① ❛ ♠ ♣❧ ❡ ✇ ❤✐ ❝ ❤ ❤ ♦ ✇ ❤ ❛ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ❢ ❛✐❧ ❢ ♦ ❝ ♦ ❡❧ ❛ ❡ ❞ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳

■ ♥ ❝ ♦ ♥ ❛ ✇✐ ❤ ❝ ❤ ❛ ♣ ❡ ♦ ♥ ❡✱ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣❧ ❛ ② ❡ ❛ ❡ ❡ ♥ ❞ ♦ ✇ ❡ ❞ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ✐ ♥

❝ ❤ ❛ ♣ ❡ ✇ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ❛ ❝ ✉✐ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❛ ❝ ♦ ✳ ❲❡ ❛ ✉ ♠ ❡ ♥ ♦ ❢ ❛✐❧ ✉ ❡ ♦❢ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ❜ ② ✉ ✐ ♥ ❣ ❛ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ❢ ♦ ♠ ❝ ❤ ❛ ♣ ❡ ♦ ♥ ❡✳ ❚ ❤✐

❛❧❧ ♦ ✇ ✉ ♦ ✉ ❞ ② ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ❛ ♥ ❞ ✇ ❡❧❢ ❛ ❡ ✐ ♥ ❝ ♦ ♥ ❣ ❡ ❡ ❞ ♠ ❛ ❦ ❡ ✳

❲❡ ✜ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❡ ① ❤✐ ❜✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

✲ ❤ ❡ ♠ ♦ ❡ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✱ ❤ ❡ ❤✐ ❣ ❤ ❡ ❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ❛ ❡✳ ❚ ❤✐ ❝ ♦ ♥ ❛ ✇✐ ❤

♣ ❡ ✈✐ ♦ ✉ ❧✐ ❡ ❛ ✉ ❡✱ ✇ ❤✐ ❝ ❤ ✉ ❣ ❣ ❡ ❤ ❛ ✐ ♥ ✉ ❝ ❤ ❛ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❤ ❡ ❡ ✉❧ ❤ ♦ ✉❧ ❞ ❜ ❡ ❤ ❡

♦ ♣ ♣ ♦ ✐ ❡✳ ❋ ✉ ❤ ❡ ✱ ❤✐ ❝ ❛ ✉ ❡ ❤ ❡ ❡ ✐ ♥ ❣ ♦ ❡ ① ❤✐ ❜✐ ♠ ✉❧ ✐ ♣❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛✱ ♦ ♥ ❡ ✐ ♥ ✇ ❤✐ ❝ ❤ ♥ ♦

♦ ♥ ❡ ✐ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ♦ ❧ ❡ ❛ ♥ ❛ ❡ ♥ ♦ ❤✐ ❣ ❤ ❡ ♥ ♦ ✉ ❣ ❤✱ ❛ ♥ ❞ ❛ ♥ ♦ ❤ ❡ ♦ ♥ ❡ ✐ ♥

✇ ❤✐ ❝ ❤ ♠ ♦ ♦❢ ❤ ❡ ♣ ♦ ♣ ✉❧ ❛ ✐ ♦ ♥ ✐ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❲❡ ❤ ❡ ♥ ♠ ♦ ✈ ❡ ♦ ❤ ❡ ✇ ❡❧❢ ❛ ❡ ❡ ✉❧ ✱ ✇ ❤✐ ❝ ❤

❤ ♦ ✇ ❤ ❛ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♠ ♣ ♦ ❡ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ② ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✱ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②

❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❡ ① ❤✐ ❜✐ ✉ ♥ ❞ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ❤ ♦ ✇ ❤ ❛ ❛ ❜ ♦❧✐ ❤✐ ♥ ❣

❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ✐ ♥ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❛ ✇ ❡❧❢ ❛ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✳

❚ ❤✐ ✐ ❞ ✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❧ ❡ ❛ ♥✐ ♥ ❣ ❜ ❡ ❝ ♦ ♠ ❡ ♠ ♦ ❡ ❡ ✣ ❝✐ ❡ ♥ ❛ ♣❧ ❛ ② ❡ ❤ ❛ ✈ ❡ ♠ ♦ ❡

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✉ ❤ ❡ ♣ ❛ ② ♦ ✛ ❢ ♦ ♠ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❚ ❤✐ ❝ ❛ ♥ ❜ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❢ ♦

❡ ① ❛ ♠ ♣❧ ❡✱ ❜ ② ❡ ❡ ✈✐ ♥ ❣ ❤ ❡ ❣ ♦ ♦ ❞ ✐ ♥ ❛ ❞ ✈ ❛ ♥ ❝ ❡ ❛ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✳ ❲❡ ♣ ♦ ✈✐ ❞ ❡

✉ ❝ ❤ ❛ ♥ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✉❧ ❡ ❢ ♦ ❤ ❡ ❝ ❛ ❡ ♦❢ ❤ ❡ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣✳

❈ ❤ ❛ ♣ ❡ ❤ ❡ ❡ ❞ ❡ ✈✐ ❛ ❡ ❢ ♦ ♠ ❤✐ ❡ ✐ ♥ ❣ ❛ ♥ ❞ ✐ ♥ ❡ ❛ ❞ ✉ ❞✐ ❡ ❛ ♥ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠

♦❢ ❛ ♠ ♦ ♥ ♦ ♣ ♦❧✐ ✐ ❝ ♣❧ ❛ ❢ ♦ ♠✳ ❲❡ ♠ ♦ ✐ ✈ ❛ ❡ ❤✐ ❡ ✐ ♥ ❣ ✇✐ ❤ ✇ ❡ ❜ ✐ ❡ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❆✐ ❜ ♥ ❜

❛ ♥ ❞ ❜ ♦ ♦ ❦✐ ♥ ❣✳ ❝ ♦ ♠✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ❧ ❛ ❣ ❡ ♠ ❛ ❦ ❡ ❤ ❛ ❡ ❢ ♦ ❤ ♦ ❡ ♠ ❡ ♥ ❛❧ ♦❢ ❛ ♣ ❛ ♠ ❡ ♥ ✳

✶ ♦ ❣ ♦ ♦ ❞ ❢ ♦ ♠ ❤ ❡ ♣ ❡❢ ❡ ❡ ❞ ❧ ♦ ❝ ❛ ✐ ♦ ♥

✷



❍ ♦ ✇ ❡ ✈ ❡ ✱ ✉ ❝ ❤ ♣❧ ❛ ❢ ♦ ♠ ♦❢ ❡ ♥ ❛❧ ♦ ❤ ❛ ✈ ❡ ♣ ♦ ✇ ❡ ♦ ✈ ❡ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❤ ❡ ② ♣ ♦ ✈✐ ❞ ❡ ♦

❝ ♦ ♥ ✉ ♠ ❡ ✱ ❤ ❡ ♥ ❝ ❡ ❤ ❡ ② ❝ ❛ ♥ ❤ ❡ ❛ ✈✐❧ ② ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❞ ❡ ♠ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ❣ ♦ ♦ ❞ ✳ ❲ ❤✐❧ ❡ ❤ ❡ ❡❧❧ ❡ ❛ ❡

❢ ❡ ❡ ♦ ❞ ❡ ❝✐ ❞ ❡ ✇ ❤ ❡ ❤ ❡ ♦ ❡❧❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ♦ ♥ ♦ ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡✐

❞ ❡ ❝✐ ✐ ♦ ♥ ❜ ② ♣ ♦ ♠ ♦ ✐ ♥ ❣ ❤ ❡✐ ♣ ♦ ❞ ✉ ❝ ✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❡ ✉❧ ♦❢ ❤ ❡ ♣ ❛ ♣ ❡ ✐ ❤ ❛ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❤✐❢ ❞ ❡ ♠ ❛ ♥ ❞ ♦ ✇ ❛ ❞ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❤ ❡ ♠ ♦ ❛ ② ♦ ♥ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ✐ ♥ ♦ ❞ ❡

♦ ❛ ✐ ❢ ② ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❣ ❤ ❡ ❞ ❡ ♠ ❛ ♥ ❞✳ ❚ ❤ ❡ ❤✐ ❣ ❤ ✉ ❛❧✐ ② ❡❧❧ ❡ ✱ ✇ ❤ ♦ ❧ ♦ ❡ ❢ ♦ ♠ ❤✐ ✱

❛ ② ♦ ♥ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❡ ❣ ❛ ❞❧ ❡ ✱ ❛ ❤ ❡✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ♦ ✜ ❡ ♠ ❛✐ ♥ ♣ ♦ ✐ ✐ ✈ ❡✳ ❚ ❤✐ ❣✐ ✈ ❡ ❤ ❡

♣❧ ❛ ❢ ♦ ♠ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✜ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ✜ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡

♠ ❛ ❦ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤✐ ♣ ♦ ✜ ✐ ♦ ✛ ❡ ❜ ② ❤ ❡ ❧ ♦ ♦❢ ♣ ♦ ✜ ❡ ♠ ♠✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❢ ❛ ❝ ❤ ❛

❤✐ ❣ ❤ ❡ ✉ ❛❧✐ ② ♣ ♦ ❞ ✉ ❝ ❡❧❧ ❛ ❤✐ ❣ ❤ ❡ ♣ ✐ ❝ ❡ ✳ ❈ ❤ ❛ ♣ ❡ ❤ ❡ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❤✐ ❛ ❞ ❡✲ ♦ ✛ ❛ ♥ ❞

❤ ♦ ✇ ❛ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠✳

✸
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❈ ❤ ❛ ♣ ❡ ✶

❙ ❛ ❡ ❣ ②✲ ♦ ♦❢ ♥ ❡ ✐ ♥ ❈ ♦ ♥ ❣ ❡ ❡ ❞ ▼ ❛ ❦ ❡ ✇✐ ❤ ❆ ② ♠✲

♠ ❡ ✐ ❝ ■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ■ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❞ ❡ ♥ ❡❢ ❡ ❡ ♥ ❝ ❡ ✶

✶✳ ✶ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥

❈ ❤ ❛ ♥ ❝ ❡ ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✭ ❛ ❥ ♦ ❜✱ ❛ ♣❧ ❛ ❝ ❡ ✐ ♥ ❛ ❝ ❤ ♦ ♦❧✱ ❛ ❞ ❡ ♣❧ ❡ ❛ ❜❧ ❡ ❣ ♦ ♦ ❞✮ ♦❢ ❡ ♥

❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ♦ ✇ ♠ ❛ ♥ ② ♦ ❤ ❡ ❛ ❣ ❡ ♥ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ❤✐ ♥ ❣ ❛ ♥ ❞ ✇ ❤ ♦ ❤ ❡ ② ❛ ❡✳ ■ ♥ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝

❧✐ ❡ ❛ ✉ ❡✱ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ♦ ❞ ❡❧ ❛ ❡ ❜ ✉✐❧ ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ♦ ✉ ❝ ♦ ♠ ❡ ✐ ♥ ❤ ❡ ❡

♠ ❛ ❦ ❡ ✳

❚ ❤ ❡ ♠ ♦ ❢ ❛ ♠ ♦ ✉ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ❛ ❦ ❡ ❛ ❡ ♠ ❛ ✐ ❛ ❣ ❡ ♠ ❛ ❦ ❡ ✱ ❤ ❡ ❝ ♦❧❧ ❡ ❣ ❡

❛ ❞ ♠✐ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠✱ ❤ ❡ ❤ ♦ ✉ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠✱ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✱ ❛ ♥ ❞ ❧ ❛ ❜ ♦ ♠ ❛ ❦ ❡ ✳ ❲ ❤✐❧ ❡

♦ ♠ ❡ ♦❢ ❤ ❡ ❡ ♠ ❛ ❦ ❡ ❛ ❡ ✉ ♥ ✐ ♥ ❛ ❞ ❡ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ✇ ❛ ②✱ ✇✐ ❤ ❡✐ ❤ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡

❛ ♣ ♣ ♦ ❛ ❝ ❤✐ ♥ ❣ ❤ ❡ ♦ ❤ ❡ ❛ ♥ ❞ ❢ ♦ ♠✐ ♥ ❣ ♠ ❛ ❝ ❤ ❡ ✱ ♦ ❤ ❡ ♠ ❛ ❦ ❡ ✱ ✉ ❝ ❤ ❛ ♠ ❛ ❦ ❡ ❢ ♦ ❝ ❤ ♦ ♦❧

♣❧ ❛ ❝ ❡ ✱ ❞ ♦ ♠ ♦ ♦ ♠ ✐ ♥ ❝ ♦❧❧ ❡ ❣ ❡ ✱ ❛ ♥ ❞ ♦ ♠ ❡ ❧ ❛ ❜ ♦ ♠ ❛ ❦ ❡ ❛ ❡ ♦❢ ❡ ♥ ✉ ♥ ❝ ❡ ♥ ❛❧❧ ② ❤ ♦ ✉ ❣ ❤

❛ ♥ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠✳

❲ ❤ ❡ ❤ ❡ ❤ ❡ ♠ ❛ ❦ ❡ ❛ ❡ ✉ ♥ ❝ ❡ ♥ ❛❧❧ ② ♦ ✇ ❤ ❡ ❤ ❡ ❛ ❞ ❡ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❞ ❡ ❡ ✲

♠✐ ♥ ❡ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❛ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♦❢ ❡ ♥ ❞ ❡ ✐ ❛ ❜❧ ❡✳ ❙ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡

♠ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ♣ ❛ ✐ ❝✐ ♣ ❛ ❡ ♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ❝ ❛ ♥ ✐ ♠ ♣❧ ② ❝ ❤ ♦ ♦ ❡ ✇ ❤ ❛ ❤ ❡ ② ♠ ♦

♣ ❡❢ ❡ ✐ ♥ ❡ ❛ ❞ ♦❢ ❢ ♦ ♠✐ ♥ ❣ ❛ ❡ ❣✐ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ♦ ❤ ❡ ✳

❍ ♦ ✇ ❡ ✈ ❡ ✱ ♠ ♦ ♠ ❛ ❝ ❤✐ ♥ ❣ ❛ ♥ ❞ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❧✐ ❡ ❛ ✉ ❡ ❛ ✉ ♠ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦

❤ ❡ ❛ ❣ ❡ ♥ ✱ ❛ ♥ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❜ ✉ ❤ ❛ ❞❧ ② ❡ ❛❧✐ ✐ ❝✳ ❲❡ ❜ ✉✐❧ ❞ ❛ ✜ ♥✐ ❡

♣❧ ❛ ② ❡ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ✇ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦ ❛ ♥ ❛❧ ② ③ ❡ ❤ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♣ ♦ ♣ ❡ ② ✐ ♥ ❛ ❡ ✐ ♥ ❣

✶ ❚ ❤✐ ♣ ♦❥ ❡ ❝ ❤ ❛ ❡ ❝ ❡✐ ✈ ❡ ❞ ❢ ✉ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ❈ ❤ ❛ ❧ ❡ ❯ ♥✐ ✈ ❡ ✐ ②✱ ● ❆ ❯ ❑ ♣ ♦❥ ❡ ❝ ◆ ♦✿ ✺ ✼ ✵ ✷ ✶ ✽ ❛ ♥ ❞ ❤ ❡ ❊ ✉ ♦✲
♣ ❡ ❛ ♥ ❘ ❡ ❡ ❛ ❝ ❤ ❈ ♦ ✉ ♥ ❝✐❧✱ ✉ ♥ ❞ ❡ ❤ ❡ ❊ ✉ ♦ ♣ ❡ ❛ ♥ ❯ ♥✐ ♦ ♥✬ ❍ ♦ ✐ ③ ♦ ♥ ✷ ✵ ✷ ✵ ❡ ❡ ❛ ❝ ❤ ❛ ♥ ❞ ✐ ♥ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ♣ ♦ ❣ ❛ ♠ ♠ ❡
✭ ❣ ❛ ♥ ❛ ❣ ❡ ❡ ♠ ❡ ♥ ◆ ♦✳ ✻ ✼ ✽ ✵ ✽ ✶✮

✺



✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ② ♠ ♠ ❡ ✐ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❲❡ ♣ ♦ ✈✐ ❞ ❡ ❡ ✈ ❡ ❛❧

✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♦❢ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❛ ♥ ❞ ❛ ❝ ❤ ❛ ❛ ❝✲

❡ ✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ♣❧ ❛ ② ❡

♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ♣ ♦ ✈✐ ❞ ❡ ❛ ❝ ♦ ✉ ♥ ❡ ✲ ❡ ① ❛ ♠ ♣❧ ❡ ✇✐ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ✈ ❛❧ ✉ ❡ ✇ ❤✐ ❝ ❤ ❡ ❛ ❜❧✐ ❤ ❡

❛ ❢ ❛✐❧ ✉ ❡ ♦❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ♥ ❤✐ ❡ ✐ ♥ ❣✳

✶✳ ✷ ▲✐ ❡ ❛ ✉ ❡ ❘ ❡ ✈✐ ❡ ✇

❚ ❤✐ ♣ ❛ ♣ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ❡ ♦ ❧✐ ❡ ❛ ✉ ❡ ♦ ♥ ♠ ❛ ❝ ❤✐ ♥ ❣ ✐ ♥✐ ✐ ❛ ❡ ❞ ❜ ② ● ❛❧ ❡ ❛ ♥ ❞ ❙ ❤ ❛ ♣❧ ❡ ② ✭ ✶ ✾ ✻ ✷✮

✇ ❤ ♦ ❞✐ ❝ ♦ ✈ ❡ ❡ ❞ ❤ ❡ ❞ ❡❢ ❡ ❡ ❞ ❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡ ✭ ❉ ❆✮ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✱ ❦ ♥ ♦ ✇ ♥ ❢ ♦ ✐ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢

❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ❛ ♥ ❞ ❛ ❜✐❧✐ ②✳ ■ ✐ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ❤ ❛ ❤ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♦❢ ❤ ❡ ❉ ❆

♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❤ ❛ ❧✐ ♠✐ ✐ ♥ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ♦ ❞ ❡❧ ✭ ❉ ✉ ❜✐ ♥ ❛ ♥ ❞ ❋ ❡ ❡ ❞ ♠ ❛ ♥ ✶ ✾ ✽ ✶✮✳ ■ ✐ ❛❧ ♦ ✇ ❡❧❧

❦ ♥ ♦ ✇ ♥ ❤ ❛ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❛ ✐ ✜ ❡ ❞ ❢ ♦ ❜ ♦ ❤ ✐ ❞ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡ ✭ ❘ ♦ ❤ ✶ ✾ ✾ ✵✮

❢ ♦ ❛ ❜❧ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❡ ❛ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♠ ♦ ❞ ❡❧ ✉ ❣ ❣ ❡ ✐ ♥ ❣ ❤ ❛ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ♦ ♥ ❜ ♦ ❤ ✐ ❞ ❡ ✐ ♥ ♦ ♥ ❡ ❝ ❡ ❛ ② ❢ ♦ ❧ ❛ ❣ ❡ ♠ ❛ ❦ ❡ ✭ ❑ ♦❥✐ ♠ ❛ ❛ ♥ ❞ ❛ ❤ ❛ ❦ ✷ ✵ ✵ ✾✮✳

▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❡ ✐ ❛ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ✇ ❤✐ ❝ ❤ ✐ ✐ ❡ ❛ ♦ ♥ ❛ ❜❧ ❡ ♦ ❛ ✉ ♠ ❡ ❤ ❛

♦ ♥ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡ ✷ ❜ ❡ ❤ ❛ ✈ ❡ ♥ ♦ ♥✲ ❛ ❡ ❣✐ ❝ ❛❧❧ ②✱ ✉ ❝ ❤ ❛ ✐ ♥ ❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉ ❛ ♥ ❞ ❙ ♥ ♠ ❡ ③

✷ ✵ ✵ ✸✱ ❛ ♥ ❞ ❘ ♦ ❤ ✶ ✾ ✽ ✹✳

❘ ♦ ❤ ✭ ✶ ✾ ✾ ✵✮ ❛❧ ♦ ❡ ❛ ❜❧✐ ❤ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ❢ ♦ ❛ ❉ ❆ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✉ ♥ ❞ ❡ ✉ ♥ ❝ ❡ ✲

❛✐ ♥ ② ❛ ❜ ♦ ✉ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ❛ ✉ ♠✐ ♥ ❣ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ♦ ♦ ✉ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡✱ ❤ ❡ ❡ ✐

❧✐ ♠✐ ❡ ❞ ❧✐ ❡ ❛ ✉ ❡ ♦ ♥ ❤ ❡ ♦ ♣✐ ❝ ♦❢ ♠ ❛ ❝ ❤✐ ♥ ❣ ♦ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

♦ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ✐ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❖ ♥ ❡ ❡ ① ❝ ❡ ♣ ✐ ♦ ♥ ✐ ❑❧ ♦ ♦ ❡ ♠ ❛ ♥ ❛ ♥ ❞ ❚ ♦ ② ❛ ♥ ✭ ✷ ✵ ✶ ✽✮✱

✇ ❤ ♦ ❛ ♥ ❛❧ ② ③ ❡ ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ❛ ❉ ❆ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✉ ♥ ❞ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✱

❛ ♥ ❞ ❞✐ ❝ ✉ ❤ ❡ ❝ ✉ ❡ ♦❢ ❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡ ✇ ❤✐ ❝ ❤ ❡ ✉❧ ❢ ♦ ♠ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❯ ♥❧✐ ❦ ❡

❑❧ ♦ ♦ ❡ ♠ ❛ ♥ ❛ ♥ ❞ ❚ ♦ ② ❛ ♥ ✭ ✷ ✵ ✶ ✽✮✱ ✇ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❛ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ❛ ❣ ❡ ♥ ❡ ❛❧ ❝❧ ❛ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠

❛ ♥ ❞ ♣ ♦ ✐ ❜❧ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❙ ❡ ❝ ♦ ♥ ❞✱ ▲✐ ✉ ❡ ❛❧✳ ✭ ✷ ✵ ✶ ✹✮ ❜ ✉✐❧ ❞ ❛ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ♦ ❞ ❡❧

✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❜ ✉ ❢ ♦ ❝ ✉ ♦ ♥ ❤ ❡ ❛ ❜✐❧✐ ② ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳ ❋✐ ♥ ❛❧❧ ②✱ ❈ ❤ ❡ ❛ ♥ ❞

❑ ♦ ❤ ✭ ✷ ✵ ✶ ✻✮ ❜ ✉✐❧ ❞ ❛ ❝ ♦❧❧ ❡ ❣ ❡ ❛ ❞ ♠✐ ✐ ♦ ♥ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✉ ♥ ❝ ❡ ❛✐ ♥ ✐ ❡ ❛ ♥ ❞ ❢ ♦ ❝ ✉ ♦ ♥

❛ ❡ ❣✐ ❝ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ❝ ♦❧❧ ❡ ❣ ❡ ✳

❙ ❡ ✈ ❡ ❛❧ ♣ ❛ ♣ ❡ ❜ ✉✐❧ ❞ ❛ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✭ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❡ ✉❧

✐ ♥ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✮✱ ❜ ✉ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❇ ❛ ❞ ❡ ✭ ✷ ✵ ✶ ✵✮ ❞ ♦ ❡ ♦ ❢ ♦ ❛ ❤ ♦ ✉ ❡

❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠✳ ❈ ❤ ❡ ♥ ❛ ♥ ❞ ❍ ❡ ✭ ✷ ✵ ✶ ✺✮ ❞ ♦ ♦ ❢ ♦ ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ♣ ♦ ❜❧ ❡ ♠✳ ■ ♠ ♠ ♦ ❧✐ ❝ ❛

❡ ❛❧✳ ✭ ✷ ✵ ✶ ✽✮ ❜ ✉✐❧ ❞ ❛ ❡ ❛ ❝ ❤✲❧✐ ❦ ❡ ♠ ♦ ❞ ❡❧ ❢ ♦ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✳

✷ ■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✇ ❡ ❡❢ ❡ ♦ ❤✐ ✧ ♣ ❛ ✐ ✈ ❡ ✧ ✐ ❞ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳

✻



❙ ❡ ❝ ✐ ♦ ♥ ✶✳ ✸ ❣✐ ✈ ❡ ❤ ❡ ❡ ✉ ♣ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧✳ ❙ ❡ ❝ ✐ ♦ ♥ ✶✳ ✹ ♣ ♦ ✈✐ ❞ ❡ ❛ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ✇✐ ❤ ✉ ✣ ❝✐ ❡ ♥ ❝ ② ❛ ♥ ❞ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠ ✳ ❙ ❡ ❝ ✐ ♦ ♥ ✶✳ ✺ ❞ ❡❧✐ ✈ ❡ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ✲

❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡ ❢ ❛✐❧ ✉ ❡ ♦❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳ ❙ ❡ ❝ ✐ ♦ ♥ ✶✳ ✻ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ✳

✶✳ ✸ ▼ ♦ ❞ ❡❧ ❙ ❡ ✉ ♣

❚ ❤ ❡ ❡ ❛ ❡ n ∈ N ♣❧ ❛ ② ❡ ❛ ♥ ❞ 2 ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳ ❊ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ❝ ❛ ♥ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❛ ✐ ♥ ❣❧ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱

✇ ❤✐❧ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ∈ { 1 , 2 } ❝ ❛ ♥ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ✉ ♣ ♦ ❝ ❛ ♣ ❛ ❝✐ ② q j ∈ N ♣❧ ❛ ② ❡ ✳ ❚ ❤ ❡ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞

❝ ❛ ♣ ❛ ❝✐ ✐ ❡ ❛ ❡ ❛ ✉ ♠ ❡ ❞ ♦ ❜ ❡ ❧ ❛ ❣ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❛ ❝ ❝ ♦ ♠ ♠ ♦ ❞ ❛ ❡ ❛❧❧ ♣❧ ❛ ② ❡ ✱ q 1 + q 2 ≥ n ✳ ❆ ♥

❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ❤ ✉ ❛ ♣ ❛✐ (µ 1 , µ2 )✱ ✇✐ ❤ µ j ∈ M = { 0 , 1 } n ✱ ✇ ❤ ❡ ❡ µ j
i = 1 ✇ ❤ ❡ ♥ ❡ ✈ ❡ ❤ ❡ i ❤

♣❧ ❛ ② ❡ ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❤ ❡ j ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳

❊ ❛ ❝ ❤ ♣❧ ❛ ② ❡ i ∈ { 1 , . . . , n} ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❝ ❤ ♦ ♦ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ a i ∈ A ≡ { 1 , 2 } ✳ ❲❡

❞ ❡ ♥ ♦ ❡ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ a ≡ (a 1 , . . . , an ) ∈ A n ✳ ●✐ ✈ ❡ ♥ a ✱ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦ ♦ ❡ ❢ ♦ ❡ ❛ ❝ ❤

♣❧ ❛ ② ❡ i ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ♦ ♠ A L ≡ { ✧ ❆ ❝ ❝ ❡ ♣ ✧ , ✧ ❘ ❡❥ ❡ ❝ ✧ } ✳ ❊ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❛ ❛ ♦ ❝ ❤ ❛ ✐ ❝

❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D j : A n ↦ → ∆( A n
L ) ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ♦ A c c e pt ♦ R e j e ct ♣❧ ❛ ② ❡

♦ ❝ ❤ ❛ ✐ ❝ ❛❧❧ ②✱ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ♥ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ a ✳ ❚ ❤ ❡ ♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ♠ ♣❧✐ ❡

❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❛ ❝ ❝ ❡ ♣ ♣❧ ❛ ② ❡ i ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② D j
i (a )✳ ❚ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ❛ ✉ ♠ ❡ ❞ ♦

❛ ✐ ❢ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ♣ ♦ ♣ ❡ ✐ ❡ ✳ ❋✐ ✱ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ♥ ♦ ❛ ❝ ❝ ❡ ♣ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❞✐ ❞

♥ ♦ ❝ ❤ ♦ ♦ ❡ ✐ ✿ ∀ i, j, a : a i ≠ j = ⇒ D j
i (a ) = 0.

❙ ❡ ❝ ♦ ♥ ❞✱ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ♥ ♦ ♥✲ ✇ ❛ ❡❢ ✉❧ ✐❢ ∀ i, j, a✿

❼ | {i : a i = j }| ≤ q j , ai = j = ⇒ D j
i (a ) = 1.

❼ | {i : a i = j }| > q j , z ∈ s u p p( D j (a )) =⇒ | { i : z i = ❆ ❝ ❝ ❡ ♣ }| = q j ,

❤ ❛ ✐ ✱ ✐❢ ❢ ❡ ✇ ❡ ❤ ❛ ♥ q j ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❛❧❧ ❛ ❡ ❛ ❝ ❝ ❡ ♣ ❡ ❞✱ ❛ ♥ ❞ ✐❢ ♠ ♦ ❡ ❤ ❛ ♥ q j

♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❡ ① ❛ ❝ ❧ ② q j ♦❢ ❤ ❡ ♠ ❛ ❡ ❛ ❝ ❝ ❡ ♣ ❡ ❞✳

■ ♥ ❝ ❛ ❡ ❛ ♣❧ ❛ ② ❡ i ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❡ ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ❡ ❡ ❛ ♥ ❞ ♥ ♦ ♦ ❤ ❡ ♦ ❤ ❡

❧ ♦ ❝ ❛ ✐ ♦ ♥ j ′ ≠ j ✱ ❤ ❛ ✐ ✱ ❤ ❡ ✜ ♥ ❛❧ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ µ ✐ ✉ ❝ ❤ ❤ ❛ µ j
i = 1 ❛ ♥ ❞ µ j ′

i = 0 ✳ ■ ♥ ❝ ❛ ❡ ❛

♣❧ ❛ ② ❡ ✐ ♥ ♦ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❡ ✐ ❛ ✉ ♦ ♠ ❛ ✐ ❝ ❛❧❧ ② ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ′ ≠ j ✱ ❤ ❛

✐ ✱ ❤ ❡ ✜ ♥ ❛❧ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ µ ✐ ✉ ❝ ❤ ❤ ❛ µ j
i = 0 ❛ ♥ ❞ µ j ′

i = 1 ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❤ ❡ ❡ ♦❢ ❝ ❤ ♦✐ ❝ ❡

✉❧ ❡ { D 1 , D 2 } ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ a ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ µ ✳

❲ ❤ ❡ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤✐ ❛ ❝ ✐ ♦ ♥✱ ❡ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ❦ ♥ ♦ ✇ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ n ✱ ❤ ❡

❛ ✈ ❛✐❧ ❛ ❜❧ ❡ ❛ ❝ ✐ ♦ ♥ A ✱ ❤ ❡ ❝ ❛ ♣ ❛ ❝✐ ✐ ❡ q 1 , q2 ❛ ♥ ❞ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D 1 , D 2 ✳

❊ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❤✐ ❛ ❝ ✐ ♦ ♥ ♦ ♠ ❛ ①✐ ♠✐ ③ ❡ ❤✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ②✳ ❆❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ♣❧ ❛ ② ❡ i ❛

❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❣✐ ✈ ❡ ♣❧ ❛ ② ❡ i ✉ ✐❧✐ ② u j
i ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❢ ♦ ❛ ✜ ① ❡ ❞ ❛ ❝ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡ a = ( a i, a− i)

✼



♣❧ ❛ ② ❡ i ❡ ❝ ❡✐ ✈ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ②

U i(j, a − i) ≡ D j
i (j, a − i)u

j
i + ( 1 − D j

i (j, a − i))u
j ′

i

❢ ♦ ♠ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❛ ❝ ✐ ♦ ♥ j ✳ ❆ ♣❧ ❛ ② ❡ i ❤ ❛ ❛ ✉ ✐❧✐ ② ✈ ❡ ❝ ♦ θ i ≡ (u 1
i , u2i )✳ ❆❧❧ ♣❧ ❛ ② ❡ ❤ ❛ ✈ ❡ ❛

♣ ✐ ♦ ❜ ❡❧✐ ❡❢ F ✇✐ ❤ ✉ ♣ ♣ ♦ ✐ ♥ R 2 n ♦ ✈ ❡ ❤ ❡ ♣ ♦ ✜❧ ❡ ♦❢ ② ♣ ❡ θ ≡ (θ 1 , . . . , θn )✳ ❚ ❤ ❡ ❝ ❛ ❡

♦❢ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ✐ ♥ ❡ ❡ ✿ F =
∏︁ n

i F i✱ ✇ ❤ ❡ ❡ F i ✐ ❛ ♠ ❛ ❣✐ ♥ ❛❧

❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦ ✈ ❡ θ i✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ♣ ✐ ♦ F ❛❧❧ ♦ ✇ ❢ ♦ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡ ✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤ ❡ ❡

♦❢ ❛❧❧ ♣❧ ❛ ② ❡ ✐ ♣ ❛ ✐ ✐ ♦ ♥ ❡ ❞ ✐ ♥ ♦ ❡ I ✭■ ♥❢ ♦ ♠ ❡ ❞✮ ❛ ♥ ❞ U ✭ ❯ ♥✐ ♥❢ ♦ ♠ ❡ ❞✮✳ ❚ ❤ ❡ ♣❧ ❛ ② ❡ i ∈ I

❡ ❝ ❡✐ ✈ ❡ ❛ ♣ ✐ ✈ ❛ ❡ ✐ ❣ ♥ ❛❧ σ i = θ i✱ ❡ ✈ ❡ ❛❧✐ ♥ ❣ ♦ ♣❧ ❛ ② ❡ i ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ② ♣ ❡✳ ❚ ❤ ❡

♣❧ ❛ ② ❡ i ∈ U ❡ ❝ ❡✐ ✈ ❡ ❛ ♥ ✉ ♥✐ ♥❢ ♦ ♠ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ❛❧ σ i = ∅ ✳ ❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ❞ ❡ ♥ ♦ ❡ F̃
i

❛ ♣ ♦ ❡ ✐ ♦

❜ ❡❧✐ ❡❢ ♦ ✈ ❡ θ ✱ ❤ ❛ ♣❧ ❛ ② ❡ i ❤ ♦❧ ❞ ❛❢ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧ ❛ ❡ ❡ ❝ ❡✐ ✈ ❡ ❞✱ ❛ ♥ ❞ F̃
i

i ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣

♠ ❛ ❣✐ ♥ ❛❧ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦ ✈ ❡ ♦ ✇ ♥ θ i✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ♣❧ ❛ ② ❡ ❦ ♥ ♦ ✇ ❤ ❡ ❡ I ❛ ♥ ❞ U ✱ ❜ ✉

❤ ❡ ② ❞ ♦ ♥ ♦ ❤ ❛ ✈ ❡ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✬ ✐ ❣ ♥ ❛❧ ✳ ❚ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥

♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❤ ✉ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❜ ② (n, A, q 1 , q2 , D 1 , D 2 , F, I, U)✳

❧ ❛ ② ❡ i ∈ I ❤ ❛ ✈ ❡ ❛ ❛ ❡ ❣ ② s i : R 2 ↦ →A ✱ ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ✐ ♦❢ ❛ ❝ ✐ ♦ ♥ ❛❢ ❡ ❡ ❝ ❡✐ ✈✐ ♥ ❣

✐ ❣ ♥ ❛❧ σ i ❛ ♥ ❞ ♣❧ ❛ ② ❡ i ∈ U ✐ ♠ ♣❧ ② ❝ ❤ ♦ ♦ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ s i : A ✳ ❋✐ ①✐ ♥ ❣ ❤ ❡ ❡ I ❛ ♥ ❞ U ✱ ♦ ♥ ❡

❝ ❛ ♥ ✇ ✐ ❡ ✇✐ ❤ ❛ ❧✐ ❣ ❤ ❛ ❜ ✉ ❡ ♦❢ ♥ ♦ ❛ ✐ ♦ ♥ a − i = s − i(θ )✳✸ ●✐ ✈ ❡ ♥ ♣ ♦ ❡ ✐ ♦ ❜ ❡❧✐ ❡❢ F̃
i
✱ ❤ ❡

♦ ♣ ✐ ♠ ❛❧ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ i✿ a ∗
i ❤ ❡ ♥ ♠ ❛ ①✐ ♠✐ ③ ❡ ♣❧ ❛ ② ❡ i✬ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ②✿

m a x
a i

E
F̃

i [U i(a i, s− i(θ ))]. ✭ ✶✳ ✶✮

❆ ❇ ❛ ② ❡ ✐ ❛ ♥ ❊ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ❛ ❛ ❡ ❣ ② ♣ ♦ ✜❧ ❡ s ∗ ≡ (s ∗
1 , . . . , s∗n ) ✉ ❝ ❤ ❤ ❛ ❛❧❧ ♣❧ ❛ ② ❡

❝ ❤ ♦ ♦ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶✳ ✶✮ ❣✐ ✈ ❡ ♥ H ✳

✶✳ ✹ ❙ ❛ ❡ ❣ ②✲ ♦ ♦❢ ♥ ❡

❚ ❤ ❡ ♣ ✉ ♣ ♦ ❡ ♦❢ ❤✐ ❡ ❝ ✐ ♦ ♥ ✐ ♦ ❤ ♦ ✇ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ✇ ❤✐ ❝ ❤ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛✲

♥✐ ♠ H ✐ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢✳ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ② ♦❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ❞ ❡ ✐ ❡ ❞ ❢ ♦ ♠ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥

♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ♠ ❛ ♥ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ✐ ❛ ✈ ❛ ❧✐ ❡ ❛ ✉ ❡ ❝ ♦ ♥ ❝ ❡ ♥✐ ♥ ❣ ❤ ❡ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ❡ ✐ ♥ ❣ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❤ ♦ ✇ ❡ ✈ ❡ ✱ ♦

❤ ❡ ❜ ❡ ♦❢ ♦ ✉ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡✱ ❤ ❡ ❡ ✐ ♥ ♦ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤

❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❲❡ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ♥ ❤ ❡ ❛❧❧ ♦✲

✸ ❚ ❤ ❡ ✜ ❛ ❜ ✉ ❡ ♦❢ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✐ ❤ ❛ ❢ ♦ i ∈ U ✱ s i ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ θ ✳ ❙ ❡ ❝ ♦ ♥ ❞✱ ❢ ♦ i ∈ I ✇ ❡
❤ ♦ ✉❧ ❞ ✇ ✐ ❡ a − i = s − i (θ − i )✳ ❲❡ ❞ ♦ ♣ ❤ ❡ ✉ ❜ ❝ ✐ ♣ ♦ ♥ θ ♦ ❡ ❛ ❡ ♥ ♦ ❛ ✐ ♦ ♥

✽



❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡ ✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❢ ♦❧❧ ♦ ✇ ✿

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ✶✳ ❆ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ✐❢✿

∀ i ∈ { 1 , . . . , n} , σi, s− i, j ≠ j ′ : E
F̃

i [u j
i ] > E

F̃
i [u j ′

i ] =⇒ a ∗
i = j,

❚ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❡ ✉✐ ❡ ❤ ❡ ♣❧ ❛ ② ❡ ♦ ❤ ❛ ✈ ❡ ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣✐ ❡ ❢ ♦ ❛❧❧ ♣ ♦ ✐ ❜❧ ❡ ♣ ♦ ❡ ✐ ♦

❜ ❡❧✐ ❡❢ F̃
i
✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ✐ ♠ ♣❧✐ ❡ ❞ ❜ ② ❤ ❡ ♣ ✐ ♦ F ❛ ♥ ❞ ❤ ❡ ✐ ❣ ♥ ❛❧ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ σ i✳ ■ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢

❛ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ❛❧✱ ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ θ i ✐ ❡ ✈ ❡ ❛❧ ❡ ❞ ♦ ♣❧ ❛ ② ❡ i ❛ ♥ ❞✱ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❢ ♦

❛ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ❛❧ σ i ❤ ❡ ❜ ❡❧✐ ❡❢ F̃
i

❛ ❡ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ♣❧ ❛ ② ❡ i✬

✉ ✐❧✐ ② E
F̃

i [u j
i ] > E

F̃
i [u j ′

i ] ✐ ❤ ❡ ♥ ✐ ♠ ♣❧ ② ❤ ❡ ❡ ❛❧✐ ③ ❡ ❞ ✉ ✐❧✐ ② u j
i > u j ′

i ✳

❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❤ ❡ ❡ ✐ ♥ ❣ ✇✐ ❤ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❛ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤

♣ ✐ ♦ ❛ ♥ ❞ ♣ ✐ ✈ ❛ ❡ ✐ ❣ ♥ ❛❧ ✳ ❚ ❤✐ ✐ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ♣ ✐ ♦ F ♦ ❜ ❡ ❛ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ♣ ✐ ♦ ✳

■ ♥ ✉ ❝ ❤ ❛ ❝ ❛ ❡✱ ✇ ❡ ❡❢ ❡ ♦ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✉ ♥ ❞ ❡ ❝ ❡ ❛✐ ♥ ② ✳ ❚ ❤✐ ♣ ♦ ♣ ❡ ② ✐ ✇ ❡❧❧

❡ ❛ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ❤ ❡ ❧✐ ❡ ❛ ✉ ❡ ✭ ❘ ♦ ❤ ✶ ✾ ✾ ✵✮✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ❡ ❛ ✐❧ ② ❛ ❝ ❤✐ ❡ ✈ ❡ ❞

❛❧ ♦ ❢ ♦ ❤ ❡ ❝ ❛ ❡ ✇ ❤ ❡ ♥ ❛❧❧ ♣❧ ❛ ② ❡ ❛ ❡ ♣ ❡ ❢ ❡ ❝ ❧ ② ✐ ♥❢ ♦ ♠ ❡ ❞ ❛ ❜ ♦ ✉ ❤ ❡✐ ♦ ✇ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ❜ ✉

❡ ♠ ❛✐ ♥ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ❛ ❜ ♦ ✉ ❤ ❡ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ♦ ❤ ❡ ✳ ■ ♥ ✉ ❝ ❤ ❛ ❝ ❛ ❡✱ ✇ ❡ ❡❢ ❡ ♦ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ✉ ♥ ❞ ❡ ❝ ❡ ❛✐ ♥ ② ❛ ❜ ♦ ✉ ❛ ♣❧ ❛ ② ❡ ✬ ♦ ✇ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❙ ✉ ❝ ❤ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ❡

❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ✐ ♥ ♦ ✉ ♠ ♦ ❞ ❡❧ ❜ ② ❝ ❤ ♦ ♦ ✐ ♥ ❣ U = ∅ ♦ ❤ ❛ ❛❧❧ ♣❧ ❛ ② ❡ ❛ ❡ ■ ♥❢ ♦ ♠ ❡ ❞✳ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ❢ ♦ ♠ ❛❧✐ ③ ❡ ❤ ❡ ♥ ♦ ✐ ♦ ♥✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶✳ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❛ ❡ ❣ ② ✲ ♣ ♦ ♦❢ ✉ ♥ ❞ ❡ ❝ ❡ ❛✐ ♥ ② ❛ ❜ ♦ ✉ ❛ ♣❧ ❛ ② ❡ ✬

♦ ✇ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ❢ ♦ ❤ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ U = ∅ ✳

♦ ♦❢✳ U = ∅ ✐ ♠ ♣❧✐ ❡ ❤ ❛ ∀ i : σ i = θ i = ( u 1
i , u2i )✳ ❋✐ ① ♣❧ ❛ ② ❡ i✱ s − i ❛ ♥ ❞ ❛ ♣ ♦ ✜❧ ❡ ♦❢ ② ♣ ❡

θ ✱ ✇ ❤ ❡ ❡ θ i ✐ ✉ ❝ ❤ ❤ ❛ u 1
i > u 2

i ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② F̃
i

i ✐ ✉ ❝ ❤ ❤ ❛ u 1
i > u 2

i ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ②

1 ✳ ❆ ✉ ♠✐ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② u 1
i < u 2

i ❢ ♦❧❧ ♦ ✇ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ❛ ❣ ✉ ♠ ❡ ♥ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣

♦ ✭ ✶✳ ✶✮✱ i ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐❢✿

E
F̃

i [D 1
i ( 1, s− i(θ ))]u 1

i + E
F̃

i [ 1 − D 1
i ( 1, s− i(θ ))]u 2

i

> E
F̃

i [D 2
i ( 2, s− i(θ ))]u 2

i + E
F̃

i [ 1 − D 2
i ( 2, s− i(θ ))]u 1

i .

❲ ❤✐ ❝ ❤ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ u 1
i > u 2

i ✐ ♠ ♣❧✐ ❡ ❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ❝ ❤ ♦ ❡ ♥ ✐❢✿

E
F̃

i [D 1
i ( 1, s− i(θ )) + D 2

i ( 2, s− i(θ ))] > 1 .

❚ ❤✐ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ♦❧ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❣ ✉ ♠ ❡ ♥ ✳ ❋✐ ✱ ♦ ❜ ❡ ✈ ❡ ❤ ❛ D j
i (a i, s− i(θ )) ≥ 0

✾



✐ ❛ ♣ ♦ ❜ ❛ ❜✐❧✐ ②✳ ❙ ❡ ❝ ♦ ♥ ❞✱ ♦ ❜ ❡ ✈ ❡ ❤ ❛ ❛ ❧ ❡ ❛ ♦ ♥ ❡ ♦❢ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ✐ ❡ ✐ ❡ ✉ ❛❧ ♦ 1 ✳ ❚ ❤✐

✐ ❞ ✉ ❡ ♦ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ q 1 + q 2 ≥ n ✳

❲❡ ♣ ♦ ✈ ❡ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ♣ ❛ ❜ ② ❝ ♦ ♥ ❛ ❞✐ ❝ ✐ ♦ ♥✿ ❋✐ ① ❛ ♥ ② a − i ❛ ♥ ❞ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❜ ♦ ❤

D 1
i ( 1, a− i) < 1 ❛ ♥ ❞ D 2

i ( 2, a− i) < 1 ✳ ❚ ❤ ❡ ♥✱ ❜ ② ♥ ♦ ♥✲ ✇ ❛ ❡❢ ✉❧ ♥ ❡ ✱ ❜ ♦ ❤ | {i : a i = 1 }| > q 1

❛ ♥ ❞ | {i : a i = 2 }| > q 2 ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ | {i : a i = 1 }| + | {i : a i = 2 }| = n > q 1 + q 2 ✇ ❤✐ ❝ ❤

②✐ ❡❧ ❞ ❛ ❝ ♦ ♥ ❛ ❞✐ ❝ ✐ ♦ ♥✳

❚ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✐ ♥ ❢ ❛ ❝ ❤ ♦ ✇ ❤ ❛ ❛ ♣❧ ❛ ② ❡ i ❤ ❛ ❛ ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣ ② ✐❢

❤ ❡ ✐ ✐ ♥❢ ♦ ♠ ❡ ❞✱ i ∈ I ✳ ■❢ ❛❧❧ ♣❧ ❛ ② ❡ ❛ ❡ ✐ ♥❢ ♦ ♠ ❡ ❞ ❤ ❡ ♥ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞

❛ ♥ ❞ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ❛ ✐ ❡ ✳ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ❣✐ ✈ ❡ ❤ ❡ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦

❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✷✳ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❛ ❡ ❣ ② ✲ ♣ ♦ ♦❢ ❢ ♦ ❤ ❡ ❝ ❛ ❡ ♦❢ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳

∏︁

i

F i = F

♦ ♦❢✳ ❋✐ ① i✳ ❋✐ ♥ ♦ ✐ ❝ ❡ ❤ ❛ ❢ ♦ i ∈ I ✱ σ i = θ i✱ ∀ θ i : F̃
i

i(θ i) ∈ { 0 , 1 } ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②

❤ ❡ ❡ ✉❧ ✐ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶✳ ❋ ♦ i ∈ U ✱ F̃
i
= F ✱ ✜ ① s − i ❛ ♥ ❞ ❧ ❡

E F [u 1
i ] > E F [u 2

i ] ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ②✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✶✳ ✶✮✱ a i = 1 ✐ ❝ ❤ ♦ ❡ ♥ ✐❢✿

E F [D 1
i ( 1, s− i(θ ))u 1

i + ( 1 − D 1
i ( 1, s− i(θ )))u 2

i ]

> E F [D 2
i ( 2, s− i(θ ))u 2

i + ( 1 − D 2
i ( 2, s− i(θ )))u 1

i ]. ✭ ✶✳ ✷✮

❙✐ ♥ ❝ ❡ θ i ❛ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✱ s − i(θ ) ✐ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦❢ θ i ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ♦ ♥ ❡ ❝ ❛ ♥ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡

❤ ❡ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥✿

E F [D 1
i ( 1, s− i(θ ))]E F [u 1

i ] + E F [ 1 − D 1
i ( 1, s− i(θ ))]E F [u 2

i ]

> E F [D 2
i ( 2, s− i(θ ))]E F [u 2

i ] + E F [ 1 − D 2
i ( 2, s− i(θ ))]E F [u 1

i ].

❚ ❤✐ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ♦❧ ❞ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ❛ ✐ ♥ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶✱

❡ ① ❝ ❡ ♣ ❤ ❛ ♥ ♦ ✇ ✇ ❡ ❝ ❛ ♥ ✉ ❡ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ E F [u 1
i ] > E F [u 2

i ]✱ ✐ ♥ ❡ ❛ ❞ ♦❢ u 1
i > u 2

i ✳

❲❡ ✇✐❧❧ ❡ ✉ ♥ ♦ ❛ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ❢ ❛✐❧ ✉ ❡ ♦❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥

♦❢ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ♥ ❡ ① ❡ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ♥ ❡ ① ✇ ♦ ❡ ✉❧ ♣ ♦ ✈✐ ❞ ❡ ♠ ♦ ❡

❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ❝ ❤✐ ❡ ✈✐ ♥ ❣ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳

✶ ✵



♦ ♣ ♦ ✐ ✐ ♦ ♥ ✸✳ ✭ ❙ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✮ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ❛ ✐ ✜ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐❢✿

∀ i ∈ { 1 , . . . , n} , s− i, j ≠ j ′ : E F [u j
i ] > E F [u j ′

i ] :

C o v F [D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ )), uji − u j ′

i ] ≥ 0 . ✭ ✶✳ ✸✮

♦ ♦❢✳ ❋✐ ♥ ♦ ✐ ❝ ❡ ❤ ❛ ❢ ♦ ❛ ♥ ② i ∈ I ✱ σ i = θ i✱ ❛ ♥ ❞ ❤ ✉ ∀ θ i : F̃
i

i(θ i) ∈ { 0 , 1 } ❛ ♥ ❞ ❤ ❡

❡ ✉❧ ✐ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶✳

❋ ♦ i ∈ U ✱ F̃
i
= F ✱ ✜ ① s − i ❛ ♥ ❞ ❧ ❡ E F [u 1

i ] > E F [u 2
i ] ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ②✳ ■ ♥ ❤ ❡

❝ ❛ ❡ ♦❢ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ✭ ✶✳ ✶✮ ❝ ❛ ♥ ❜ ❡ ✇ ✐ ❡ ♥ ❛ ✿

E F [D 1
i ( 1, s− i(θ ))]E F [u 1

i ] + C o v F [D 1
i ( 1, s− i(θ )), u1i ]

+ E F [ 1 − D 1
i ( 1, s− i(θ ))]E F [u 2

i ] + C o v F [ 1 − D 1
i ( 1, s− i(θ )), u2i ]

> E F [D 2
i ( 2, s− i(θ ))]E F [u 2

i ] + C o v F [D 2
i ( 2, s− i(θ )), u2i ]

+ E F [ 1 − D 2
i ( 2, s− i(θ ))]E F [u 1

i ]

+ C o v F [ 1 − D 2
i ( 2, s− i(θ )), u1i ]. ✭ ✶✳ ✹✮

✇ ❤✐ ❝ ❤ ✐ ✱ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✷✱ ❛ ✐ ✜ ❡ ❞ ✐❢✿

C o v F [D 1
i ( 1, s− i(θ )), u1i ] + C o v F [ 1 − D 1

i ( 1, s− i(θ )), u2i ]

> C o v F [D 2
i ( 2, s− i(θ )), u2i ] + C o v F [ 1 − D 2

i ( 2, s− i(θ )), u1i ].

✇ ❤✐ ❝ ❤✱ ❛❢ ❡ ♦ ♠ ❡ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♦ ♥ ②✐ ❡❧ ❞ ❤ ❡ ❡ ✉❧ ✳

❖ ♥ ❡ ♦ ❜ ✈✐ ♦ ✉ ❝ ❛ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ✉ ✣ ❝✐ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✸ ✐ ❛ ✐ ✜ ❡ ❞ ✐ ✇ ❤ ❡ ♥

q 1 , q2 ❛ ❡ ❧ ❛ ❣ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❣ ✉ ❛ ❛ ♥ ❡ ❡ ❤ ❛ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ♥ ❡ ✈ ❡ ❝ ♦ ♥ ❣ ❡ ❡ ❞✳ ■ ♥ ✉ ❝ ❤

❛ ❝ ❛ ❡✱ ❢ ♦ ❜ ♦ ❤ j, ∀ a ✿ D j
i (a ) = 1✳ ❚ ❤ ❡ ❝ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ❡ ♠ ✐ ♥ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✸ ✐ ❤ ❡ ♥ ✐ ✈✐ ❛❧❧ ②

❡ ✉ ❛❧ ♦ 0 ✳ ■ ♥ ❞ ❡ ❡ ❞✱ ✇✐ ❤ ♥ ♦ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥ ❡ ✛ ❡ ❝ ✱ ❤ ❡ ❡ ✐ ♥ ♦ ♥ ❡ ❡ ❞ ♦ ❛ ❦ ❡ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✬ ❜ ❡✲

❤ ❛ ✈✐ ♦ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✳ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✸ ✐ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ② ♣ ❛ ❝ ✐ ❝ ❛❧ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♦❧❧ ❛ ②✱

✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ♥ ♦ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ I = ∅ ✿

❈ ♦ ♦❧❧ ❛ ② ✶✳ ❧ ❛ ② ❡ i ❝ ❤ ♦ ♦ ❡ ❤✐ ♠ ♦ ♣ ❡❢ ❡ ❡ ❞ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✐❢ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡

✐ ❝ ♦ ♥ ❛ ♥ ❛ ❝ ♦ θ ✳

♦ ♦❢✳ ▲ ❡ s − i(θ ) ❜ ❡ ❝ ♦ ♥ ❛ ♥ ❛ ❝ ♦ θ ✱ ❤ ❡ ♥ ❢ ♦ j ∈ { 1 , 2 } : D j
i (j, s − i(θ )) ✐ ❝ ♦ ♥ ❛ ♥

✶ ✶



❛ ❝ ♦ θ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✿

C o v F [D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ )), uji − u j ′

i ] = 0,

✇ ❤✐ ❝ ❤ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✸ ②✐ ❡❧ ❞ ❤ ❡ ❡ ✉❧ ✳

❈ ♦ ♦❧❧ ❛ ② ✶ ✐ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ② ✐ ♠ ♣ ♦ ❛ ♥ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✐ ❝ ♦ ♥ ❛ ♥

✇ ❤ ❡ ♥ ❡ ✈ ❡ ❤ ❡ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ❛ ❡ ❦ ♥ ♦ ✇ ♥ ♦ ❜ ❡ ❯ ♥✐ ♥❢ ♦ ♠ ❡ ❞✳ ■ ♥ ❛ ❢ ♦❧❧ ♦ ✇✲ ✉ ♣ ♣ ❛ ♣ ❡ ✱ ✇ ❡ ❛ ♣ ♣❧ ②

❝ ♦ ♦❧❧ ❛ ② ✶ ❡ ① ❡ ♥ ✐ ✈ ❡❧ ② ♦ ❛ ❣ ❛ ♠ ❡ ✇✐ ❤ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❚ ❤ ❡ ♥ ❡ ① ❡ ✉❧ ♣ ♦ ✈✐ ❞ ❡ ❛ ♥ ✐❢ ❛ ♥ ❞ ♦ ♥❧ ②

✐❢ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✹✳ ✭ ❈ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✮ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❛ ❡ ❣ ② ✲ ♣ ♦ ♦❢ ✐❢ ❛ ♥ ❞ ♦ ♥❧ ② ✐❢✿

∀ i ∈ { 1 , . . . , n} , s− i, j ≠ j ′ : E F [u j
i ] > E F [u j ′

i ] :

E F [(D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ )))(u j
i − u j ′

i )] > E F [u j
i − u j ′

i ]. ✭ ✶✳ ✺✮

♦ ♦❢✳ ❋ ♦ ❛ ♥ ② i ∈ I ✱ σ i = θ i✱ ∀ θ i : F̃
i

i(θ i) ∈ { 0 , 1 } ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❜ ② ❤ ❡

♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶✳

❋ ♦ i ∈ U ✱ F̃
i
= F ✱ ✜ ① s − i ❛ ♥ ❞ ❧ ❡ E F [u 1

i ] > E F [u 2
i ] ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ②✳ ❚ ❤ ❡ ♥✱

✐ ♥ ❡ ✉ ❛❧✐ ② ✭ ✶✳ ✹✮ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ✭ ✶✳ ✶✮✱ ✇ ✐ ❡ ♥ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧ ② ❛ ✿

C o v F [D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ )), uji − u j ′

i ]

> E F [u j
i − u j ′

i ]( 1 − E F [D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ ))]),

♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧ ② ❛

E F [(D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ )))(u j
i − u j ′

i )]

− E F [D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ ))]E F [u j
i − u j ′

i ]

> E F [u j
i − u j ′

i ]( 1 − E F [D j
i (j, s − i(θ )) + D j ′

i (j ′, s− i(θ ))]),

✇ ❤✐ ❝ ❤ ②✐ ❡❧ ❞ ❤ ❡ ❡ ✉❧ ✳

✶ ✷



✶✳ ✺ ❋ ❛✐❧ ✉ ❡ ♦❢ ❙ ❛ ❡ ❣ ②✲ ♦ ♦❢ ♥ ❡ ❯ ♥ ❞ ❡ ❈ ♦ ♠ ♠ ♦ ♥ ❱ ❛❧✲

✉ ❡

❚ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❡ ❝ ✐ ♦ ♥ ❣ ❛ ✈ ❡ ❛ ❡ ♦❢ ❡ ✉❧ ❞ ❡ ♠ ♦ ♥ ❛ ✐ ♥ ❣ ✉ ♥ ❞ ❡ ✇ ❤ ❛ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ✐ ❛ ✐ ✜ ❡ ❞✳ ❚ ❤✐ ❡ ❝ ✐ ♦ ♥ ♣ ♦ ✈✐ ❞ ❡ ❛ ❝ ♦ ✉ ♥ ❡ ✲ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ✇ ❤✐ ❝ ❤ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡

❢ ❛✐❧ ✳ ❋ ♦ ❤ ❡ ♣ ✉ ♣ ♦ ❡ ♦❢ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ✇ ❡ ❢ ♦ ❝ ✉ ♦ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❝ ♦ ♠ ♠ ♦ ♥ ✈ ❛❧ ✉ ❡ ✱ ✇ ❤ ❡ ❡ ❛❧❧

♣❧ ❛ ② ❡ ❛ ❡ ♦❢ ❤ ❡ ❛ ♠ ❡ ② ♣ ❡✳

❊ ① ❛ ♠ ♣❧ ❡ ✶✳ ■ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝✐ ❡ ✐ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❝ ❛ ♥ ❝ ❛ ✉ ❡ ❛ ❢ ❛✐❧ ✉ ❡ ♦❢ ❤ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡

♦❢ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ♥ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳

♦ ♦❢✳ ▲ ❡ n = 2 ❛ ♥ ❞ q 1 = q 2 = 1 ✳ ▲ ❡ θ = ( θ̂ , θ̂)✱ ✇ ❤ ❡ ❡ θ̂ ✐ ❡ ✉ ❛❧ ♦ θ 1 > 2 ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ②

p ❛ ♥ ❞ θ 2 > 1 ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② 1 − p ✳ ❲ ❤ ❡ ♥ ♣❧ ❛ ② ❡ i ❤ ❛ ② ♣ ❡ θ j > j ′
✱ ❤ ❡ ❡ ❝ ❡✐ ✈ ❡ ✉ ✐❧✐ ② û > 0

❢ ♦ ♠ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❛ ♥ ❞ 0 ❢ ♦ ♠ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ′✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✇ ❡ ❞ ♦ ♣ ✉ ❜ ❝ ✐ ♣ i ♦ ♥ u i✳ ❚ ❤ ❛ ✐

❢ ♦ ❜ ♦ ❤ i ∈ { 1 , 2 } ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❜❧ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❤ ❡ ♣ ✐ ♦ F ✿

❚ ❛ ❜❧ ❡ ✶✳ ✶✿ ❯ ✐❧✐ ✐ ❡ ❛ ♥ ❞ ✐ ♦

θ 1 > 2 θ 2 > 1

u 1
i = u 1 û 0

u 2
i = u 2 0 û

F (θ ) p 1 − p

▲ ❡ p > 1 / 2 ✱ ♦ ❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✶ ✐ ✱ ❡ ①✲ ❛ ♥ ❡✱ ❜ ❡ ❡ ✿

E [u 1 ] = p û > ( 1 − p ) û = E [u 2 ].

▲ ❡ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D j
i (a ) ❜ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❜❧ ❡✱ ✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ♠ ♠ ♦ ♥ ❦ ♥ ♦ ✇❧✲

❡ ❞ ❣ ❡✿

❚ ❛ ❜❧ ❡ ✶✳ ✷✿ ❈ ❤ ♦✐ ❝ ❡ ❘ ✉❧ ❡

D j
i (a i, a− i) D 1

i (( 1, 1)) D 2
i (( 2, 2)) D 1

i (( 1, 2)) D 2
i (( 2, 1))

i = 1 1 0 1 1

i = 2 0 1 1 1

❋✐ ✱ ♦ ❜ ❡ ✈ ❡ ❤ ❛ ❤ ❡ ❧ ❛ ✇ ♦ ❝ ♦❧ ✉ ♠ ♥ ♦❢ ❤ ❡ ❛ ❜❧ ❡ ❛ ❡ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ♥ ♦ ♥✲

✇ ❛ ❡❢ ✉❧ ♥ ❡ ✱ ❤ ❛ ✐ ✱ ✇ ❤ ❡ ♥ ❡ ✈ ❡ ❤ ❡ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❞✐ ✛ ❡ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✱ ❤ ❡ ② ❛ ❡ ❜ ♦ ❤

❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❤ ❡✐ ❝ ❤ ♦✐ ❝ ❡✳ ❙ ❡ ❝ ♦ ♥ ❞✱ ♦ ❜ ❡ ✈ ❡ ❤ ❛ ✇ ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ♥ ✉ ❝ ❤ ❛ ✇ ❛ ②

❤ ❛ ✐ ♥ ❝ ❛ ❡ ♦❢ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥✱ a = ( 1 , 1) ♦ a = ( 2 , 2) ✱ ♣❧ ❛ ② ❡ 1 ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ❛ ♥ ❞

✶ ✸



♣❧ ❛ ② ❡ 2 ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✳ ❚ ❤✐ ❛ ② ♠ ♠ ❡ ②✱ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❤ ❛

❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ✱ ♣❧ ❛ ② ❛ ❝ ✉ ❝✐ ❛❧ ♦❧ ❡ ✐ ♥ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡✳ ❲❡ ✇✐❧❧ ❤ ♦ ✇ ❤ ❛ ❤ ❡

❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ♣ ♦ ♣ ❡ ② ❢ ❛✐❧ ❢ ♦ ❤ ❡ ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞ ♣❧ ❛ ② ❡ 2 ✱ ✇ ❤ ♦ ✐ ❡❥ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡

❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ♥ ❝ ❛ ❡ ♦❢ a = ( 1 , 1) ✳

❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❤ ❡ ✜ ♣❧ ❛ ② ❡ ✐ ✐ ♥❢ ♦ ♠ ❡ ❞ ✱ 1 ∈ I ✳ ❚ ❤ ❛ ✐ ✱ ♣❧ ❛ ② ❡ 1 ❧ ❡ ❛ ♥ ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥

♦❢ θ̂ ❛ ♥ ❞ ❝ ❤ ♦ ♦ ❡ a ∗
1 ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✳ ❋ ✉ ❤ ❡ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❤ ❡ ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞

♣❧ ❛ ② ❡ 2 ✐ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ✱ 2 ∈ U ✳ ❙ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ❡ ✉✐ ❡ ♣❧ ❛ ② ❡ 2 ♦ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥

1 ✱ ❜ ✉ ✇ ❡ ✇✐❧❧ ❤ ♦ ✇ ❤ ❛ ❤✐ ❞ ♦ ❡ ♥ ♦ ❤ ❛ ♣ ♣ ❡ ♥✳

♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ❤ ♦ ✇ ❤ ❛ ✱ ❛❢ ❡ ❡ ❝ ❡✐ ✈✐ ♥ ❣ σ 1 ✱ ♣❧ ❛ ② ❡ 1 ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥

1 ❢ ♦ σ 1 = θ 1 > 2 ✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ♣ ♣ ❡ ♥ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② p ❛ ♥ ❞ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❢ ♦ ✐ ❣ ♥ ❛❧ σ 1 = θ 2 > 1 ✱

✇ ❤✐ ❝ ❤ ❤ ❛ ♣ ♣ ❡ ♥ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② 1 − p ✳ ❑ ♥ ♦ ✇✐ ♥ ❣ ❤✐ ✱ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ② ♦❢ ♣❧ ❛ ② ❡ 2 ✱

U 2 (a 2 , a∗1 (θ )) ✐ ✿

❚ ❛ ❜❧ ❡ ✶✳ ✸✿ ❊ ① ♣ ❡ ❝ ❡ ❞ ❯ ✐❧✐ ② ♦❢ ❧ ❛ ② ❡ ✷

U 2 (a 2 , a∗1 (θ )) p : a ∗
1 (θ

1 > 2 ) = 1 1 − p : a ∗
1 (θ

2 > 1 ) = 2

a 2 = 1 0 0

a 2 = 2 0 û

❚ ❤ ❡ ♦ ♣✲❧ ❡❢ ❝ ❡❧❧ ✐ 0 ✱ ❜ ❡ ❝ ❛ ✉ ❡ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② p ✱ ❜ ♦ ❤ ♣❧ ❛ ② ❡ ❤ ❛ ✈ ❡ ② ♣ ❡ θ 1 > 2 ❛ ♥ ❞ ❜ ♦ ❤

♣❧ ❛ ② ❡ ❝ ❤ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✱ ❜ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ♣❧ ❛ ② ❡ 1 ✱ ❧ ❡ ❛ ✈✐ ♥ ❣ ♣❧ ❛ ② ❡ 2 ✇✐ ❤

❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✱ ✇ ❤✐ ❝ ❤ ②✐ ❡❧ ❞ 0 ✳ ❚ ❤ ❡ ♦ ♣✲ ✐ ❣ ❤ ❝ ❡❧❧ ✐ ③ ❡ ♦✱ ❜ ❡ ❝ ❛ ✉ ❡✱ ✇ ❤✐❧ ❡ ♣❧ ❛ ② ❡ 2 ✇ ❛ ❛❧❧ ♦ ❝ ❛ ❡ ❞

♦ ❤✐ ❝ ❤ ♦ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✱ ❤ ❛ ♥ ❦ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ♣❧ ❛ ② ❡ 1 ❝ ❤ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✱ ❜ ♦ ❤ ♣❧ ❛ ② ❡

❤ ❛ ❡ ② ♣ ❡ θ 2 > 1 ❛ ♥ ❞ ❤ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ②✐ ❡❧ ❞ 0 ✳ ❚ ❤ ❡ ❜ ♦ ♦ ♠ ❧ ❡❢ ❝ ❡❧❧ ✐ 0 ✱ ❜ ❡ ❝ ❛ ✉ ❡✱ ✇ ❤✐❧ ❡

♣❧ ❛ ② ❡ 2 ❡ ❝ ❡✐ ✈ ❡ ❞ ❤✐ ❝ ❤ ♦ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✱ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ②✐ ❡❧ ❞ 0 ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❜ ♦ ❤ ♣❧ ❛ ② ❡ ❤ ❛ ❡

② ♣ ❡ θ 1 > 2 ✳ ❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❜ ♦ ♦ ♠✲ ✐ ❣ ❤ ❝ ❡❧❧ ✐ û ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❜ ♦ ❤ ♣❧ ❛ ② ❡ ❤ ❛ ❡ ② ♣ ❡ θ 2 > 1 ❛ ♥ ❞

❜ ♦ ❤ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✱ ❜ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❛ ❝ ❝ ❡ ♣ ♣❧ ❛ ② ❡ 2 ❛ ♥ ❞ ②✐ ❡❧ ❞ û ✳

❚ ❛ ❜❧ ❡ ✶✳ ✸ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞ ♣❧ ❛ ② ❡ 2 ❝ ❛ ♥ ♥ ♦ ❜ ❡ ♥ ❡ ✜ ❢ ♦ ♠ ❤✐ ❝ ❤ ♦✐ ❝ ❡ ♦❢

❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✇ ❤ ❡ ♥ ♣❧ ❛ ② ❡ 1 ✐ ✐ ♥❢ ♦ ♠ ❡ ❞ ✳ ■ ♥ ❢ ❛ ❝ ✱ ❤ ❡ ♦ ♥❧ ② ❝ ❛ ❡ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞

♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ❡ ① ❛ ❝ ❧ ② ✇ ❤ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ✇ ♦ ❡ ❤ ❛ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✳ ❑ ♥ ♦ ✇✐ ♥ ❣ ❤✐ ✱ ❤ ❡

❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞ ♣❧ ❛ ② ❡ 2 ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❞ ✉ ❡ ♦✿

( 1 − p ) û > 0 .

❚ ♦ ✉ ♠ ♠ ❛ ✐ ③ ❡✱ ❢ ♦ ❤ ❡ ✐ ♥❢ ♦ ♠ ❡ ❞ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞ ♣❧ ❛ ② ❡ 1 ❛ ♥ ❞ ❤ ❡ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ❞✐ ❛ ❞ ✈ ❛ ♥✲

❛ ❣ ❡ ❞ ♣❧ ❛ ② ❡ 2 ✱ ♣❧ ❛ ② ❡ 2 ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❞ ❡ ♣✐ ❡ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤✐ ♣ ♦ ❡ ✐ ♦ ❜ ❡❧✐ ❡❢ ❛ ❡

✶ ✹



✉ ❝ ❤ ❤ ❛ E
F̃

2 [u 1 ] > E
F̃

2 [u 2 ]✱ ❤ ✉ ✈✐ ♦❧ ❛ ✐ ♥ ❣ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳

❊ ① ❛ ♠ ♣❧ ❡ ✶ ✐❧❧ ✉ ❛ ❡ ❤ ❛ ✱ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ❛ ❡ ❣ ②✲

♣ ♦ ♦❢ ♥ ❡ ✐ ❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ❞ ❜ ② ❦ ♥ ♦ ✇✐ ♥ ❣ ✇ ❤ ❛ ♦ ❤ ❡ ❦ ♥ ♦ ✇✳ ❚ ♦ ❡ ❡ ❤ ❡ ✐ ♥ ✉✐ ✐ ♦ ♥ ❜ ❡ ❤✐ ♥ ❞

✇ ❤ ② ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ❢ ❛✐❧ ❢ ♦ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ✉ ♣ ♣ ♦ ❡ ❛ ♣❧ ❛ ② ❡ i ❞ ♦ ❡

♥ ♦ ❦ ♥ ♦ ✇ ❤✐ θ i✳ ❡ ❤ ❛ ♣ ♣❧ ❛ ② ❡ i ❤ ❛ ❛ ❧ ♦ ✇ ❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❜ ❡✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ♥ ❝ ❛ ❡

♦❢ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥✱ ❜ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ❡ ①✲ ❛ ♥ ❡ ❛ ❛ ❝ ✐ ✈ ❡✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❞ ✉ ❡ ♦ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ❡✱ θ i

✐ ♣ ♦ ✐ ✐ ✈ ❡❧ ② ❝ ♦ ❡❧ ❛ ❡ ❞ ✇✐ ❤ θ − i ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ❣ ♦ ♦ ❞ ❢ ♦ ♣❧ ❛ ② ❡ i ✇ ❤ ❡ ♥ ✐

✐ ❣ ♦ ♦ ❞ ❢ ♦ ❤ ❡ ♦ ❤ ❡ ♣❧ ❛ ② ❡ − i✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ♣❧ ❛ ② ❡ i ♠✐ ❣ ❤ ❡ ① ♣ ❡ ❝ ❤ ❛ ♦ ❤ ❡ ♣❧ ❛ ② ❡

− i ❛ ❡ ❜ ❡ ❡ ✐ ♥❢ ♦ ♠ ❡ ❞ ❛ ❜ ♦ ✉ ❤ ❡✐ ② ♣ ❡ ✳ ❋✐ ♥ ❛❧❧ ②✱ ❦ ♥ ♦ ✇✐ ♥ ❣ ❤ ❛ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ❦ ♥ ♦ ✇ ❤ ❡✐

② ♣ ❡ ✱ ♣❧ ❛ ② ❡ i ❦ ♥ ♦ ✇ ❤ ❡ ✇✐❧❧ ✜ ♥ ❞ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❝ ♦ ♥ ❣ ❡ ❡ ❞ ❡ ① ❛ ❝ ❧ ② ✇ ❤ ❡ ♥ ❤ ❡ ✇ ♦ ✉❧ ❞ ❧✐ ❦ ❡ ♦ ❜ ❡

❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ❡ ❡ ❛ ♥ ❞ ✇ ❤ ❡ ♥ ❤ ❡ ❤ ❛ ❛ ❧ ♦ ✇ ❝ ❤ ❛ ♥ ❝ ❡ ♦ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ❡ ❡✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡

❝ ❤ ♦✐ ❝ ❡ ♦❢ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ♥ ♦ ❛ ❣ ♦ ♦ ❞ ❝ ❤ ♦✐ ❝ ❡✱ ✐ ♥ ❝ ❡ ❤ ❡ ♦ ♥❧ ② ✇ ❛ ② ♦ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ❡ ❡ ✐ ✇ ❤ ❡ ♥

❤ ❡ ❡ ❛❧✐ ③ ❡ ❞ ② ♣ ❡ ♦❢ ♣❧ ❛ ② ❡ i ❡ ✈ ❡ ❛❧ ❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ❜ ❛ ❞✳ ❚ ❤✐ ♣ ❡ ❞✐ ❝ ✐ ♦ ♥ ✉❧ ✐ ♠ ❛ ❡❧ ②

❧ ❡ ❛ ❞ ♣❧ ❛ ② ❡ i ♦ ❝ ❤ ♦ ♦ ❡ ❛ ❞✐ ✛ ❡ ❡ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ✈✐ ♦❧ ❛ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳

❚ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ♣❧ ❛ ② ❡ i ❧ ❡ ❛ ♥ ❤ ❛ ❤✐ ② ♣ ❡ ✐ ✉ ❝ ❤ ❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ❜ ❛ ❞ ✐ ♥

❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❜ ❡✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✐ ❛ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ❡ ✇✐ ♥ ♥ ❡ ❝ ✉ ❡✱ ✇ ❤✐ ❝ ❤

♣ ❛ ❛❧❧ ❡❧ ❤ ❡ ❝❧ ❛ ✐ ❝ ❡ ✉❧ ❢ ♦ ♠ ❛ ✉ ❝ ✐ ♦ ♥ ✇✐ ❤ ❝ ♦ ♠ ♠ ♦ ♥ ✈ ❛❧ ✉ ❡ ✳

✶✳ ✻ ❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥

❲❡ ❤ ❛ ✈ ❡ ❤ ♦ ✇ ♥ ❤ ❛ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✱ ❛ ♥ ♦❢ ❡ ♥✲ ❞ ❡ ✐ ❡ ❞ ♣ ♦ ♣ ❡ ② ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤✲

❛ ♥✐ ♠ ✱ ❢ ❛✐❧ ✐ ♥ ❡ ✐ ♥ ❣ ✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳

❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✇ ❡ ❤ ❛ ✈ ❡ ♣ ♦ ✈✐ ❞ ❡ ❞ ❡ ✈ ❡ ❛❧ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♠ ♣ ♦ ❡ ❞ ♦ ♥ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ♦ ❣ ❡ ❤ ❡

✇✐ ❤ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✉ ♥ ❞ ❡ ✇ ❤✐ ❝ ❤ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ❛ ✐ ✜ ❡ ❞✳ ❚ ❤ ❡ ♠ ♦ ❞ ❡❧ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞

♦ ❛ ✈ ❛ ✐ ❡ ② ♦❢ ❡ ✐ ♥ ❣ ✳ ❡ ❤ ❛ ♣ ❤ ❡ ♠ ♦ ❛ ❛ ❝ ✐ ✈ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤ ❧ ❡ ❛ ♥✲

✐ ♥ ❣✱ ✇ ❤✐ ❝ ❤ ♥ ❛ ✉ ❛❧❧ ② ❜ ✐ ♥ ❣ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✳ ❆❧ ❡ ♥ ❛ ✐ ✈ ❡❧ ②✱ ❛

✉ ❞ ② ♦❢ ✇ ❡❧❢ ❛ ❡ ❡ ✛ ❡ ❝ ❛ ♥ ❞ ❡ ✛ ❡ ❝ ♦ ♥ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ✭ ♦ ❝✐ ❛❧❧ ② ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞✮ ♣❧ ❛ ② ❡ ❝ ♦ ✉❧ ❞

❤ ❡ ❞ ❧✐ ❣ ❤ ♦ ♥ ♥ ❡ ✇ ❤ ♦ ❝ ♦ ♠✐ ♥ ❣ ♦❢ ❝ ✉ ❡ ♥ ❧ ② ❛ ♣ ♣❧✐ ❡ ❞ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✳

✶ ✺
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❈ ❤ ❛ ♣ ❡ ✷

■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❆ ❝ ✉✐ ✐ ✐ ♦ ♥ ■ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ❛ ♥ ❞ ❲ ❡❧❢ ❛ ❡ ✐ ♥ ❈ ♦ ♥✲

❣ ❡ ❡ ❞ ▼ ❛ ❦ ❡ ✶

✷✳ ✶ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥

■ ♥ ♠ ❛ ♥ ② ❝ ♦ ♥ ❡ ① ✱ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ❛ ❣ ❡ ♥ ❝ ♦ ♠ ♠✐ ♦ ❝ ❤ ♦✐ ❝ ❡ ✇ ❤✐ ❝ ❤ ❛ ❡ ❞✐ ✣ ❝ ✉❧ ♦ ❝ ♦ ❧ ② ♦

❝ ❤ ❛ ♥ ❣ ❡ ✲ ❡ ♥ ♦❧❧✐ ♥ ❣ ✐ ♥ ❛ ✉ ♥✐ ✈ ❡ ✐ ② ♦ ✐ ❣ ♥✐ ♥ ❣ ❛ ✇ ♦ ❦ ♦ ❧ ❡ ❛ ❡ ❝ ♦ ♥ ❛ ❝ ✳ ❚ ❤ ❡ ❡ ② ♣ ❡ ♦❢

❝ ❤ ♦✐ ❝ ❡ ❞ ❡ ♣❧ ❡ ❡ ❤ ❡ ❣ ♦ ♦ ❞ ❛ ♥ ❞ ❧✐ ♠✐ ♦ ❤ ❡ ♠ ❛ ❦✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡✳ ❇ ❡❢ ♦ ❡ ❡ ♥ ❡ ✐ ♥ ❣ ❤ ❡

♠ ❛ ❦ ❡ ✱ ❛ ❣ ❡ ♥ ♦❢ ❡ ♥ ✜ ❧ ❡ ❛ ♥ ❛ ❜ ♦ ✉ ✇ ❤ ❛ ❤ ❡ ② ✇ ♦ ✉❧ ❞ ❧✐ ❦ ❡ ♦ ❛ ❦ ❡ ❛ ✇ ❛ ② ❢ ♦ ♠ ✐ ✲ ❛

♣ ♦ ❝ ❡ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ❧ ② ❛ ♥ ❞ ❧ ❡ ♥ ❣ ❤ ②✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❡ ❛ ❝ ❤ ♣ ♦ ❝ ❡ ✱ ♦ ♥ ❡

❞ ♦ ❡ ♥ ♦ ❦ ♥ ♦ ✇ ✐❢ ❤ ❡ ✇✐❧❧ ❜ ❡ ❛ ❜❧ ❡ ♦ ♦ ❜ ❛✐ ♥ ❤ ❡ ❣ ♦ ♦ ❞ ❤ ❡ ✐ ❝ ✉ ❡ ♥ ❧ ② ❧ ❡ ❛ ♥✐ ♥ ❣ ❛ ❜ ♦ ✉ ✳ ❆

❤✐ ❣ ❤ ❝ ❤ ♦ ♦❧ ✉ ❞ ❡ ♥ ✐ ♥ ❤✐ ✜ ♥ ❛❧ ② ❡ ❛ ✐ ❧ ❡ ❛ ♥✐ ♥ ❣ ❛ ❜ ♦ ✉ ✇ ❤✐ ❝ ❤ ♣ ♦ ❣ ❛ ♠ ❛ ✇ ❤ ❛ ✉ ♥✐ ✈ ❡ ✐ ②

✇ ♦ ✉❧ ❞ ❜ ❡ ❤ ❡ ❜ ❡ ❢ ♦ ❤✐ ♠ ❜ ❡❢ ♦ ❡ ❤ ❡ ❡ ♥ ❞ ❛ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥✳ ❆ ♣ ♦ ♣ ❡ ❝ ✐ ✈ ❡ ❡ ♥ ❛ ♥ ❧ ❡ ❛ ♥

❛ ❜ ♦ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ❡ ❜ ❡ ❢ ♦ ❤✐ ♠ ❞ ✉ ❡ ♦ ❤✐ ❝ ♦ ♠ ♠ ✉ ❡✱ ❡ ❝ ✉ ✐ ②✱ ♦ ❞ ❡ ✐ ❡ ❞ ❛ ♠ ❡ ♥✐ ✐ ❡

❜ ❡❢ ♦ ❡ ❤ ❡ ❝ ❤ ❡ ❞ ✉❧ ❡ ❛ ♣ ♦ ♣ ❡ ② ✈✐ ❡ ✇✐ ♥ ❣✱ ❡ ❝✳ ❖❢ ❡ ♥ ❤ ❡ ❡ ✐ ✈ ❡ ② ❧✐ ♠✐ ❡ ❞ ✐ ♠ ❡ ❢ ♦ ❧ ❡ ❛ ♥✐ ♥ ❣

❛❢ ❡ ❛ ✜ ♥ ❛❧ ♦ ✛ ❡ ❢ ♦ ♠ ❛ ✉ ♥✐ ✈ ❡ ✐ ② ♦ ❛ ❡ ❛❧ ❡ ❛ ❡ ❛ ❣ ❡ ♥ ✐ ♠ ❛ ❞ ❡✳

❚ ❤✐ ♣ ❛ ♣ ❡ ❜ ✉✐❧ ❞ ❛ ♠ ♦ ❞ ❡❧ ♦ ❞✐ ❝ ✉ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ❛ ♥ ❞ ✇ ❡❧❢ ❛ ❡ ✐ ♥ ❡ ✐ ♥ ❣ ✇✐ ❤

❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥✳ ■❢ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ✉ ❝ ❤ ❤ ❛ ❤ ❡ ♣❧ ❛ ② ❡ ✬ ✭ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ❛ ❣ ❡ ♥ ✮ ❝ ❤ ♦✐ ❝ ❡

♦❢ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✭ ❝ ❤ ♦ ♦❧✱ ❥ ♦ ❜✱ ♦ ❛ ♣ ♦ ♣ ❡ ②✮ ❞ ♦ ❡ ♥ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✬ ❝ ❤ ♦✐ ❝ ❡ ✱ ❤ ❡

♠ ❛ ❝ ❤✐ ♥ ❣ ❧✐ ❡ ❛ ✉ ❡ ✭ ❉ ✉ ❜✐ ♥ ❛ ♥ ❞ ❋ ❡ ❡ ❞ ♠ ❛ ♥ ✶ ✾ ✽ ✶✮ ✐ ❞ ❡ ♥ ✐ ✜ ❡ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❛

❛ ❡ ❣ ②✲ ♣ ♦ ♦❢✳ ❲❡ ✉ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❙ ❡ ❞ ❡ ❦ ✭ ✷ ✵ ✷ ✵✮ ❤ ❛ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ♠ ♠✐ ♥ ❣

❢ ♦ ♠ ❧ ❡ ❛ ♥✐ ♥ ❣ ❤ ❛ ♥ ♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❛ ♣❧ ❛ ② ❡ ✬ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✉ ♥ ❞ ❡ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢

✶ ❚ ❤✐ ♣ ♦❥ ❡ ❝ ❤ ❛ ❡ ❝ ❡✐ ✈ ❡ ❞ ❢ ✉ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ❈ ❤ ❛ ❧ ❡ ❯ ♥✐ ✈ ❡ ✐ ②✱ ● ❆ ❯ ❑ ♣ ♦❥ ❡ ❝ ◆ ♦✿ ✺ ✼ ✵ ✷ ✶ ✽ ❛ ♥ ❞ ❤ ❡ ❊ ✉ ♦✲
♣ ❡ ❛ ♥ ❘ ❡ ❡ ❛ ❝ ❤ ❈ ♦ ✉ ♥ ❝✐❧✱ ✉ ♥ ❞ ❡ ❤ ❡ ❊ ✉ ♦ ♣ ❡ ❛ ♥ ❯ ♥✐ ♦ ♥✬ ❍ ♦ ✐ ③ ♦ ♥ ✷ ✵ ✷ ✵ ❡ ❡ ❛ ❝ ❤ ❛ ♥ ❞ ✐ ♥ ♥ ♦ ✈ ❛ ✐ ♦ ♥ ♣ ♦ ❣ ❛ ♠ ♠ ❡
✭ ❣ ❛ ♥ ❛ ❣ ❡ ❡ ♠ ❡ ♥ ◆ ♦✳ ✻ ✼ ✽ ✵ ✽ ✶✮

✶ ✼



✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❲ ❤✐❧ ❡ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢✱ ❛ ♥ ❞ ❤ ✉ ❤ ❡

❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ✐ ♥ ♦ ♥✲ ❛ ❡ ❣✐ ❝✱ ❤ ❡ ❛ ♠ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❛✐ ❞ ❛ ❜ ♦ ✉ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳

❚ ❤✐ ✐ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✐❧❧ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳

❲❡ ✜ ❞✐ ❝ ✉ ❛ ❡ ❣✐ ❝ ❡ ✛ ❡ ❝ ✐ ♥ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ✱ ❞ ❡ ♣✐ ❡

❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❡ ① ❤✐ ❜✐ ✐ ♥ ❣ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ②✱ ✇ ❤✐ ❝ ❤ ✐ ❞ ✐ ✈ ❡ ♥ ❜ ② ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥✱

❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❡ ♥ ❞ ♦ ❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ②✳ ❚ ❤✐ ✉ ♣ ✐ ✐ ♥ ❣

♣ ♦ ♣ ❡ ② ✐ ❞ ✉ ❡ ♦ ❧ ❡ ❛ ♥✐ ♥ ❣ ✇ ❤✐ ❝ ❤ ❝ ❛ ✉ ❡ ♣❧ ❛ ② ❡ ♦ ✇✐ ❝ ❤ ❢ ♦ ♠ ❤ ❡✐ ❞ ❡❢ ❛ ✉❧ ❛ ❝ ✐ ♦ ♥✳ ❲ ❤ ❡ ♥

♣❧ ❛ ② ❡ ❛ ❡ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞✱ ❤ ❡ ✇✐ ❞ ❡❧ ② ❝ ❤ ♦ ❡ ♥ ❞ ❡❢ ❛ ✉❧ ❛ ❝ ✐ ♦ ♥ ❡ ♥ ❞ ♦ ❞ ❡ ❡ ♣ ❡ ♥ ❤ ❡ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥

♣ ♦ ❜❧ ❡ ♠ ❛ ♥ ❞ ❤ ✉ ❞✐ ❝ ♦ ✉ ❛ ❣ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❆ ♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥ ✐ ❛❧❧ ❡ ✈✐ ❛ ❡ ❞✱

❛ ♥ ❞ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ♦ ♠ ❡ ♠ ♦ ❡ ❞ ❡ ✐ ❛ ❜❧ ❡✳ ❚ ❤ ✉ ✱ ❤✐ ♠ ♦ ❞ ❡❧ ❡ ✈ ❡ ❛ ❛ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢

❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ✐ ✐ ♥ ❣ ♥ ❛ ✉ ❛❧❧ ② ❢ ♦ ♠ ❛ ❣ ❛ ♠ ❡ ✇✐ ❤

❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ❛ ❝ ✐ ♦ ♥✳ ❚ ❤✐ ❛ ♥ ❞ ✐ ♥ ❝ ♦ ♥ ❛ ♦ ❍ ❡❧❧ ✇✐ ❣ ❛ ♥ ❞ ❱❡❧ ❞ ❦ ❛ ♠ ♣

✭ ✷ ✵ ✵ ✾✮✱ ✇ ❤ ♦ ✜ ♥ ❞ ❤ ❛ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❡ ♥ ❞ ♦ ✐ ♥ ❤ ❡ ✐ ❤ ❡ ❛ ❡ ❣✐ ❝ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢

❤ ❡ ✉ ♥ ❞ ❡ ❧ ②✐ ♥ ❣ ❣ ❛ ♠ ❡ ✐ ♥ ❛ ❜ ❡ ❛ ✉ ② ❝ ♦ ♥ ❡ ❡ ✐ ♥ ❣✳

❙ ❡ ❝ ♦ ♥ ❞✱ ✇ ❡ ❞✐ ❝ ✉ ❤ ❡ ✐ ♠ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ♦ ♥ ✇ ❡❧❢ ❛ ❡✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥✲

❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ♥ ❧ ❛ ❡ ✐ ♥ ♦ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ♠ ✉❧ ✐ ♣❧✐ ❝✐ ②✳ ❲❡ ✜ ❤ ♦ ✇

❤ ❛ ✱ ❢ ♦ ❛ ❜❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛✱ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛ ✇✐ ❤ ♠ ♦ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ❛ ❡ ✇ ❡❧❢ ❛ ❡✲ ❞ ♦ ♠✐ ♥ ❛ ♥ ♦ ✈ ❡

❤ ❡ ♦ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ❤✐ ✐ ❞ ✉ ❡ ♦ ♣ ❡ ✈ ❛✐❧✐ ♥ ❣ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❢ ♦ ♠

❧ ❡ ❛ ♥✐ ♥ ❣✳

❚ ❤✐ ❞✱ ✇ ❡❧❢ ❛ ❡ ❡ ✉❧ ♣ ♦ ✈✐ ❞ ❡ ❛ ❝ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❛ ✐ ❝ ❡ ① ❡ ❝✐ ❡ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠✳ ❆❧❧

❡ ✉✐❧✐ ❜ ✐ ❛ ✐ ♥ ❛ ❣ ❛ ♠ ❡ ✇✐ ❤ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ♣❧ ❛ ② ❡ ❛ ❡ ✇ ❡❧❢ ❛ ❡✲ ❞ ♦ ♠✐ ♥ ❛ ❡ ❞ ❜ ② ❛ ✉ ♥✐ ✉ ❡

❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ♥ ❛ ❡❧ ❛ ❡ ❞ ❣ ❛ ♠ ❡✱ ✇ ❤ ❡ ❡ ❤ ❡ ♣❧ ❛ ② ❡ ❛ ❡ ❡ ①✲ ❛ ♥ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝✱ ❜ ✉ ♣ ❡ ❢ ❡ ❝ ❧ ②

✐ ♥❢ ♦ ♠ ❡ ❞ ❛ ❜ ♦ ✉ ❤ ❡✐ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ❛ ♥ ❝ ❡ ✳ ❲❡ ❛ ♣ ♣❧ ② ❤✐ ❡ ✉❧ ♦ ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣✳

■ ♥ ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣✱ ✉ ❞ ❡ ♥ ✭ ♣❧ ❛ ② ❡ ✮ ♦❢ ❡ ♥ ❢ ❛ ❝ ❡ ✉ ♥ ❝ ❡ ❛✐ ♥ ✐ ❡ ✐ ♥ ❛ ❞ ♠✐ ✐ ♦ ♥

❝ ❤ ❛ ♥ ❝ ❡ ❞ ✉ ❡ ♦ ✐ ❡✲ ❜ ❡ ❛ ❦ ❡ ✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ❧ ♦ ❡ ✐ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❛❢ ❡ ❤ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ❜✲

♠✐ ❡ ❞✳ ❲❡ ❛ ❣ ✉ ❡ ❤ ❛ ❡❧✐ ♠✐ ♥ ❛ ✐ ♥ ❣ ❤✐ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ❜ ② ✐ ♥❢ ♦ ♠✐ ♥ ❣ ✉ ❞ ❡ ♥ ❛ ❜ ♦ ✉ ❤ ❡✐

✐ ❡✲ ❜ ❡ ❛ ❦ ❡ ❜ ❡❢ ♦ ❡ ❤ ❡ ✉ ❞ ❡ ♥ ❣ ❛ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇ ♦ ✉❧ ❞ ✐ ♥ ❝ ❡ ❛ ❡ ✉ ❞ ❡ ♥ ✇ ❡❧❢ ❛ ❡✳ ❚ ❤✐

❝ ♦ ♠ ❡ ❛ ❤ ❡ ❝ ♦ ♦❢ ❛ ❝ ✐ ✜ ❝✐ ♥ ❣ ❛ ♥ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ❢ ♦ ❛ ♥ ❛ ✉ ❛❧ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❛ ✐ ✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡

❧ ♦ ❡ ✐ ❡ ❛ ✉ ❣ ❣ ❡ ❡ ❞ ❜ ② ❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉ ❡ ❛❧✳ ✭ ✷ ✵ ✶ ✼✮✳

✷✳ ✷ ▲✐ ❡ ❛ ✉ ❡ ❘ ❡ ✈✐ ❡ ✇

❚ ♦ ♦ ✉ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡✱ ❤ ❡ ❡ ✐ ❧✐ ♠✐ ❡ ❞ ❧✐ ❡ ❛ ✉ ❡ ♦ ♥ ❤ ❡ ♦ ♣✐ ❝ ♦❢ ♠ ❛ ❝ ❤✐ ♥ ❣ ♦ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦❢ ✐ ♥ ❞✐✲

✈✐ ✐ ❜❧ ❡ ❣ ♦ ♦ ❞ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ❛ ❡ ❛ ❢ ❡ ✇ ❡ ❝ ❡ ♥ ♣ ❛ ♣ ❡ ♦ ♥ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡

✶ ✽



✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳ ❈ ❤ ❡ ♥ ❛ ♥ ❞ ❍ ❡ ✭ ✷ ✵ ✶ ✼✮ ✜ ♥ ❞ ❤ ❛ ✱ ✉ ♥ ❞ ❡ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♠ ❡ ❝ ❤✲

❛ ♥✐ ♠ ✇✐ ❤ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✉ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ✉ ❞ ❡ ♥ ❤ ❛ ✈ ❡ ♥ ♦ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ♦ ❧ ❡ ❛ ♥ ❛ ❜ ♦ ✉

❤ ❡✐ ❝ ❛ ❞✐ ♥ ❛❧ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❤ ❡ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ♦ ❤ ❡ ✉ ❞ ❡ ♥ ✳ ■ ♠ ♠ ♦ ❧✐ ❝ ❛ ❡ ❛❧✳ ✭ ✷ ✵ ✶ ✽✮

✉ ❞ ② ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ✉ ♠ ❡ ❝ ♦ ♥ ♦ ♠ ② ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✇ ❤ ❡ ❡ ✉ ❞ ❡ ♥

❤ ❛ ✈ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❤ ❡✐ ♣ ✐ ♦ ✐ ✐ ❡ ❛ ❡ ✐ ❝ ✳ ❚ ❤ ❡ ② ✜ ♥ ❞ ❤ ❛ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❞ ❡ ❛ ❞❧ ♦ ❝ ❦ ✱ ❛ ✐ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ✇ ❤✐ ❝ ❤ ♦ ♠ ❡ ✉ ❞ ❡ ♥ ❛ ❡ ✇ ❛✐ ✐ ♥ ❣ ❢ ♦ ♦ ❤ ❡ ✉ ❞ ❡ ♥ ♦ ❡ ✈ ❡ ❛❧

❤ ❡✐ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✱ ❝ ❛ ♥ ♦ ❝ ❝ ✉ ✳ ❲❡ ✉ ♣ ♣ ♦ ❤✐ ✜ ♥ ❞✐ ♥ ❣ ❜ ② ❤ ♦ ✇✐ ♥ ❣

❤ ❛ ♦ ✉ ✜ ♥✐ ❡ ❡ ✐ ♥ ❣ ❡ ♥ ❞ ♦ ❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ✐ ❡ ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐✲

✐ ✐ ♦ ♥✳ ❇ ❛ ❞ ❡ ✭ ✷ ✵ ✶ ✵✮ ✉ ❞✐ ❡ ❤ ❡ ❤ ♦ ✉ ✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

❛ ♥ ❞ ❤ ♦ ✇ ❤ ❛ ♥ ♦ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❝ ❛ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❤ ❡ ✜ ❜ ❡ ✇ ❡❧❢ ❛ ❡ ♦ ✉ ❝ ♦ ♠ ❡✳

❖ ✉ ♠ ♦ ❞ ❡❧ ❡ ✈ ❡ ❛ ❛ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ②✱ ❜ ✉ ❝ ♦ ♠✲

♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳ ❍ ❡❧❧ ✇✐ ❣ ❛ ♥ ❞ ❱❡❧ ❞ ❦ ❛ ♠ ♣ ✭ ✷ ✵ ✵ ✾✮ ❜ ✉✐❧ ❞ ❛ ❜ ❡ ❛ ✉ ②

❝ ♦ ♥ ❡ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ♦ ❤ ♦ ✇ ❤ ❛ ✱ ✐ ♥ ❛ ❜ ❡ ❛ ✉ ② ❝ ♦ ♥ ❡ ❡ ✐ ♥ ❣✱ ❤✐

✐ ♥ ♦ ♣ ♦ ✐ ❜❧ ❡✳ ❈ ♦❧ ♦ ♠ ❜ ♦✱ ❋❡ ♠ ♠✐ ♥✐ ✱ ❛ ♥ ❞ ❛ ✈ ❛ ♥ ✭ ✷ ✵ ✶ ✹✮ ✉ ❞ ② ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ♦ ♥ ✇ ❡❧❢ ❛ ❡ ✐ ♥ ❛ ❣ ❡ ♥ ❡ ❛❧ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✴ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ❡ ✐ ♥ ❣✳

❋✐ ♥ ❛❧❧ ②✱ ❡ ✈ ❡ ❛❧ ♣ ❛ ♣ ❡ ❤ ❛ ✈ ❡ ❜ ✉✐❧ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝✐ ❡ ✐ ♥ ♣ ❡❢ ❡ ✲

❡ ♥ ❝ ❡ ✳ ❆ ♠ ♦ ♥ ❣ ❤ ❡ ❡ ✐ ❙ ❡ ❞ ❡ ❦ ✭ ✷ ✵ ✷ ✵✮✱ ✇ ❤ ♦ ❛ ♥ ❛❧ ② ❡ ❤ ❡ ❛ ♠ ❡ ❡ ✐ ♥ ❣ ❛ ❤✐ ♣ ❛ ♣ ❡ ✱ ❜ ✉

✇✐ ❤ ♦ ✉ ❧ ❡ ❛ ♥✐ ♥ ❣ ❛ ♥ ❞ ✇✐ ❤ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❙ ❡ ❞ ❡ ❦ ✭ ✷ ✵ ✷ ✵✮✷ ❤ ❡ ♥ ❞✐ ✈ ❡ ✐ ♥ ♦

❡ ✉❧ ❛ ❜ ♦ ✉ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳ ❑❧ ♦ ♦ ❡ ♠ ❛ ♥ ❛ ♥ ❞ ❚ ♦ ② ❛ ♥ ✭ ✷ ✵ ✶ ✽✮ ❛ ♥ ❛❧ ② ③ ❡ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡

✇✐ ❤ ❛ ● ❛❧ ❡✲ ❙ ❤ ❛ ♣❧ ❡ ② ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✉ ♥ ❞ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❞✐ ❝ ✉ ❤ ❡ ❝ ✉ ❡ ♦❢

❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡ ✇ ❤✐ ❝ ❤ ❡ ✉❧ ❢ ♦ ♠ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❖ ❤ ❡ ❡❧ ❛ ❡ ❞ ♣ ❛ ♣ ❡ ✇✐ ❤ ✐ ♥ ❡ ✲

❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❈ ❤ ❡ ❛ ♥ ❞ ❑ ♦ ❤ ✭ ✷ ✵ ✶ ✻✮✱ ❈ ❤ ❡✱ ❑✐ ♠✱ ❛ ♥ ❞ ❑ ♦❥✐ ♠ ❛ ✭ ✷ ✵ ✶ ✺✮✱ ❛ ♥ ❞

❈ ❤ ❛ ❦ ❛ ❜ ♦ ②✱ ❈✐ ❛ ♥ ♥ ❛✱ ❛ ♥ ❞ ❖ ♦ ✈ ❦ ② ✭ ✷ ✵ ✶ ✵✮✳

❖ ✉ ✜ ♥ ❛❧ ✇ ❡❧❢ ❛ ❡ ❡ ✉❧ ❝ ♦ ♥ ✐ ❜ ✉ ❡ ♦ ❤ ❡ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❧✐ ❡ ❛ ✉ ❡ ♦ ✐ ❣✐ ♥ ❛ ❡ ❞ ❜ ② ❆ ❜✲

❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉ ❛ ♥ ❞ ❙ ♥ ♠ ❡ ③ ✭ ✷ ✵ ✵ ✸✮✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♣ ❛ ♣ ❡ ✐ ♥ ❤✐ ❛ ♥ ❞ ♦❢ ❧✐ ❡ ❛ ✉ ❡

❛ ❡✿ ❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉✱ ❛ ❤ ❛ ❦✱ ❛ ♥ ❞ ❘ ♦ ❤ ✷ ✵ ✵ ✾❀ ❇ ❛❧✐ ♥ ❦✐ ❛ ♥ ❞ ❙ ♦ ♥ ♠ ❡ ③ ✶ ✾ ✾ ✽❀ ❍ ❛ ❡ ✐ ♥ ❣ ❡ ❛ ♥ ❞

❑❧✐❥ ♥ ✷ ✵ ✵ ✾✳ ❚ ❤ ❡ ❡ ✐ ❛ ❣ ♦ ✇✐ ♥ ❣ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❛ ♥ ❞ ❡ ♠ ♣✐ ✐ ❝ ❛❧ ❧✐ ❡ ❛ ✉ ❡ ♦ ♥ ❤ ❡ ❛ ♠ ❡ ♦ ♣✐ ❝✿

❈ ❛❧ ❛ ♠✐ ❣❧✐ ❛✱ ❍ ❛ ❡ ✐ ♥ ❣ ❡ ✱ ❛ ♥ ❞ ❑❧✐❥ ♥ ✷ ✵ ✶ ✵❀ ❈ ❤ ❡ ♥ ❛ ♥ ❞ ❙ ♦ ♥ ♠ ❡ ③ ✷ ✵ ✵ ✻❀ ❉ ❡ ❍ ❛ ❛ ♥ ❡ ❛❧✳ ✷ ✵ ✶ ✺❀

❈ ❛❧ ❛ ♠✐ ❣❧✐ ❛ ❛ ♥ ❞ ● ❡❧❧ ✷ ✵ ✶ ✹❀ ❈ ❛❧ ❛ ♠ ❣❧✐ ❛✱ ❋ ✉✱ ❛ ♥ ❞ ● ❡❧❧ ✭ ✷ ✵ ✶ ✽✮✳

■ ♥ ❝ ♦ ♥ ❛ ♦ ❤ ❡ ♠ ❛✐ ♥ ❡ ✉❧ ♦❢ ❤✐ ♣ ❛ ♣ ❡ ✱ ❈ ❤ ❡ ♥ ✭ ✷ ✵ ✶ ✽✮ ❛ ❣ ✉ ❡ ❤ ❛ ✱ ✉ ♥ ❞ ❡ ❤ ❡ ✇✐ ❞ ❡❧ ②

✉ ❡ ❞ ❇ ♦ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣✱ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ✐ ♥ ♣ ✐ ♦ ✐ ✐ ❡ ✐ ❛ ♦ ❝✐ ❛ ❡ ❞

✇✐ ❤ ❤✐ ❣ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ② ❡ ①✲ ❛ ♥ ❡✳

❚ ❤ ❡ ❡ ♦❢ ❤✐ ♣ ❛ ♣ ❡ ✐ ♦ ❣ ❛ ♥✐ ③ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✳ ❙ ❡ ❝ ✐ ♦ ♥ ✷✳ ✸ ❢ ♦ ♠ ❛❧✐ ③ ❡ ❤ ❡ ♠ ♦ ❞ ❡❧✳ ❙ ❡ ❝ ✐ ♦ ♥

✷ ■ ♥ ❝❧ ✉ ❞ ❡ ❞ ✐ ♥ ❤✐ ❞✐ ❡ ❛ ✐ ♦ ♥ ❛ ❝ ❤ ❛ ♣ ❡ ✶✳

✶ ✾



✷✳ ✹ ♣ ♦ ✈✐ ❞ ❡ ❡ ✉❧ ♦ ♥ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳ ❙ ❡ ❝ ✐ ♦ ♥ ✷✳ ✺ ❤ ♦ ✇ ❤ ❡ ❡ ✉❧ ♦ ♥ ❛ ❡ ❣✐ ❝

❡ ✛ ❡ ❝ ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ✇ ❡❧❢ ❛ ❡ ❡ ✉❧ ✳ ❙ ❡ ❝ ✐ ♦ ♥ ✷✳ ✻ ❞ ❡❧✐ ✈ ❡ ❤ ❡ ♠ ❛✐ ♥ ❡ ✉❧

♦❢ ❤ ❡ ♣ ❛ ♣ ❡ ✳ ❙ ❡ ❝ ✐ ♦ ♥ ✷✳ ✼ ❞✐ ❝ ✉ ❡ ❤ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧ ✐ ♥ ❛ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣✳

❙ ❡ ❝ ✐ ♦ ♥ ✷✳ ✽ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ✳

✷✳ ✸ ▼ ♦ ❞ ❡❧ ❙ ❡ ✉ ♣

❚ ❤ ❡ ❡ ❛ ❡ n ∈ N ♣❧ ❛ ② ❡ ❛ ♥ ❞ 2 ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳ ❊ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ❝ ❛ ♥ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❛ ✐ ♥ ❣❧ ❡

❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ✇ ❤✐❧ ❡ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ q ∈ N ♣❧ ❛ ② ❡ ✉ ♣ ♦ ❝ ❛ ♣ ❛ ❝✐ ②✳ ❚ ❤ ❡

❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ❝ ❛ ♣ ❛ ❝✐ ✐ ❡ ❛ ❡ ❛ ✉ ♠ ❡ ❞ ♦ ❜ ❡ ❧ ❛ ❣ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ❛❧❧ ♣❧ ❛ ② ❡ ✱ 2 q ≥ n ✳ ❆ ♥

❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ❤ ✉ ❛ ♣ ❛✐ (µ 1 , µ2 )✱ ✇✐ ❤ µ j ∈ M = { 0 , 1 } n ✱ ✇ ❤ ❡ ❡ µ j
i = 1 ✇ ❤ ❡ ♥ ❡ ✈ ❡ ❤ ❡ i ❤

♣❧ ❛ ② ❡ ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❤ ❡ j ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳

❚ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❤ ❛ ✇ ♦ ❛ ❣ ❡ ✱ ✜ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ❣ ❡✱ ❛ ♥ ❞ ❤ ❡ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡✳ ■ ♥ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

❛ ❣ ❡✱ ❡ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❝ ❤ ♦ ♦ ❡ ❛ ❜✐ ♥ ❛ ② ❛ ❝ ✐ ♦ ♥✱ ✇ ❤ ❡ ❤ ❡ ♦ ❧ ❡ ❛ ♥ ♦ ♥ ♦ α i ∈

A 0 ≡ { ✧ ▲ ❡ ❛ ♥ ✧ , ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ } ✳ ■ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡✱ ❡ ❛ ❝ ❤ ♣❧ ❛ ② ❡ i ∈ { 1 , . . . , n}

✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❝ ❤ ♦ ♦ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ a i ∈ A ≡ { 1 , 2 } ✳ ❲❡ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ ✐ ♥

❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡ a ≡ (a 1 , . . . , an ) ∈ A n ✳ ●✐ ✈ ❡ ♥ a ✱ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦ ♦ ❡ ❢ ♦ ❡ ❛ ❝ ❤

♣❧ ❛ ② ❡ i ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ♦ ♠ A L ≡ { ✧ ❆ ❝ ❝ ❡ ♣ ✧ , ✧ ❘ ❡❥ ❡ ❝ ✧ } ✳ ❊ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❛ ❛ ♦ ❝ ❤ ❛ ✐ ❝

❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D j : A n ↦ → ∆( A n
L ) ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ♦ A c c e pt ♦ R e j e ct ♣❧ ❛ ② ❡

♦ ❝ ❤ ❛ ✐ ❝ ❛❧❧ ②✱ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ♥ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ a ✳ ❚ ❤ ❡ ♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ♠ ♣❧✐ ❡

❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❛ ❝ ❝ ❡ ♣ ♣❧ ❛ ② ❡ i ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② D j
i (a )✳ ❚ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ❛ ✉ ♠ ❡ ❞ ♦

❛ ✐ ❢ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ♦ ♣ ♦ ♣ ❡ ✐ ❡ ✳ ❋✐ ✱ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ♥ ♦ ❛ ❝ ❝ ❡ ♣ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❞✐ ❞

♥ ♦ ❝ ❤ ♦ ♦ ❡ ✐ ✿ ∀ i, j, a : a i ≠ j = ⇒ D j
i (a ) = 0.

❙ ❡ ❝ ♦ ♥ ❞✱ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ♥ ♦ ♥✲ ✇ ❛ ❡❢ ✉❧ ✐❢ ∀ i, j, a✿

❼ | {i : a i = j }| ≤ q j , ai = j = ⇒ D j
i (a ) = 1.

❼ | {i : a i = j }| > q j , z ∈ s u p p( D j (a )) =⇒ | { i : z i = ❆ ❝ ❝ ❡ ♣ }| = q j ,

❤ ❛ ✐ ✱ ✐❢ ❢ ❡ ✇ ❡ ❤ ❛ ♥ q j ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❛❧❧ ❛ ❡ ❛ ❝ ❝ ❡ ♣ ❡ ❞✱ ❛ ♥ ❞ ✐❢ ♠ ♦ ❡ ❤ ❛ ♥ q j

♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❡ ① ❛ ❝ ❧ ② q j ♦❢ ❤ ❡ ♠ ❛ ❡ ❛ ❝ ❝ ❡ ♣ ❡ ❞✳

■ ♥ ❝ ❛ ❡ ❛ ♣❧ ❛ ② ❡ i ✐ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❡ ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ❡ ❡ ❛ ♥ ❞ ♥ ♦ ♦ ❤ ❡ ♦ ❤ ❡

❧ ♦ ❝ ❛ ✐ ♦ ♥ j ′ ≠ j ✱ ❤ ❛ ✐ ✱ ❤ ❡ ✜ ♥ ❛❧ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ µ ✐ ✉ ❝ ❤ ❤ ❛ µ j
i = 1 ❛ ♥ ❞ µ j ′

i = 0 ✳ ■ ♥ ❝ ❛ ❡ ❛

♣❧ ❛ ② ❡ ✐ ❡❥ ❡ ❝ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❡ ✐ ❛ ✉ ♦ ♠ ❛ ✐ ❝ ❛❧❧ ② ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ′ ≠ j ✱ ❤ ❛ ✐ ✱

✷ ✵



❤ ❡ ✜ ♥ ❛❧ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ µ ✐ ✉ ❝ ❤ ❤ ❛ µ j
i = 0 ❛ ♥ ❞ µ j ′

i = 1 ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❡ ♦❢ ❝ ❤ ♦✐ ❝ ❡

✉❧ ❡ { D 1 , D 2 } ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ a ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ µ ✳ ❚ ❤ ❡

❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ❝ ❛ ♥ ❜ ❡ ❤ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❛ H ≡ (n, A, q 1 , q2 , D 1 , D 2 )✳

❲ ❤ ❡ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❛ ❝ ✐ ♦ ♥ ✱ ❡ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ❦ ♥ ♦ ✇ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ n ✱ ❤ ❡ ♥ ✉ ♠ ❜ ❡

♦❢ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✱ ❤ ❡ ❝ ❛ ♣ ❛ ❝✐ ✐ ❡ q ✱ ❤ ❡ ❛ ✈ ❛✐❧ ❛ ❜❧ ❡ ❛ ❝ ✐ ♦ ♥ A ❛ ♥ ❞ A 0 ✱ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D 1 , D 2 ✱ ❤ ❡

❞ ② ♥ ❛ ♠✐ ❝ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❣ ❛ ♠ ❡✱ ❛ ♥ ❞ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✳ ■ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛ ❣ ❡

♦❢ ❤ ❡ ❣ ❛ ♠ ❡✱ ♣❧ ❛ ② ❡ ❞ ♦ ♥ ♦ ❦ ♥ ♦ ✇ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ❝ ❤ ♦ ❡ ♥ ❜ ② ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✐ ♥ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ❣ ❡✳

❊ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❤✐ ❛ ❝ ✐ ♦ ♥ ♦ ♠ ❛ ①✐ ♠✐ ③ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ②✳ ❆❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ♣❧ ❛ ② ❡ i ❛

❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❣✐ ✈ ❡ ♣❧ ❛ ② ❡ i ✉ ✐❧✐ ② u j
i ❛ ♥ ❞✱ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❢ ♦ ❛ ✜ ① ❡ ❞ ❛ ❝ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡ a = ( a i, a− i)

♣❧ ❛ ② ❡ i ❡ ❝ ❡✐ ✈ ❡

U i(j, a − i) ≡ D j
i (j, a − i)u

j
i + ( 1 − D j

i (j, a − i))u
j ′

i

❢ ♦ ♠ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✳ ❆ ② ♣ ❡ ♦❢ ♣❧ ❛ ② ❡ i ✐ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❞ ❜ ② ❤✐ ✉ ✐❧✐ ② ✈ ❡ ❝ ♦ θ i ≡

(u 1
i , u2i )✳ ❚ ❤ ❡ ♣ ♦ ✜❧ ❡ ♦❢ ② ♣ ❡ θ ≡ (θ 1 , . . . , θn ) ✐ ❞✐ ✐ ❜ ✉ ❡ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ F ✇✐ ❤ ✉ ♣ ♣ ♦

✐ ♥ R 2 n ✳ ❲❡ ❛ ✉ ♠ ❡ ❡ ❛ ❝ ❤ ♣❧ ❛ ② ❡ ♦ ❤ ❛ ✈ ❡ ❛ ♥ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♠ ❛ ❣✐ ♥ ❛❧ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ F i ♦ ✈ ❡ ❤✐ ② ♣ ❡

θ i ❛ ♥ ❞ ✇ ❡ ❛ ✉ ♠ ❡ θ i ♦ ❜ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✱ ❤ ❛ ✐ F =
∏︁ n

i F i✳ ■ ♥ ❝ ❛ ❡ ♦❢ E F [u 1
i ] ✇ ❡ ❞ ♦ ♣

❤ ❡ ✉ ❜ ❝ ✐ ♣ i ❛ ❤ ❡ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ❛ ♠ ❡ ❢ ♦ ❛❧❧ ♣❧ ❛ ② ❡ ✳ ■ ♥ ❝ ❛ ❡ ❤ ❡ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡

α i = ✧ ▲ ❡ ❛ ♥ ✧ ✐ ♥ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ❣ ❡✱ ❤ ❡ ❧ ❡ ❛ ♥ ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ θ i✱ ❜ ✉ ❤ ❛

♦ ♣ ❛ ② ❝ ♦ c ≥ 0 ✳ ■ ♥ ❝ ❛ ❡ ❤ ❡ ❝ ❤ ♦ ♦ ❡ α i = ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ ❤ ❡ ✐ ❧ ❡❢ ♦ ♥❧ ② ✇✐ ❤ ❤ ❡ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡

♦❢ F ✱ ✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ❧ ❡ ✳

❆ ♣❧ ❛ ② ❡ i ❝ ❤ ♦ ♦ ❡ ❛ ♣ ✉ ❡ ❛ ❡ ❣ ② s i ≡ (α i, ai, ãi(θ i)) ∈ S ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ✐ ♦❢ ❤ ❡

❧ ❡ ❛ ♥✐ ♥ ❣ ❞ ❡ ❝✐ ✐ ♦ ♥ α i ∈ A 0 ✱ ❤ ❡ ❛ ❝ ✐ ♦ ♥ a i ∈ A ✐ ♥ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ✇ ❤ ❡ ❡ ❤ ❡ ❝ ❤ ♦ ❡

✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ ❛ ♥ ❞ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ã i(θ ) : R 2 ↦ →A ❢ ♦ ❡ ❛ ❝ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ✇ ❤✐ ❝ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞

♦ ❛ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ θ i ❛❢ ❡ ❤ ❡ ❝ ❤ ♦ ❡ ✧ ▲ ❡ ❛ ♥ ✧✳ ❲ ❤ ❡ ♥ ♣❧ ❛ ② ❡ i ❝ ❤ ♦ ♦ ❡ ❤✐ ❛ ❝ ✐ ♦ ♥ ✱ ❤ ❡ ❤ ♦❧ ❞

❜ ❡❧✐ ❡❢ ϕ i ≡ (F, F, F̃ θ i
) ❛ ❜ ♦ ✉ ❤ ❡ ♣ ♦ ✜❧ ❡ ♦❢ ♣❧ ❛ ② ❡ ② ♣ ❡ ✐ ♥ ❡ ❛ ❝ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ✳ ■ ♥✐ ✐ ❛❧

❜ ❡❧✐ ❡❢ ❛ ♥ ❞ ❜ ❡❧✐ ❡❢ ❛❢ ❡ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ ❛ ❡ ❤ ❡ ♣ ✐ ♦ F ✳ ❚ ❤ ❡ ❜ ❡❧✐ ❡❢ ❛❢ ❡ ❛ ❝ ✐ ♦ ♥

✧ ▲ ❡ ❛ ♥ ✧ F̃ θ i
∈ ∆ θ ❛ ❡✱ ❢ ♦ ❡ ❛ ❝ ❤ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ θ i✱ ❞ ❡ ✐ ✈ ❡ ❞ ❜ ② ❇ ❛ ② ❡ ✉❧ ❡ ❢ ♦ ♠ ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥

♦❢ θ i ❛ ♥ ❞ ♣ ✐ ♦ F ✳

❖ ❜ ❡ ✈ ❡ ❤ ❛ ✱ ❢ ♦ ❛ ✜ ① ❡ ❞ ❛ ❡ ❣ ② ♣ ♦ ✜❧ ❡ s ≡ (s 1 , . . . , sn )✱ ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥ a ✐

♦ ❝ ❤ ❛ ✐ ❝✱ ❛ ✐ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ θ ❤ ♦ ✉ ❣ ❤ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❲❡ ❞ ❡ ✜ ♥ ❡ σ i ❛ ♥ ❞ σ ♦

❛ ✐ ❢ ② a i ≡ σ i(s i, θ) ❛ ♥ ❞ a = σ (s, θ ) = ((σ 1 (s 1 , θ1 ), . . . , (σ n (s n , θn )))✱ ❢ ♦ ❛ ✜ ① ❡ ❞ ❛ ❡ ❣ ②

♣ ♦ ✜❧ ❡ s ❛ ♥ ❞ ❛ ✜ ① ❡ ❞ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ θ ✳ ❚ ❤ ❡ ❜ ❡ ❡ ♣ ♦ ♥ ❡ ❤ ❡ ♥ ♦❧ ✈ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❤ ❡ ❡

♣ ♦ ❜❧ ❡ ♠ ✳

✷ ✶



❋✐ ✱ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡✱ ❤ ❡ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ❡ α i = ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ ❝ ❤ ♦ ♦ ❡ a i

♦ ♠ ❛ ①✐ ♠✐ ③ ❡ ❤✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ②✱ ❣✐ ✈ ❡ ♥ ❜ ❡❧✐ ❡❢ F

m a x
a i

E F [U i(a i, σ − i(s − i, θ− i))]. ✭ ✷✳ ✶✮

❲❡ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ✈ ❛❧ ✉ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ V̂ i : S n − 1 ↦ →R ✳ ❙ ❡ ❝ ♦ ♥ ❞✱ ❤ ❡ ♣❧ ❛ ② ❡ ✇ ❤ ♦

❝ ❤ ♦ ❡ α i = ✧ ▲ ❡ ❛ ♥ ✧ ❛ ♥ ❞ ❧ ❡ ❛ ♥ ❡ ❞ ♦ ❜ ❡ ② ♣ ❡ θ i ❝ ❤ ♦ ♦ ❡ a ❜ ② ♠ ❛ ①✐ ♠✐ ③✐ ♥ ❣✿

m a x
a i

E F̃ [U i(a i, σ − i(s − i, θ− i))]. ✭ ✷✳ ✷✮

❲❡ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ✈ ❛❧ ✉ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ Ṽ i : S n − 1 × R 2 ↦ →R ✳ ❋ ✉ ❤ ❡ ✱ ✇ ❡ ❞ ❡ ♥ ♦ ❡

❜ ② a ∗ ∈ A ❤ ❡ ♣❧ ❛ ② ❡ ✬ ♦ ♣ ✐ ♠ ❛❧ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡✳ ■ ♥ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝✲

✉✐ ✐ ✐ ♦ ♥ ❛ ❣ ❡✱ ♣❧ ❛ ② ❡ i ❝ ❤ ♦ ♦ ❡ ✧ ▲ ❡ ❛ ♥ ✧ ✐❢ ❛ ♥ ❞ ♦ ♥❧ ② ✐❢ ❤✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❡ ① ❝ ❡ ❡ ❞ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ ✿

V I i(s − i) ≡ E F [Ṽ i(s − i, θ− i)] − V̂ i(s − i) ≥ c. ✭ ✷✳ ✸✮

❆ ❡ ❢ ❡ ❝ ❇ ❛ ② ❡ ✐ ❛ ♥ ❊ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ❛ ♣ ♦ ✜❧ ❡ ♦❢ ❛ ❛ ❡ ❣✐ ❡ ❛ ♥ ❞ ❜ ❡❧✐ ❡❢ ((s ∗
1 , ϕ∗1 ), . . . , (s

∗
n , ϕ∗n ))✱

✉ ❝ ❤ ❤ ❛ ❛❧❧ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷✳ ✶✮ ❛ ♥ ❞ ✭ ✷✳ ✷✮ ❛ ♥ ❞ ❝ ❤ ♦ ♦ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ✭ ✷✳ ✸✮✳

✷✳ ✹ ❙ ❛ ❡ ❣ ②✲ ♦ ♦❢ ♥ ❡

❲❡ ❜ ❡ ❣✐ ♥ ❜ ② ❤ ♦ ✇✐ ♥ ❣ ❤ ❛ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❍ ❡ ① ❤✐ ❜✐ ❛ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♣ ♦ ♣ ❡ ② ♦❢

❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✳

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ✷✳ ❆ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ✐❢✿

∀ i ∈ { 1 , . . . , n} , s− i, θi, G ∈ { F, F̃ θ i
} , j ≠ j ′ : E G [u j

i ] > E G [u j ′

i ] =⇒ a ∗
i = j,

■❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ❛ ✐ ✜ ❡ ❞✱ ❡ ✈ ❡ ② ♣❧ ❛ ② ❡ ❤ ❛ ❛ ✇ ❡ ❛ ❦❧ ② ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣ ② ✐ ♥

❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡ ♦❢ ❤ ❡ ❣ ❛ ♠ ❡✳ ❚ ❤✐ ✐ ♣ ❛ ✐ ❝ ✉❧ ❛ ❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢

✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❲❡ ❡ ❛ ❡ ❤ ❡ ♥ ❡ ① ❡ ✉❧ ❢ ♦ ♠ ❙ ❡ ❞ ❡ ❦ ✭ ✷ ✵ ✷ ✵✮✱ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡

❞✐ ❡ ❝ ❧ ② ❛ ♣ ♣❧✐ ❡ ❞ ♦ ♦ ✉ ♠ ♦ ❞ ❡❧✿

✷ ✷



♦ ♣ ♦ ✐ ✐ ♦ ♥ ✺✳ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✐ ❛ ❡ ❣ ② ✲ ♣ ♦ ♦❢ ✐❢ ♣❧ ❛ ② ❡ ✬ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✉ ♥ ❞ ❡ ❛ ♣ ✐ ♦

F ❛ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥
∏︁

i

F i = F.

❚ ❤ ❡ ❡ ✉❧ ❣ ❡ ❛ ❧ ② ✐ ♠ ♣❧✐ ✜ ❡ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ❛ ♥ ❞ ❛❧❧ ♦ ✇ ✉ ♦ ✇ ♦ ❦ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❧ ② ✇✐ ❤ ❤ ❡

✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❋ ♦ ❛ ❞✐ ❝ ✉ ✐ ♦ ♥ ♦❢ ❛ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ♦ ✉ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❜ ✉ ✇✐ ❤ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥✲

❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ❡ ❡ ❙ ❡ ❞ ❡ ❦ ✭ ✷ ✵ ✷ ✵✮✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✺ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ♣❧ ❛ ② ❡ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡ ♦❢ ❤ ❡

❣ ❛ ♠ ❡ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❤ ❡ ♣ ✐ ♦ F ❛ ♥ ❞ ❤ ✉ ✐ ❡ ♠ ❛✐ ♥ ♦ ♦❧ ✈ ❡ ❢ ♦ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ❜❧ ❡ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❤ ❡ ♦ ♣ ✐ ♠ ❛❧ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ i ✐ ♥

❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡✱ ✐ ♥ ❝ ❛ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✶ ✐ ❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ✱ E F (u 1 ) > E F (u 2 )✳

❚ ❛ ❜❧ ❡ ✷✳ ✶✿ ❆ ❝ ✐ ♦ ♥ ✐ ♥ ▲ ♦ ❝ ❛ ✐ ♦ ♥ ❈ ❤ ♦✐ ❝ ❡ ❙ ❛ ❣ ❡

❪

a i θ
u 1

i > u 2
i

i θ
u 2

i > u 1
i

i

α i = ✧ ▲ ❡ ❛ ♥ ✧ 1 2

α i = ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ 1 1

✇ ❤ ❡ ❡ θ
u j

i > u j ′

i
i ✐ ❛ ♥ ❡ ✈ ❡ ♥ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ i✬ ❤ ♣❧ ❛ ② ❡ ② ♣ ❡ ✐ ✉ ❝ ❤ ❤ ❛ u j

i > u j ′

i ✳

❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ✐ ♥ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛ ❡✱ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ✇ ❤✐ ❝ ❤

♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❚ ❤✐ ✐ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥

✇ ❤ ❡ ❤ ❡ ❛ ❝ ❡ ❛✐ ♥ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳ ❚ ♦ ✉ ❞ ② ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐✲

✐ ♦ ♥ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ✱ ✇ ❡ ✐ ♠ ♣ ♦ ❡ ❛ ♣ ❡ ❝✐ ✜ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✐ ♥ ❤ ❡ ♥ ❡ ① ❡ ❝ ✐ ♦ ♥✳ ❲❡ ❛ ✉ ♠ ❡ ❡ ①✲ ❛ ♥ ❡

② ♠ ♠ ❡ ② ♦ ❤ ♦ ✇ ❡ ✉❧ ❢ ♦ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❛ ♥ ❞ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ✳ ❲❡

❡ ✉ ♥ ♦ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝ ❡ ✉ ♣ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ✷✳ ✻✳

✷✳ ✺ ❊ ①✲ ❛ ♥ ❡ ❙ ② ♠ ♠ ❡ ✐ ❝ ❧ ❛ ② ❡

■ ♥ ❤✐ ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ♣❧ ❛ ② ❡ ❛ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝✳ ❖ ✉ ❡ ✉ ♣ ❛❧❧ ♦ ✇ ❢ ♦

❛ ② ♠ ♠ ❡ ✐ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D j ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❡ ①✲

❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ♣❧ ❛ ② ❡ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ✐ ♠ ♣ ♦ ✐ ♥ ❣ ❛ ♥ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡

✉❧ ❡ ✳ ❚ ❤ ✉ ✱ ✇ ❡ ❝ ❛ ♣ ✉ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ② ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❛ ✉ ♠ ♣ ✐ ♦ ♥✳

❆ ✉ ♠ ♣ ✐ ♦ ♥ ✶ ✳ ✭ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ②✮ ▲ ❡ ā j ≡ | { ι ∈ N : a ι = j }| ❞ ❡ ♥ ♦ ❡ ✸ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢

♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ j ✐ ♥ a ✱ ❤ ❡ ♥ ❤ ❡ ♣❧ ❛ ② ❡ ❛ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡

✸ ❲ ❤ ❡ ❡ N ≡ { i ∈ N , i ≤ n } ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ♦❢ ♣❧ ❛ ② ❡ ✳

✷ ✸



✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐❢✿

D j
i (a ) = D j (a ) = mi n{

q

ā j
, 1 } .

❚ ❤ ❡ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ② ✐ ❤ ❛ ✱ ✇ ❤ ❡ ♥ ♣❧ ❛ ② ❡ i ✐ ❞ ❡ ❝✐ ❞✐ ♥ ❣ ✇ ❤ ❛ ♦ ❞ ♦✱

✇ ❤ ♦ ❞ ♦ ❡ ✇ ❤ ❛ ✐ ✐ ❡❧ ❡ ✈ ❛ ♥ ❛ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❛ ❝ ✐ ♦ ♥

a ❡ ♠ ❛✐ ♥ ❤ ❡ ❛ ♠ ❡✳

✷✳ ✺✳ ✶ ❙ ❛ ❡ ❣✐ ❝ ❊ ✛ ❡ ❝

❆ ❤ ❡ ♣ ❛ ② ♦ ✛ ❞ ♦ ♥ ♦ ♥ ♦ ✇ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ❛ ❜❧ ❡ ✷✳ ✶ ❛❧❧ ♦ ✇ ✉

♦ ✇ ✐ ❡ ♣ ❛ ② ♦ ✛ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳

▲ ❡ Ū i(a i, āj− i) ≡ U i(a i, a− i)✱ ✇ ❤ ❡ ❡ ā j
− i = | {ι ∈ N : a ι = j }| ✳ Ū (a i, āj− i) ✐ ❤ ❡ ♥ ❤ ❡

❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ② ♣❧ ❛ ② ❡ i ❡ ❝ ❡✐ ✈ ❡ ❜ ② ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❧ ♦ ❝ ❛ ✐ ♦ ♥ a i✱ ✇ ❤ ❡ ♥ ā j
− i ♦ ❤ ❡ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡

❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✳ ❚ ❤✐ ♥ ♦ ❛ ✐ ♦ ♥ ✇✐❧❧ ❜ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ✐ ♥ ❞✐ ❝ ✉ ✐ ♦ ♥ ♦❢ ❛ ❡ ❣✐ ❝ ❡ ✛ ❡ ❝ ✳ ❲❡ ♥ ❡ ①

✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡✿

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ✸✳ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡

✐❢✿ ∀ i ∈ { 1 , . . . , n} , ∀ j ≠ j ′, uji ≥ u j ′

i , āj− i ≤ n − 2 :

Ū i(j, ā j
− i) − Ū i(j

′, āj− i) ≥ Ū i(j, ā j
− i + 1) − Ū i(j

′, āj− i + 1) . ✭ ✷✳ ✹✮

❤ ❛ ✐ ✱ ✐❢ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✭ ✇ ❡ ❛ ❦❧ ②✮ ❧ ♦ ✇ ❡ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❛

❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♦ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ❛❧❧ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✳ ❚ ❤✐ ❞✐ ✛ ❡ ❢ ♦ ♠

❤ ❡ ✉ ✉ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ②✱ ✇ ❤✐ ❝ ❤ ❡❧ ❛ ❡ ❛ ❤ ❡ ♦ ❤ ❡ ♠ ♦ ♥ ♦ ♦ ♥✐ ❝✐ ②

♦❢ ❤ ❡ ❜ ❡ ❡ ♣ ♦ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥

❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡ ❤ ❛ ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣✐ ❡ ✱ ❤ ❡ ❜ ❡ ❡ ♣ ♦ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❝ ♦ ♥ ❛ ♥ ❛ ♥ ❞ ❤ ✉

❤ ❡ ✉ ✉ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ❞ ♦ ❡ ♥ ♦ ♠ ❛ ❦ ❡ ❡ ♥ ❡ ✐ ♥ ❤✐ ❝ ♦ ♥ ❡ ① ✳ ◆ ♦ ♥ ❡ ❤ ❡❧ ❡ ✱ ♦ ♥ ❡ ❝ ❛ ♥ ❡ ❡ ❤ ❛

❜ ♦ ❤ ✐ ❞ ❡ ♦❢ ✐ ♥ ❡ ✉ ❛❧✐ ② ✷✳ ✹ ❛ ❡ ❛ ❡❧ ❛ ✐ ✈ ❡ ♣ ❛ ② ♦ ✛ ♦❢ ❝ ❤ ♦ ♦ ✐ ♥ ❣ j ❛ ❤ ❡ ❤ ❛ ♥ j ′ ❛ ♥ ❞✱ ❤ ✉ ✱ ✐❢

❤✐ ❡❧ ❛ ✐ ✈ ❡ ♣ ❛ ② ♦ ✛ ❞ ❡ ❝ ❡ ❛ ❡ ✇✐ ❤ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ j ✱ ♣❧ ❛ ② ❡ i ❜ ❡ ❝ ♦ ♠ ❡

✧❧ ❡ ♣ ♦ ♥ ❡ ✧ ♦ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✳ ■ ♥ ❛ ❡ ✐ ♥ ❣ ✇✐ ❤ ♦ ✉ ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣✐ ❡ ✱ ❤✐ ❝ ♦ ✉❧ ❞

❡ ✈ ❡ ♥ ✉ ❛❧❧ ② ❧ ❡ ❛ ❞ ♦ ♣❧ ❛ ② ❡ i ✇✐ ❝ ❤✐ ♥ ❣ ❢ ♦ ♠ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ♦ j ′ ❛ ♥ ❞ ✐ ♥ ❤✐ ❡ ♥ ❡✱ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥

❝ ❛ ♣ ✉ ❡ ❤ ❡ ❡ ❡ ♥ ❝ ❡ ♦❢ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ②✳ ❲❡ ❛ ❣ ✉ ❡ ❤ ❛ ❤ ❡ ✉ ✉ ❛❧ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢

❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ❝ ❛ ♣ ✉ ❡ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❛ ❞ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ♣ ❛ ② ♦ ✛ ❛ ♥ ❞

❤ ✉ ✱ ✐ ♥ ❛ ❡ ♥ ❡✱ ✐ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥✳

✷ ✹



♦ ♣ ♦ ✐ ✐ ♦ ♥ ✻✳ ❚ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡✳

♦ ♦❢✳ ❋✐ ① i, j ❛ ♥ ❞ j ′ ≠ j ✳ ❋✐ ✱ ♥ ♦ ✐ ❝ ❡ ❤ ❛ D j (a ) = mi n{ q / ā j , 1 } ✐ ✇ ❡ ❛ ❦❧ ② ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣

✐ ♥ ā j ❛ ♥ ❞

D j ′

= mi n {
q

ā j ′ , 1 } = mi n {
q

n − ā j
, 1 }

✐ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ā j ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❞ ✉ ❡ ♦ u j
i ≥ u j ′

i ✱ Ū i(j, ā j
− i) ✐ ✇ ❡ ❛ ❦❧ ② ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣

✐ ♥ ā j
− i ❛ ♥ ❞ Ū i(j

′, āj− i) ✐ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ā j
− i✳ ❋✐ ♥ ❛❧❧ ②✱ ✐ ♥ ❡ ✉ ❛❧✐ ② ✷✳ ✹ ❝ ❛ ♥ ❜ ❡ ✇ ✐ ❡ ♥

❛ ✿

Ū i(j, ā j
− i + 1) − Ū i(j, ā j

− i) ≤ Ū i(j
′, āj− i + 1) − Ū i(j

′, āj− i),

❤ ❡ ❧ ❡❢ ❤ ❛ ♥ ❞ ✐ ❞ ❡ ♦❢ ✇ ❤✐ ❝ ❤ ✐ ♥ ♦ ♥✲ ♣ ♦ ✐ ✐ ✈ ❡✱ ✇ ❤✐❧ ❡ ❤ ❡ ✐ ❣ ❤ ❤ ❛ ♥ ❞ ✐ ❞ ❡ ✐ ♥ ♦ ♥✲ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❞ ✉ ❡

♦ ❤ ❡ ♠ ♦ ♥ ♦ ♦ ♥✐ ❝✐ ❡ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❛ ❜ ♦ ✈ ❡✳

❚ ❤ ❡ ✐ ♥ ✉✐ ✐ ♦ ♥ ❜ ❡ ❤✐ ♥ ❞ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✻ ✐ ❤ ❛ ✱ ❛ ♠ ❛ ♥ ② ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱

❤ ❡ ❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦ ❤✐ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ♦ ♠ ❡ ✭ ✇ ❡ ❛ ❦❧ ②✮ ❧ ♦ ✇ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ②

♦❢ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤✐ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ❤ ✉ ✭ ✇ ❡ ❛ ❦❧ ②✮ ❧ ♦ ✇ ❡ ❛ ✇ ❡❧❧ ✖ ❤ ❡ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥ ❡ ✛ ❡ ❝ ✳

❲❡ ♥ ❡ ① ❞ ❡ ✜ ♥ ❡ ❛ ♥ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ❢ ♦ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡

❣ ❛ ♠ ❡✳ ❚ ♦ ❞ ♦ ❤✐ ✱ ❡ ❝ ❛❧❧ ❤ ❛ ❤ ❡ ♣❧ ❛ ② ❡ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡ ♦❢ ❤ ❡ ❣ ❛ ♠ ❡ ❜ ❡ ❤ ❛ ✈ ❡

❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣✐ ❡ ✱ ❤ ❛ ✐ ✱ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❛ ❜❧ ❡ ✷✳ ✶✳ ▲ ❡ k ≡ | { ι ∈ N :

α ι = ✧ ▲ ❡ ❛ ♥ ✧ }| ❜ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ♦ ❧ ❡ ❛ ♥✳ ψ j (k, θ ) : N × R n ↦ →N ✐ ❛

❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❛ ❣✐ ✈ ❡ ā j ✱ ❤ ❡ ❡ ❛❧✐ ③ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ❤ ❛ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ✱ ❣✐ ✈ ❡ ♥ ❤ ❛ k

♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ψ j (k, θ ) ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ α ≡ (α 1 , . . . , αn ) ❤ ❡ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞ ❡ ❡ ♠✐ ♥ ❡

ā j ✳ ■ ♥ ❝ ❛ ❡ ✇ ❡ ❛ ❡ ✐ ♥ ❡ ❡ ❡ ❞ ♦ ♥❧ ② ✐ ♥ a − i ✇ ❡ ✉ ❡ ♥ ♦ ❛ ✐ ♦ ♥ k − i ❛ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♦ ❤ ❡

♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ❛ ♥ ❞ ψ j
− i(k − i, θ) ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧❧ ②✳ ■ ✐ ♥ ♦ ✇ ♣ ♦ ✐ ❜❧ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥

♦ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ▲ ❡

V Ī i(k − i) ≡ V I i(s − i)✱ ✇ ❤ ❡ ❡ ā j
− i = ψ j

− i(k − i, θ)✳

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ✹✳ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ H ❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐❢✿ ∀ i ∈ { 1 , . . . , n} , k− i ≤ n − 2 ✿

V Ī i(k − i + 1) ≥ V Ī i(k − i). ✭ ✷✳ ✺✮

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ✹ ❝ ❛ ♣ ✉ ❡ ❤ ❡ ✐ ❞ ❡ ❛ ❤ ❛ ❧ ❡ ❛ ♥✐ ♥ ❣ ✭ ✇ ❡ ❛ ❦❧ ②✮ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❧ ❡ ❛ ♥✐ ♥ ❣

❢ ♦ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✳ ❧ ✉ ❣ ❣✐ ♥ ❣ ❤ ❡ ✈ ❛❧ ✉ ❡✲ ♦❢✲✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♥ ♦ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✹ ❡ ✈ ❡ ❛❧

✷ ✺



❤ ❡ ❛ ♥ ❛❧ ♦ ❣ ② ❜ ❡ ✇ ❡ ❡ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✹ ❛ ♥ ❞ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✸✳ ▼ ✉ ❝ ❤ ❧✐ ❦ ❡ ✐ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✸✱ ❤ ❡ ❝ ♦ ♠✲

♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐ ♠ ♣❧ ② ♠ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ♣ ❛ ② ♦ ✛ ♦❢

❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ✧ ▲ ❡ ❛ ♥ ✧ ❛ ❤ ❡ ❤ ❛ ♥ ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧ ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢

♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❯ ♥❧✐ ❦ ❡ ✐ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✸✱ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ❣ ❡ ❞ ♦ ❡ ♥ ♦ ♥ ❡ ❝✲

❡ ❛ ✐❧ ② ❡ ① ❤✐ ❜✐ ❞ ♦ ♠✐ ♥ ❛ ♥ ❛ ❡ ❣✐ ❡ ❛ ♥ ❞ ❤ ✉ ✇ ❡ ❡❢ ❡ ♦ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ♣ ❛ ♦❢ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✹✱

V Ī i(k − i + 1) ≤ V Ī i(k − i) ❛ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳

■ ♥ ❤ ❡ ♥ ❡ ① ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥✱ ✇ ❡ ❞ ❡ ✐ ✈ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳ ❈ ❤ ❛ ❛ ❝ ❡ ✐✲

③ ❛ ✐ ♦ ♥ ♦❢ ❛ ❡ ❣✐ ❝ ❡ ✛ ❡ ❝ ✇✐❧❧ ❢ ♦❧❧ ♦ ✇✳ ❲❡ ❞ ❡ ♥ ♦ ❡ ✇✐ ❤ p ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ u 1
i > u 2

i ✱ ✇ ❤✐ ❝ ❤

✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② F i✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✼✳ ❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ♣ ✐ ♦ F ✐ ✉ ❝ ❤ ❤ ❛ ✱ E F [u j ] > E F [u j ′
]✱ ❤ ❡ ♥ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐ ✿

V I i(s − i) = ( 1 − p )
∏︁
E F [D j ′

(j ′, a− i)] + E F [D j (j, a − i)]

− 1
)︂ (︂

E F [u j ′

i |u j ′

i > u j
i ] − E F [u j

i |u
j ′

i > u j
i ]

)︂
, ✭ ✷✳ ✻✮

✇ ❤ ❡ ❡ E F [u j
i |u

γ
i > u γ ′

i ] ✐ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ① ♣ ❡ ❝ ❡ ❞ ✉ ✐❧✐ ② ❢ ♦ ♠ ❜ ❡✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥

j ❣✐ ✈ ❡ ♥ ❤ ❛ ❢ ♦ ♣❧ ❛ ② ❡ i ❧ ♦ ❝ ❛ ✐ ♦ ♥ γ ✐ ❜ ❡ ❡ ❤ ❛ ♥ ❧ ♦ ❝ ❛ ✐ ♦ ♥ γ ′

♦ ♦❢✳ ❋✐ ① i ❛ ♥ ❞ s − i✳ ▲ ❡ F ❜ ❡ ✉ ❝ ❤ ❤ ❛ E F [u 1 ] > E F [u 2 ] ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ②✳ ✹

❉ ✉ ❡ ♦ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✺✱ ❤ ❡ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❛ ❣ ❡ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ❛ ❜❧ ❡ ✷✳ ✶

❛ ♥ ❞ ❤ ✉ ❤ ❡ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ❛ ♥ ❞ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❜ ❡✐ ♥ ❣ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ❢ ♦

♣❧ ❛ ② ❡ i ✐ ✿

V̂ i(s − i) = E F [D 1 ( 1, a− i)]E F [u 1
i ] + E F [ 1 − D 1 ( 1, a− i)]E F [u 2

i ]

❚ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❜ ❡✐ ♥ ❣ ✐ ♥❢ ♦ ♠ ❡ ❞ ✐ ✿

Ṽ i(θ i, s− i) = p (E F [D 1 ( 1, a− i)]E F [u 1
i |u

1
i > u 2

i ] + E F [ 1 − D 1 ( 1, a− i)]E F [u 2
i |u

1
i > u 2

i ])

+ ( 1 − p )(E F [D 2 ( 2, a− i)]E F [u 2
i |u

2
i > u 1

i ] + E F [ 1 − D 2 ( 2, a− i)]E F [u 1
i |u

2
i > u 1

i ]).

✹ ● ❡ ♥ ❡ ❛❧✐ ② ❝ ♦ ✉❧ ❞ ❜ ❡ ❡ ❣ ❛✐ ♥ ❡ ❞ ❜ ② ❛ ✉ ♠✐ ♥ ❣ ❛ ♣ ❛ ✐ ❝ ✉❧ ❛ ❜ ❡ ❤ ❛ ✈✐ ♦ ❢ ♦ ❤ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ♣❧ ❛ ② ❡ ✳

✷ ✻



❈ ♦ ♠ ❜✐ ♥ ❣ ❜ ♦ ❤ ❡ ① ♣ ❡ ✐ ♦ ♥ ②✐ ❡❧ ❞ ✱ ❛❢ ❡ ♦ ♠ ❡ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♦ ♥✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✿

V I i(s − i) = ( 1 − p )
∏︁
E F [D 2 ( 2, a− i)] + E F [D 1 ( 1, a− i)]

− 1
)︂ (︂

E F [u 2
i |u

2
i > u 1

i ] − E F [u 1
i |u

2
i > u 1

i ]
)︂
. ✭ ✷✳ ✼✮

❊ ① ♣ ❡ ✐ ♦ ♥ ✭ ✷✳ ✻✮ ❤ ❛ ❡ ✈ ❡ ❛❧ ♥ ❛ ✉ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ✳ ❚ ❤ ❡ ✜ ❡ ♠ ✐ ♥ ❡ ① ♣ ❡ ✐ ♦ ♥ ✭ ✷✳ ✻✮

❤ ♦ ✇ ❤ ❛ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ❤ ❡ ❡ ① ❛ ♥ ❡

✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❜ ❡✐ ♥ ❣ ❜ ❡ ❡ ✐ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✳ ❚ ❤✐ ✐ ❜ ❡ ❝ ❛ ✉ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ❛ ❛ ❡ ♦❢ ❤ ❡

✇ ♦ ❧ ❞ ✐ ❤ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞✳ ▼ ♦ ❡ ♦ ✈ ❡ ✱ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡ ♠ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❤✐ ❣ ❤ ❡

❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❜ ❡✐ ♥ ❣ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❛ ♥ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ✭ ❤ ❡ ❧ ♦ ✇ ❡ ❤ ❡ ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥✮✱

❤ ❡ ❤✐ ❣ ❤ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ✳ ❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❤✐ ❞ ❡ ♠ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♦ ♣ ✐ ♦ ♥ ✱ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧

♦ ♥ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ♦ ♣ ✐ ♦ ♥ ❜ ❡✐ ♥ ❣ ❜ ❡ ❡ ✐ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✳

❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ❤ ❡ ❛ ❡ ❣✐ ❝ ❡ ✛ ❡ ❝ ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ❛ ✐ ♠ ♣❧ ❡ ❛

✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡✳ ■ ✉ ♥ ♦ ✉ ❤ ❛ ❤ ❡ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❜ ♦ ❤ ♦ ♥ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧ ❛ ♥ ❞ ♦ ♥ ❤ ♦ ✇

♠ ❛ ♥ ② ♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❙✐ ♥ ❝ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ♥ ❛ ✉ ❛❧❧ ② ❝ ❛ ✉ ❡ ❛ ❝ ✐ ♦ ♥ ♦ ❜ ❡ ♦ ❝ ❤ ❛ ✐ ❝✱ ✇ ❡

❛ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ❡ ♠ ♦❢ ❛ ❧✐ ♠✐ ✇ ❤ ❡ ♥ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ n → ∞ ✳

❚ ❤✐ ✐ ❛ ✐ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥✱ ❛ ✐ ❝ ❛ ✉ ❡ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦

❝ ♦ ♥ ✈ ❡ ❣ ❡ ❜ ② ❤ ❡ ❧ ❛ ✇ ♦❢ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ✳ ◆ ❛ ✉ ❛❧❧ ②✱ ❤ ❡ 2 q ≥ n ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❛ ✐ ✜ ❡ ❞ ✉ ♥❧ ❡ q

✐ ♥ ❝ ❡ ❛ ❡ ✇✐ ❤ n ✳ ❚ ♦ ❜ ❡ ❛ ❜❧ ❡ ♦ ❤ ♦ ✇ ❤ ❡ ❡ ✉❧ ✐ ♥ ❡ ♠ ♦❢ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧✱

✇ ❡ ❞ ❡ ♥ ♦ ❡ q n ❤ ❡ ❝ ❛ ♣ ❛ ❝✐ ② ❢ ♦ ❤ ❡ n ♣❧ ❛ ② ❡ ♠ ♦ ❞ ❡❧ ❛ ♥ ❞ Q ≡ li mn → ∞ q n / n ❤ ❡ ❝ ❛ ♣ ❛ ❝✐ ②

✐ ♥ ❡ ♠ ♦❢ ❛ ♣ ♦ ♣ ✉❧ ❛ ✐ ♦ ♥ ❢ ❛ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❛ ❞ ♠✐ ✐ ♦ ♥ E F [D j (a )] ❤ ❡ ♥

❛❧ ♦ ❝ ♦ ♥ ✈ ❡ ❣ ❡✱ ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ✉ ♦ ♣ ❡ ❡ ♥ ❤ ❡ ♥ ❡ ① ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥✳ ❋✐ ♥ ❛❧❧ ② ❧ ❡ k̄ ≡ k / n ✱ ❤ ❡

❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✽✳ ■ ♥ ❤ ❡ ❧✐ ♠✐ ❛ n → ∞ ✱ ❤ ❡ ❛ ❡ ❣✐ ❝ ❡ ✛ ❡ ❝ ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

♦❢ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ♠ ♦ ❞ ❡❧

♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②✱ ❢ ♦ ✿

❼ 1 − p < Q ✿ ❤ ❡ ❣ ❛ ♠ ❡ ❡ ① ❤✐ ❜✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳

❼ 1 − p > Q ✿ ❡ ①✐ ❛ ❤ ❡ ❤ ♦❧ ❞ k̂ ✱ ✉ ❝ ❤ ❤ ❛ ❢ ♦ ✿

✕ k̄ ≤ k̂ ✱ ❤ ❡ ❣ ❛ ♠ ❡ ❡ ① ❤✐ ❜✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳

✷ ✼



✕ k̄ ≥ k̂ ✱ ❤ ❡ ❣ ❛ ♠ ❡ ❡ ① ❤✐ ❜✐ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

♦ ♦❢✳ ❙✐ ♥ ❝ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ♠ ❛ ❦ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ a ❛ ❛ ♥ ❞ ♦ ♠ ✈ ❛ ✐ ❛ ❜❧ ❡✱ ✐ ❝ ♦ ✉❧ ❞ ❜ ❡

❤ ❡ ❝ ❛ ❡ ❤ ❛ ❜ ♦ ❤ E F [D 1 (a )] < 1 ❛ ♥ ❞ E F [D 2 (a )] < 1 ❢ ♦ ✜ ♥✐ ❡ n ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ❛

n → ∞ ✱ ❤ ❡ ❧ ❛ ✇ ♦❢ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ❡ ♥ ✉ ❡ ❤ ❛ ❡✐ ❤ ❡ E F [D 1 (a )] → 1 ♦ E F [D 2 (a )] → 1

♦ ❜ ♦ ❤✳ ❚ ❤✐ ✐ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ ❛

♥ ✉ ♠ ❜ ❡ ✇ ❤✐ ❝ ❤ ✐ ❡✐ ❤ ❡ ♠ ❛❧❧ ❡ ❤ ❛ ♥ Q ♦ ❣ ❡ ❛ ❡ ❤ ❛ ♥ 1 − Q ✳ ■ ♥ ❤ ❡ ❢ ♦ ♠ ❡ ❝ ❛ ❡✱ ❤ ❡

♠ ❛❥ ♦ ✐ ② ♦❢ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ♦ ♥❧ ② ❤ ❛ ♣ ♣ ❡ ♥ ✇ ❤ ❡ ♥ ❛ ♠ ❛❥ ♦ ✐ ②

♦❢ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✳ ■ ♥ ❤ ❡ ❧ ❛ ❡ ❝ ❛ ❡✱ ❤ ❡ ♠ ❛❥ ♦ ✐ ② ♦❢ ♣❧ ❛ ② ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ✜ ❧ ♦ ❝ ❛ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤

❝ ❛ ♥ ❡✐ ❤ ❡ ❜ ❡ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❧ ♦ ✇ ❧ ❡ ❛ ♥✐ ♥ ❣ ♦ ❧ ❛ ❣ ❡ p ✳

❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ✭ ✷✳ ✻✮ ✐ ❛❧ ✇ ❛ ② ♣ ♦ ✐ ✐ ✈ ❡✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❧ ❛ ❡ ♠ ✐ ❤ ❡

❣ ❛✐ ♥ ❢ ♦ ♠ ❜ ❡✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ❡ ✇ ❤ ❡ ❡ ✐ ✐ ❜ ❡ ❡ ✐ ♥

❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ✉ ✐ ♣ ♦ ✐ ✐ ✈ ❡✳

■ ♥ ❝ ❛ ❡ ♦❢ 1 − p < Q ✱ ✇ ❡ ❦ ♥ ♦ ✇ ❤ ❛ E F [D 2 (a )] → 1 ✐ ♥ ❝ ❡ ❢ ♦ D 2 (a ) < 1 ✱ ♠ ❛ ♥ ② ♣❧ ❛ ② ❡

❤ ❛ ✈ ❡ ♦ ❧ ❡ ❛ ♥ ❛ ❜ ♦ ✉ ❤ ❡✐ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❡ ✈ ❡ ♥ ✐❢ ❡ ✈ ❡ ② ♣❧ ❛ ② ❡

❧ ❡ ❛ ♥ ✱ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ ( 1 − p )✱ ✇ ❤✐ ❝ ❤ ✐ ✐ ❝ ❧ ②

❧ ❡ ❤ ❛ ♥ ✐ ❝ ❛ ♣ ❛ ❝✐ ② Q ✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ♦ ♠ ❡ ✿

V I i(a ) = ( 1 − p )E F [D 1 (a )][E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ]].

❚ ❤ ✉ ✱ ♦ ❤ ♦ ✇ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✱ ✐ ❡ ♠ ❛✐ ♥ ♦ ♣ ♦ ✈ ❡ ❤ ❛

E F [D 1 (a )] ✐ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✱ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ✇ ❤✐ ❝ ❤ ✇ ❡ ❧ ❡ ❛ ✈ ❡ ♦ ❤ ❡ ❛ ♣ ♣ ❡ ♥ ❞✐ ①✳

❋✐ ♥ ❛❧❧ ②✱ ❢ ♦ 1 − p > Q ❧ ❡ k̂ ❜ ❡ ✉ ❝ ❤ ❤ ❛ ✐❢ k̄ > kˆ ❤ ❡ ♥ D 2 (a ) < 1 ✳ ❙ ✉ ❝ ❤ ❛ k̂ ❡ ①✐ ✱

❜ ❡ ❝ ❛ ✉ ❡ ✐❢ ❡ ✈ ❡ ② ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥ ✱ ❤ ❡ ❧ ❛ ✇ ♦❢ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❜ ❡ ❡ ♥ ✉ ❡ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ❛ n → ∞ ✱

❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❧ ❡ ❛ ♥ ❛ ♥ ❞ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ 1 − p > Q ✳ ❚ ❤ ❡ ✈ ❛❧ ✉ ❡

♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ k̄ ✐ ✿

V I i(a ) =

⎧
⎨

⎩

( 1 − p )D 1 (a )[E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ]] ; k̄ < kˆ

( 1 − p )D 2 (a )[E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ]] ; k̄ > kˆ
.

❇ ♦ ❤ ❝ ❛ ❡ ❛ ❜ ♦ ✈ ❡ ❛ ❡ ♣ ♦ ✐ ❜❧ ❡✳ ❚ ❤ ❡ ❝ ❛ ❡ k̄ < kˆ ❡ ✉✐ ❡ ❤ ❛ E F [D 1 (a )] ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k̄ ✱

♣ ♦ ♦❢ ♦❢ ✇ ❤✐ ❝ ❤ ❛ ♣ ♣ ❡ ❛ ✐ ♥ ❤ ❡ ❛ ♣ ♣ ❡ ♥ ❞✐ ①✳ ❋ ♦ ❤ ❡ ❝ ❛ ❡ k̄ > kˆ ♦❢ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ②✱ ✐ ❡ ♠ ❛✐ ♥

♦ ♣ ♦ ✈ ❡ ❤ ❛ E F [D 2 (a )] ✐ ✇ ❡ ❛ ❦❧ ② ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k̄ ✳ ❚ ❤ ❡ ♣ ♦ ♦❢ ✐ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧ ♦ E F [D 1 (a )]

❜ ❡✐ ♥ ❣ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k̄ ❛ ♥ ❞ ❤ ✉ ✐ ❧ ❡❢ ♦ ✉ ✳

✷ ✽



❚ ❤ ❡ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐ ❞ ✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣

♠ ❡ ❝ ❤ ❛ ♥✐ ♠✳ ❆ ♥ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ♣❧ ❛ ② ❡ ❛❧ ✇ ❛ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳ ❆ ♥

✐ ♥❢ ♦ ♠ ❡ ❞ ♣❧ ❛ ② ❡ ♦ ♠ ❡ ✐ ♠ ❡ ❧ ❡ ❛ ♥ ❤ ❛ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ✐ ♥ ❢ ❛ ❝ ❜ ❡ ❡ ❢ ♦ ❤✐ ♠✳

❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ❛ ❦ ❡ ❛ ♣❧ ❛ ② ❡ ❧ ❡ ❧✐ ❦ ❡❧ ② ♦ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳

❆ ♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ♦ ♠ ❡ ❧ ❡ ❝ ♦ ♥ ❣ ❡ ❡ ❞ ❛ ♥ ❞ ❝ ❤ ❛ ♥ ❝ ❡

♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦ ✐ ❣ ♦ ✇✳ ❆ ♥ ✉ ♥✐ ♥❢ ♦ ♠ ❡ ❞ ❝ ❤ ♦✐ ❝ ❡ ❢ ♦ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ❜ ❡ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ♦ ♠ ❡

✐ ❦✐ ❡ ❛ ❤ ❡ ❝ ❤ ❛ ♥ ❝ ❡ ♠ ❛ ❡ ❧ ❡ ❢ ♦ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥✳ ❚ ❤✐ ✐ ♥ ✉ ♥ ♠ ❛ ❦ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♠ ♦ ❡

✈ ❛❧ ✉ ❛ ❜❧ ❡✳

❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♣ ❛ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✽ ❤ ♦ ✇ ✱ ✇ ❤ ❡ ♥ ❛ ✉ ✣ ❝✐ ❡ ♥ ♥ ✉ ♠ ❜ ❡ ♦❢

♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❤ ❡ ✐ ✉ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❡ ✈ ❡ ❡ ❞ ✐❢ ❧ ❡ ❛ ♥✐ ♥ ❣ ♦❢ ❡ ♥ ❡ ✉❧ ✐ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ♦❢

❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✭1 − p > Q ✮✳ ■ ♥ ✉ ❝ ❤ ❛ ❝ ❛ ❡✱ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❛ ♥

❜ ❡ ❝ ♦ ♠ ❡ ❝ ♦ ♥ ❣ ❡ ❡ ❞✱ ✇ ❤✐ ❝ ❤ ✐ ♥ ✉ ♥ ❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♠ ♦ ❡ ♣❧ ❛ ② ❡ ❛ ❡

❧ ❡ ❛ ♥✐ ♥ ❣✳

❲ ❤✐❧ ❡ ❤ ❡ ❡ ✉❧ ✐ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ❢ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ✇ ❡ ♦ ♥❧ ② ♥ ❡ ❡ ❞ ❤ ❡ ❧✐ ♠✐ ♦ ❤ ❛ ✈ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥

♦❢ ā j ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ❛ ❜ ♦ ✈ ❡ ♦ ❜ ❡❧ ♦ ✇ ❛ ❝ ❡ ❛✐ ♥ ❤ ❡ ❤ ♦❧ ❞✳ ❚ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✽ ✉ ❣ ❣ ❡

❤ ❛ ❡ ✈ ❡ ♥ ✐❢ ❤ ❛ ❞ ♦ ❡ ♥ ♦ ❤ ❛ ♣ ♣ ❡ ♥✱ ❤ ❡ ❡ ♠ E F [D 1 (a ) + D 2 (a ) − 1] ❤ ♦ ✉❧ ❞ ✐❧❧ ❡ ♠ ❛✐ ♥

♣ ♦ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ✇ ❤✐ ❝ ❤ ❞ ♦ ❡ ♥ ♦ ❝ ❛ ♥ ❝ ❡❧ ✇✐ ❤ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❤ ♦ ✉❧ ❞ ✐ ♥ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ❢ ♦❧❧ ♦ ✇

❤ ❡ ❛ ♠ ❡ ♠ ♦ ♥ ♦ ♦ ♥✐ ❝✐ ② ❛ ✐ ♥ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✽✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❞ ✉ ❡ ♦ ❤ ❡ ❡ ❝ ❤ ♥✐ ❝ ❛❧

❞✐ ✣ ❝ ✉❧ ② ♦❢ ♣ ♦ ✈✐ ♥ ❣ ❤✐ ✱ ✇ ❡ ❧ ❡ ❛ ✈ ❡ ✐ ✉ ♥ ♣ ♦ ✈ ❡ ♥✳

✷✳ ✺✳ ✷ ❙ ♦❧ ✉ ✐ ♦ ♥

❲❡ ♥ ♦ ✇ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❣ ❛ ♠ ❡ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ❛ n → ∞ ✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥

❣ ❛ ♠ ❡ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❢ ♦ ♦ ♠ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ❡ ① ❤✐ ❜✐ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥✲

❛ ✐ ② ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✱ ❤ ❡ ❣ ❛ ♠ ❡ ❡ ① ❤✐ ❜✐ ♠ ✉❧ ✐ ♣❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛✳ ❚ ❤ ❡ ✜ ♦ ✇

♦❢ ✜ ❣ ✉ ❡ ✷✳ ✶ ❤ ♦ ✇ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♣❧ ❛ ② ❡ i ❛ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ k̄ ✳ ❲ ❤ ❡ ♥ k̄ ✐

✉ ❝ ❤ ❤ ❛ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ V I i(s − i) ✐ ❧ ♦ ✇ ❡ ❤ ❛ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♥ ❝ ♦ c ✱ ♣❧ ❛ ② ❡ i

❞ ❡ ❝✐ ❞ ❡ ♥ ♦ ♦ ❧ ❡ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❤ ❡ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ k̄ ❞ ♦ ♣ ✳ ❲ ❤ ❡ ♥ V I i(s − i) ❡ ①✲

❝ ❡ ❡ ❞ c ✱ ♣❧ ❛ ② ❡ i ❞ ❡ ❝✐ ❞ ❡ ♦ ❧ ❡ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② k̄ ✐ ♥ ❝ ❡ ❛ ❡ ✳ ❚ ❤✐ ❡ ✉❧ ✐ ♥ ✇ ♦ ❛ ❜❧ ❡

❡ ✉✐❧✐ ❜ ✐ ❛✱ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ k̄ = 0 ✱ ❤ ❡ ♥ ❝ ❡❢ ♦ ❤ ❛ ✧ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ✧ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❛ ♥ ❞ ❛ ✧❧ ❡ ❛ ♥✐ ♥ ❣ ✧

❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✇ ❤ ❡ ❡ 0 < k¯ ≤ 1 ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❤ ❡ ❛ ❜❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛✱ ✜ ❣ ✉ ❡ ✷✳ ✶ ❤ ♦ ✇ ❛ ♥

✉ ♥ ❛ ❜❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ✇ ❤✐ ❝ ❤ ✇✐❧❧ ❜ ❡ ♦ ♠✐ ❡ ❞ ❢ ♦ ♠ ❢ ✉ ❤ ❡ ❞✐ ❝ ✉ ✐ ♦ ♥ ❞ ✉ ❡ ♦ ✐ ✐ ♥ ❛ ❜✐❧✲

✐ ②✳ ▲ ❡ k ∗ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥ ❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❛ ♥ ❞ ❧ ❡

E F [u 1 ] > E F [u 2 ]✱ ❤ ❡ ♥ ❢ ♦ q > 1 − p : k ∗ = 1 ❛ ♥ ❞ ❢ ♦ q < 1 − p : k ∗ ♦❧ ✈ ❡ ❤ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡

✷ ✾



❝ ♦ ♥ ❞✐ ✐ ♦ ♥✺ ✿

c = ( 1 − p )E F [D 2 (ψ (k ∗ , θ))]
∏︁
E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ]

)︂
. ✭ ✷✳ ✽✮

❋✐ ❣ ✉ ❡ ✷✳ ✶✿ ▼ ✉❧ ✐ ♣❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛

❚ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ✇ ♦❢ ✜ ❣ ✉ ❡ ✷✳ ✶ ❤ ♦ ✇ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥

❡ ♠ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ ✳ ▲ ❡ E F [u 1 ] > E F [u 2 ]✱ ❤ ❡ ♥ ❢ ♦ ❧ ♦ ✇ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ c <

c ≡ ( 1 − p ) q
n
(E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ])✱ ❤ ❡ ♦ ♥❧ ② ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣

❡ ✉✐❧✐ ❜ ✐ ✉ ♠✳ ❋ ♦ ❤✐ ❣ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ c > c̄ ≡ ( 1 − p )(E F [u 2 |u 2 > u 1 ]− E F [u 1 |u 2 > u 1 ])✱

❤ ❡ ♦ ♥❧ ② ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✳ ❋ ♦ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ ❜ ❡ ✇ ❡ ❡ ♥ (c , c̄)

❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❛ ♥ ❞ ❤ ❡ ✉ ♥ ❛ ❜❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛ ❡ ♠ ❡ ❣ ❡✳

✷✳ ✺✳ ✸ ❊ ① ❡ ♥ ❛❧✐ ✐ ❡ ❛ ♥ ❞ ❲ ❡❧❢ ❛ ❡

■ ♥ ❝ ❛ ❡ ♦❢ ♠ ✉❧ ✐ ♣❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛✱ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛ ❝ ❛ ♥ ❜ ❡ ✇ ❡❧❢ ❛ ❡ ♦ ❞ ❡ ❡ ❞ ✐ ♥ ✉ ❝ ❤ ❛ ✇ ❛ ② ❤ ❛

❤ ❡ ❛ ❜❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ✇ ❤ ❡ ❡ ♦ ♠ ❡ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥ ✭❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✮ ❡ ① ❤✐ ❜✐ ❤✐ ❣ ❤ ❡

✉ ✐❧✐ ❛ ✐ ❛ ♥ ✇ ❡❧❢ ❛ ❡ ❤ ❛ ♥ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✇ ❤ ❡ ❡ ♥ ♦ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥ ✭ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✮✳

✺ ■ ♥ ❤ ❡ ❧✐ ♠✐ ✱ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ♦❧ ❞ ✇✐ ❤ ❡ ✉ ❛❧✐ ②✳

✸ ✵



❚ ❤✐ ✐ ♠ ♦ ❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❢ ♦ ♠ ❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ❡ ♠ ♦ ♣ ❡ ✈ ❛✐❧✳

❲❡ ✜ ❞ ❡ ✜ ♥ ❡ ✇ ❤ ❛ ✇ ❡ ♠ ❡ ❛ ♥ ❜ ② ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❢ ♦ ♠ ❧ ❡ ❛ ♥✐ ♥ ❣✳

❉ ❡ ✜ ♥✐ ✐ ♦ ♥ ✺✳ ▲ ❡ k ❜ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❆ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣❧ ❛ ② ❡

✐ ♠ ♣ ♦ ❡ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ② ❜ ② ❧ ❡ ❛ ♥✐ ♥ ❣ ♦ ♥ ♣❧ ❛ ② ❡ i ✐❢✿ ∀ a i, θ

E X T i(a i, k) ≡ E F [Ū i(a i, ψ(k + 1 , θ)) − Ū i(a i, ψ(k, θ ))] ≥ 0 ,

✇ ❤ ❡ ❡ ψ ≡ (ψ 1 , ψ2 ) ✻ ✳

❲❡ ❛ ② ❤ ❛ ❡ ① ❡ ♥ ❛❧✐ ② ♦ ♥ ♣❧ ❛ ② ❡ i ✐ ♣ ♦ ✐ ✐ ✈ ❡ ♦ ♥❧ ② ✐❢ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦ ♥ ❤✐ ❡ ① ♣ ❡ ❝ ❡ ❞

✉ ✐❧✐ ② ✐ ♣ ♦ ✐ ✐ ✈ ❡ ❢ ♦ ❛❧❧ ♦❢ ❤✐ ♣ ♦ ✐ ❜❧ ❡ ❛ ❝ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ♥ ❡ ① ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛ ❤✐ ✐

❤ ❡ ❝ ❛ ❡ ❛ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❝ ♦ ♥ ❣ ❡ ❡ ❞✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✾✳ ▲ ❡ E F [u j ] > E F [u j ′
]✳ ▲ ❡ k ❜ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱

❤ ❡ ♥ ❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ♦❢ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣❧ ❛ ② ❡ ✐ ♠ ♣ ♦ ❡ ❛ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ② ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✱

∀ i, ai, θ : E X T i(a i, k) ≥ 0 ✐❢✿

E F [D j ′

(ψ j ′

(k, θ ))] = 1.

♦ ♦❢✳ ▲ ❡ E F [u 1 ] ≥ E F [u 2 ]✱ E F [D 2 (ψ 2 (k, θ ))] = 1 ✇✐ ❤ ♦ ✉ ❧ ♦ ♦❢ ❣ ❡ ♥ ❡ ❛❧✐ ②✳ ❚ ❤ ❡ ❡ ① ❡ ✲

♥ ❛❧✐ ② ✐ ♠ ♣ ♦ ❡ ❞ ♦ ♥ ❛ ♣❧ ❛ ② ❡ i ❝ ❛ ♥ ❜ ❡ ✇ ✐ ❡ ♥ ❛ ✿

E X T i(a i = j, k ) = E F [D j (ψ j (k + 1 , θ))]E F [u j ]

+ E F [ 1 − D j (ψ j (k + 1 , θ))]E F [u j ′

]

− E F [D j (ψ j (k, θ ))]E F [u j ] + E F [ 1 − D j (ψ j (k, θ ))]E F [u j ′

].

❋ ♦ a i = 1 ✱ ❤ ❡ ❡ ① ❡ ♥ ❛❧✐ ② ✐ ✿

E X T i( 1, k) = (E F [D 1 (ψ 1 (k + 1 , θ))]

− E F [D 1 (ψ 1 (k, θ ))])(E F [u 1 ] − E F [u 2 ]) ≥ 0 .

❚ ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ E F [D 1 (ψ 1 (k, θ ))] ❜ ❡✐ ♥ ❣ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✱ ✇ ❤✐ ❝ ❤ ✐ ♣ ♦ ✈ ❡ ♥

✐ ♥ ❤ ❡ ❛ ♣ ♣ ❡ ♥ ❞✐ ①✳ ❋ ♦ a i = 2 ✿

E X T i( 2, k) = (E F [D 2 (ψ 2 (k + 1 , θ))] − E F [D 2 (ψ 2 (k, θ ))])(E F [u 2 ] − E F [u 1 ]) = 0.

✻ ❚❡ ❝ ❤ ♥✐ ❝ ❛❧❧ ②✱ ❡✐ ❤ ❡ ψ 1 ♦ ψ 2 ❝ ❛ ✐ ❡ ✉ ✣ ❝✐ ❡ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ Ū ✱ ❛ ♥ ❞ ✇ ❡ ❞ ❡ ✜ ♥ ❡ ψ ♦ ❛ ✈ ♦✐ ❞ ❛ ♥ ②
❝ ♦ ♥❢ ✉ ✐ ♦ ♥ ❡ ❣ ❛ ❞✐ ♥ ❣ ✇ ❤ ❛ ❡ ♥ ❡ D 1 ( ā 1 ) ❛ ♥ ❞ D 2 ( ā 2 ) ✇✐ ❤✐ ♥ Ū ✳

✸ ✶



❚ ❤ ❡ ❡ ✉❧ ❞ ♦ ❡ ♥ ♦ ❤ ♦❧ ❞ ✇ ❤ ❡ ♥ E F [D 2 (ψ 2 (k, θ ))] < 1 ❛ ♥ ❞ E F [D 1 (ψ 1 (k, θ ))] = 1✱ ✐ ♥ ❤✐

❝ ❛ ❡ ✐ ✈✐ ❛❧❧ ②✿ E X T i( 1, k) = 0✱ ❜ ✉

E X T i( 2, k) = (E F [D 2 (ψ 2 (k + 1 , θ))] − E F [D 2 (ψ 2 (k, θ ))])(E F [u 2 ] − E F [u 1 ]) ≤ 0

✐ ♥ ❝ ❡ D 2 (ψ (k, θ )) ✐ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✳

❙✐ ♥ ❝ ❡ a i ❝ ❛ ♥ ❛ ❦ ❡ ♦ ♥❧ ② ✈ ❛❧ ✉ ❡ ❢ ♦ ♠ { 1 , 2 } ✱ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛ ✱ ✐ ♥ ❤ ❡

❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❣ ❛ ♠ ❡ ✇✐ ❤ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✱ ❛ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ✐ ♥ ♦ ❧ ❡ ❛ ♥✐ ♥ ❣ ❜ ❡ ♥ ❡ ✜ ❢ ♦ ♠

♦ ❤ ❡ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❆ ❤ ❡ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ✐ ❧ ❡ ❛ ♥✐ ♥ ❣ ❝ ❤ ♦ ♦ ❡ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② p : a 1 ❛ ♥ ❞

✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② 1 − p : a 2 ✱ ❤ ❡ ♥ ❡ ① ❝ ♦ ♦❧❧ ❛ ② ❤ ♦ ✇ ❤ ❛ ❛ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ✐ ❧ ❡ ❛ ♥✐ ♥ ❣ ❜ ❡ ♥ ❡ ✜

❢ ♦ ♠ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥✳

❈ ♦ ♦❧❧ ❛ ② ✷✳ ▲ ❡ E F [u j ] > E F [u j ′
]✱ k ❜ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ❤ ❡ ♥ ❛

♣❧ ❛ ② ❡ ✇ ❤ ♦ ✐ ❧ ❡ ❛ ♥✐ ♥ ❣ ❜ ❡ ♥ ❡ ✜ ❢ ♦ ♠ ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✬ ❧ ❡ ❛ ♥✐ ♥ ❣ ✐ ♥ ❡ ① ♣ ❡ ❝ ❛ ✐ ♦ ♥ ❛ ❧ ♦ ♥ ❣ ❛ ✿

E F [D j ′

(ψ j ′

(k, θ ))] = 1.

♦ ♦❢✳

E F [Ṽ i(θ, s − i)] = p Ū i( 1, ψ(k, θ )) + ( 1 − p ) Ū i( 2, ψ(k, θ )) ≥ 0 .

❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✿

E F [E X T i(a i, k)] = p E X T i(a 1 , k) + ( 1 − p )E X T i(a 2 , k) ≥ 0 .

❈ ♦ ♦❧❧ ❛ ② ✷ ✉ ❣ ❣ ❡ ❤ ❛ ✱ ❢ ♦ ♦ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧✱ ✇ ❡❧❢ ❛ ❡ ♠✐ ❣ ❤ ♥ ♦ ❜ ❡

✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✳ ❚ ❤✐ ✐ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❡ ① ❡ ♥ ❛❧✐ ② ❝ ❛ ♥ ❜ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ❢ ♦ ❤✐ ❣ ❤ k ✱ ✇ ❤ ❡ ♥ ❤ ❡

❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❜ ❡ ❝ ♦ ♠ ❡ ❝ ♦ ♥ ❣ ❡ ❡ ❞✳ ❚ ❤ ❡ ♥ ❡ ① ❡ ✉❧ ❤ ♦ ✇ ❤ ❛ ❡ ✈ ❡ ♥ ✇ ❤ ❡ ♥ ❤ ❡

❡ ❝ ♦ ♥ ❞ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❞ ❜ ② ❝ ♦ ♥ ❣ ❡ ✐ ♦ ♥ ❛ ♥ ❞ ✇ ❡❧❢ ❛ ❡ ❜ ❡ ❝ ♦ ♠ ❡ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✱ ❤ ❡

✇ ❡❧❢ ❛ ❡ ♦❢ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❞ ♦ ♠✐ ♥ ❛ ❡ ❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✳ ❲❡ ❛ ❣ ❛✐ ♥

❛ ❡ ❤ ❡ ♥ ❡ ① ❡ ✉❧ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ♦ ♠ ❛ ❦ ❡ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❝ ❤ ♦ ♦ ❡ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥

❝ ♦ ♥ ✈ ❡ ❣ ❡✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✵✳ ▲ ❡ s ∗ ❜ ❡ ❛ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✇✐ ❤ ❛ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣

k ∗ > 0 ✳ ▲ ❡ s N ❜ ❡ ❛ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✉ ❝ ❤ ❤ ❛ ∀ ι ∈ s N : α ι = ✧ ◆ ♦ ▲ ❡ ❛ ♥ ✧✳ ❚ ❤ ❡ ♥✱ ❛

✸ ✷



n → ∞ ✱ s ∗ ❞ ♦ ♠✐ ♥ ❛ ❡ s N ✐ ♥ ❡ ♠ ♦❢ ♣❧ ❛ ② ❡ ✬ ✉ ✐❧✐ ❛ ✐ ❛ ♥ ✇ ❡❧❢ ❛ ❡✿

W L ≡
n k ∗
∏︁

ι= 1

E F [Ṽ ι (θ, s ∗
− ι ) − c ] +

n)︂

ι > n k ∗

E F [V̂ ι (s
∗
− ι )] ≥

n(︂

ι= 1

E F [V̂ ι (s
N
− ι )] ≡ W N .

♦ ♦❢✳ ▲ ❡ E F [u 1 ] > E F [u 2 ]✳ ❚ ❤ ❡ ❝ ❛ ❡ ♦❢ 1 − p < Q ✱ ❧ ❡ ❛ ❞ ✇✐ ❤ n → ∞ ♦ E F [D 2 (ψ (k, θ ))] =

1 ✱ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ✇ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ❤ ❛ ✈✐ ♥ ❣ ❡ ① ❝ ❡ ❝ ❛ ♣ ❛ ❝✐ ② ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❜ ② ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✾✱

❤ ❡ ❡ ✐ ♥ ❣ ❡ ① ❤✐ ❜✐ ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❢ ♦ ♠ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ❚ ❤✐ ✐ ♥ ✉ ♥ ✐ ♠ ♣❧✐ ❡ ❤ ❡ ❡ ✉❧ ✳

■ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ 1 − p > Q ✱ ❢ ♦ n → ∞ ♦ ♥❧ ② k ∗ < 1 ♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥ ✐ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ s ∗ ✱ ✇ ❤ ❡ ❡

k ∗ ♦❧ ✈ ❡ ❤ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷✳ ✽✮✳ ■ ♥ ❤✐ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ E F [D 2 (ψ 2 (k ∗ , θ))] < 1 ❛ ♥ ❞

E F [D 1 (ψ 1 (k ∗ , θ))] = 1✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✇ ❡❧❢ ❛ ❡ ♦❢ ❤✐ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ✿

W L = n k ∗ ( 1 − p )
)︂
E F [D 2 (ψ 2 (k ∗ , θ))]E F [u 2 |u 2 > u 1 ]

+ E F [ 1 − D 2 (ψ 2 (k ∗ , θ))]E F [u 1 |u 2 > u 1 ]
)︁

+ n k ∗ p E F [u 1 |u 1 > u 2 ] − c n k ∗ + n ( 1 − k ∗ )E F [u 1 ].

❯ ✐ ♥ ❣ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭ ✷✳ ✽✮✱ W L ✐ ♠ ♣❧✐ ✜ ❡ ♦✿

W L = n E F [u 1 ]. ✭ ✷✳ ✾✮

❚ ❤ ❡ ✇ ❡❧❢ ❛ ❡ ♦❢ ❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ✿

W N = n Q E F [u 1 ] + n ( 1 − Q )E F [u 2 ],

✇ ❤✐ ❝ ❤ ✐ ❝❧ ❡ ❛ ❧ ② ✐ ♥❢ ❡ ✐ ♦ ♦ ✭ ✷✳ ✾✮ ❢ ♦ ❛❧❧ n ✳

✷✳ ✻ ▼ ❛✐ ♥ ❘ ❡ ✉❧

❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❜ ❛ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ♣❧ ❛ ② ❡ ❛ ♥ ❞

❤ ♦ ✇ ❝ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❛ ✐ ❝ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D j ✳ ❙✐ ♥ ❝ ❡ D j ❛ ❡ ❝ ♦ ♠✲

♣❧✐ ❝ ❛ ❡ ❞ ♦ ❜❥ ❡ ❝ ✱ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❛ ✐ ❝ ❛ ❡ ❤ ✉ ❛ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣ ❛ ❦✱ ✇ ❡ ✇✐❧❧ ❜ ✉✐❧ ❞ ❛ ♥

❛ ② ♠ ♠ ❡ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ ✇✐ ❤ ❛ ❝❧ ❡ ❛ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❡ ✐ ♦ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠✲

♠ ❡ ✐ ❝ ❝ ❛ ❡✳

❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ❡ ❛ ❝ ❤ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ❤ ❛ ❛ ♥ ✭ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡✮ ♦ ❞ ❡ ✐ ♥ ❣ v j ♦ ✈ ❡ ❤ ❡ ♣❧ ❛ ② ❡ ✳ ❚ ❤ ❛

✐ ✱ ❧ ♦ ❝ ❛ ✐ ♦ ♥ j ♣ ❡❢ ❡ ♣❧ ❛ ② ❡ ✇✐ ❤ ❧ ♦ ✇ ❡ ✐ ♥ ❞ ❡ ① ✐ ♥ v j ✳ ❚ ❤ ❡ ♥ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ν j ✐ ❛ ❝ ✉ ♦ ✛

✸ ✸



♣❧ ❛ ② ❡ ✉ ❝ ❤ ❤ ❛ ✿
ν ∗

j ( a )
∏︁

ι= 1

✶ (a ι = j ) ≤ q.

❚ ❤ ❡ ♥ ♦ ✉ ♥ ❡ ✇ ♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡ D̃
j

❛ ✐ ✜ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✿

D̃
j

i (a ) ≡

⎧
⎨

⎩

1 i ≤ ν ∗
j (a )

0 o. w.

❈❧ ❡ ❛ ❧ ②✱ ✇ ❤ ❛ ✇ ❡ ✐ ✈ ❡ ❢ ♦ ❜ ② ✉ ✐ ♥ ❣ ❤✐ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ✐ ♦ ❡ ♠ ♦ ✈ ❡ ❤ ❡ ♦ ❝ ❤ ❛ ✐ ❝✐ ② ♦❢ ❤ ❡

♦ ❝ ❤ ❛ ✐ ❝ ❝ ❤ ♦✐ ❝ ❡ ✉❧ ❡✳ ❚ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ D̃ ♦ ✈ ❡ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ❝ ❛ ❡ ✐ ❤ ❛ D̃

✐ ❞ ❡ ❡ ♠✐ ♥✐ ✐ ❝ ❛ ❧ ♦ ♥ ❣ ❛ ❛❧❧ ♣❧ ❛ ② ❡ ❦ ♥ ♦ ✇ ❤ ❡ ♦ ❞ ❡ ✐ ♥ ❣ v j ✳ ❲❡ ❛ ✉ ♠ ❡ ❤✐ ✳ ❚ ❤ ❡ ♥ ❡ ①

♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛ ❛ ♠ ♦ ✈ ❡ ❢ ♦ ♠ ❤ ❡ ❡ ①✲ ❛ ♥ ❡ ② ♠ ♠ ❡ ✐ ❝ ❝ ❛ ❡ ♦ D̃ ✐ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤

❛ ✇ ❡❧❢ ❛ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❧✐ ♠✐ ✱ ❛ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ❣ ♦ ❡ ♦ ✐ ♥ ✜ ♥✐ ②✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✶✳ ❆ n → ∞ ✱ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ❢ ♦ ♠ D j
i (a ) = q / ( ā j ) ♦ D̃

j

i (a ) ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ❡

❤ ❡ ✉ ✐❧✐ ❛ ✐ ❛ ♥ ✇ ❡❧❢ ❛ ❡ ♦❢ ♣❧ ❛ ② ❡ ✳

♦ ♦❢✳ ▲ ❡ c < c < c¯ ✱ ♦ ❤ ❡ ✇✐ ❡ ❤ ❡ ❡ ✉❧ ❤ ♦❧ ❞ ✐ ✈✐ ❛❧❧ ②✳ ▲ ❡ E F [u 1 ] ≥ E F [u 2 ]✳ ❲❡

❞ ❡ ♥ ♦ ❡ k̃ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❧ ❡ ❛ ♥ ✐ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✇✐ ❤ D̃
i

j (a )✳ ❲❡ ✇✐❧❧ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡

❤ ❡ ✐ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❢ ♦ ✉ ❝ ❛ ❡ ✿

❋✐ ✱ ❧ ❡ p < Q ❛ ♥ ❞ 1 − p < Q ✳ ❙✐ ♥ ❝ ❡ 1 − p < Q ✱ ∀ k : E F [D 2
i (ψ

2 (k, θ ))] = 1✳ ❧ ❛ ② ❡ i

✇ ❤ ♦ ✐ ❛ ♥ ❦ ❡ ❞ ✐ ♥ v 1 ❜ ❡❢ ♦ ❡ ♣❧ ❛ ② ❡ Q ♦ ❜ ❡ ✈ ❡ ❤ ❛ ✉ ♣ ♦ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✱ ❤ ❡ ✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞

❤ ❡ ❡ ✇✐ ❤ ❝ ❡ ❛✐ ♥ ② ∀ k : D̃
1

i < Q(ψ
1 (k, θ )) = 1✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦

❤✐ ♣❧ ❛ ② ❡ ✐ ( 1 − p )(E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ])✳ ❙✐ ♥ ❝ ❡ c < c̄ ✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ✉❧ ✐ ♥ ❛ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦ ❧ ❡ ❛ ♥✳ ❙✐ ♥ ❝ ❡ ❛❧❧ ✉ ❝ ❤ ♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✱ ✐ ♥ ❤ ❡ ❧✐ ♠✐

n → ∞ ✱ ( 1 − p ) ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❝ ❤ ♦ ♦ ❡ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ✳ ❚ ❤✐ ✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ❜ ② ♦ ❤ ❡ ♣❧ ❛ ② ❡ ✱ ❛ ♥ ❞

❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❛ ❡ ❛ ♥ ❦ ❡ ❞ ✐ ♥ v 1 ❜ ❡ ✇ ❡ ❡ ♥ Q ❛ ♥ ❞ Q + ( 1 − p )Q ❦ ♥ ♦ ✇ ❤ ❛ ❤ ❡✐

❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❜ ❡✐ ♥ ❣ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✐ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ♠ ✉ ❜ ❡ D̃
1

Q <i < Q + Q ( 1 − g ) (ψ
1 ( k̃ , θ)) =

1 ✳ ■ ❡ ❛ ✐ ♥ ❣ ❤✐ ❛ ❣ ✉ ♠ ❡ ♥ ②✐ ❡❧ ❞ ν = Q / p ✱ ✇ ❤✐ ❝ ❤ ✐ ❤ ❡ ✐ ♥ ❞ ❡ ① ✐ ♥ v 1 ♦❢ ❤ ❡ ✜ ♥ ❛❧ ♣❧ ❛ ② ❡

✇ ❤ ♦ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❤ ❛ ❤ ❡ ✇✐❧❧ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✇✐ ❤ ❝ ❡ ❛✐ ♥ ②✳ ❙✐ ♥ ❝ ❡ p < Q ❛❧❧

♣❧ ❛ ② ❡ ❧ ❡ ❛ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② k̃ = n ✳ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✵ ❤ ❡ ♥ ✐ ♠ ♣❧✐ ❡ ❤ ❡ ✇ ❡❧❢ ❛ ❡ ♦ ❞ ❡ ✐ ♥ ❣✳

❙ ❡ ❝ ♦ ♥ ❞✱ ❢ ♦ 1 − p < Q < p ✳ ❚ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✉ ♥ ❞ ❡ D̃
j

i (a ) ✐ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ❛

♣ ♦ ♣ ✉❧ ❛ ✐ ♦ ♥ ❢ ❛ ❝ ✐ ♦ ♥ m 1 ✱ ✉ ❝ ❤ ❤ ❛ ❢ ♦ ❛❧❧ ♣❧ ❛ ② ❡ i ≤ n m 1 ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ❜ ❡✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ❡ ❞

♦ ❧ ♦ ❝ ❛ ✐ ♦ ♥ 1 ✱ D̃
1

i≤ n m 1
(ψ 1 ( k̃ , θ)) ❝ ♦ ♥ ✈ ❡ ❣ ❡ ✇✐ ❤ n → ∞ ♦ 1 ❛ ♥ ❞ ❢ ♦ ❛❧❧ i > n m1 ❤ ❡

✸ ✹



♣ ♦ ❜ ❛ ❜✐❧✐ ② ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ 0 ✳ ■ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦

V Ī i(ψ ( k̃ )) →

⎧
⎨

⎩

( 1 − p )(E F [u 2 |u 2 > u 1 ] − E F [u 1 |u 2 > u 1 ]) ; i ≤ n m 1

0 ; i > n m1
✭ ✷✳ ✶ ✵✮

❤ ❡ ❡❢ ♦ ❡ ❛❧❧ i ≤ n m 1 ❧ ❡ ❛ ♥ ❛ ♥ ❞ ❛❧❧ i > n m1 ❞ ♦ ♥ ♦ ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❤ ❡ ❤ ❡ ❤ ♦❧ ❞

m 1 → Q / p ✳ ❚ ❤ ❡ ❛ ✈ ❡ ❛ ❣ ❡ ✇ ❡❧❢ ❛ ❡ ♦❢ ❤✐ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦✿

W m 1

n
→

Q

p
(p E F [u 1 |u 1 > u 2 ] + ( 1 − p )E F [u 2 |u 2 > u 1 ]) + ( 1 −

Q

p
)E F [u 2 ] −

Q

p
c,

✇ ❤✐ ❝ ❤ ✐ ❧ ❛ ❣ ❡ ❤ ❛ ♥✿ Q / p E F [u 1 ] + ( 1 − Q / p )E F [u 2 ]✱ ✇ ❤ ❡ ❡ ❛ ❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠

❢ ♦ ♠ ❤ ❡ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ❛ ❜ ♦ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❤ ❛ ❛ ✈ ❡ ❛ ❣ ❡ ✇ ❡❧❢ ❛ ❡✿

q

n
E F [u 1 ] +

n − q

n
E F [u 2 ] = Q E F [u 1 ] + ( 1 − Q )E F [u 2 ] <

Q

p
E F [u 1 ] + ( 1 −

Q

p
)E F [u 2 ].

❚ ❤✐ ❞✱ ❢ ♦ p < Q < 1 − p ✐ ❝ ❛ ♥ ❤ ❛ ♣ ♣ ❡ ♥ ❤ ❛ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ❝ ♦ ♥ ❣ ❡ ❡ ❞ ✐❢

❡ ♥ ♦ ✉ ❣ ❤ ♣❧ ❛ ② ❡ ❛ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳ ■ ♥ ❤ ❛ ❝ ❛ ❡✱ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✉ ♥ ❞ ❡ ❝ ❡ ❛✐ ♥ ② ❛ ❜ ♦ ✉ ❧ ♦ ❝ ❛ ✐ ♦ ♥

♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ❛ ♣ ♦ ♣ ✉❧ ❛ ✐ ♦ ♥ ❢ ❛ ❝ ✐ ♦ ♥ m 2 ✱ ✉ ❝ ❤ ❤ ❛ ❢ ♦ ❛❧❧ ♣❧ ❛ ② ❡ i ≤ n m 2

❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ❜ ❡✐ ♥ ❣ ❛ ❝ ❝ ❡ ♣ ❡ ❞ ❜ ② ❧ ♦ ❝ ❛ ✐ ♦ ♥ 2 ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ 1 ❛ ♥ ❞ ❢ ♦ ❛❧❧ i > n m2 ❤ ❡

♣ ♦ ❜ ❛ ❜✐❧✐ ② ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦ 0 ✳ ■ ♥ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ❛ ♠ ❡ ❛

✭ ✷✳ ✶ ✵✮✱ ❡ ① ❝ ❡ ♣ ❤ ❛ ♥ ♦ ✇ ❤ ❡ ❤ ❡ ❤ ♦❧ ❞ ✐ n m 2 ✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❤ ❡ ❤ ♦❧ ❞

❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦✿ m 2 → Q / ( 1 − p )✳ ❚ ❤ ❡ ❛ ✈ ❡ ❛ ❣ ❡ ✇ ❡❧❢ ❛ ❡ ♦❢ ❤✐ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❝ ♦ ♥ ✈ ❡ ❣ ❡ ♦✿

W m 2

n
→

Q

1 − p
(p E F [u 1 |u 1 > u 2 ] + ( 1 − p )E F [u 2 |u 2 > u 1 ])

+ ( 1 −
Q

1 − p
)E F [u 1 ] −

Q

1 − p
c,

✇ ❤✐ ❝ ❤ ✐ ❛ ❧ ❡ ❛ E F [u 1 ] > Q E F [u 1 ] + ( 1 − Q )E F [u 2 ]✳

❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❝ ❛ ❡ Q < p ❛ ♥ ❞ Q < 1 − p ✐ ✐ ♠ ♣ ♦ ✐ ❜❧ ❡ ✐ ♥ ❝ ❡ Q ≥ 1 / 2 ≥ mi n { p, 1 − p } ✳

❚ ❤ ❡ ❡ ✉❧ ✉ ❣ ❣ ❡ ❤ ❛ ❡ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ❛ ♦ ✉ ♥ ❞ ❤ ❡ ❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥

✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ✇ ❡❧❢ ❛ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ② ❡ ❜ ② ❝ ❛ ✉ ✐ ♥ ❣ ♠ ♦ ❡ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ♦ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥

❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳ ❲ ❤✐❧ ❡ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ✇ ❡❧❢ ❛ ❡ ❞ ✉ ❡ ♦ ❡ ❞ ✉ ❝ ❡ ❞ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ♠ ❛ ② ❡ ❡ ♠ ♦ ❜ ✈✐ ♦ ✉ ✱

✐ ❞ ♦ ❡ ♥ ♦ ❤ ♦❧ ❞ ❢ ♦ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳ ❲❡ ❡❢ ❡ ♦ ❤ ❡ ❝ ♦ ✉ ♥ ❡ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇ ❤✐ ❝ ❤

❤ ♦ ✇ ❛ ❧ ❛ ❝ ❦ ♦❢ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✐ ♥ ❙ ❡ ❞ ❡ ❦ ✭ ✷ ✵ ✷ ✵✮ ❛ ♥ ❞ ❝❧ ❛✐ ♠ ❤ ❛ ❤✐ ❡ ① ❛ ♠ ♣❧ ❡ ❛❧ ♦ ❢ ❛✐❧

✸ ✺



❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ✇ ❡❧❢ ❛ ❡ ❡ ✉❧ ✳

✷✳ ✼ ❙ ❝ ❤ ♦ ♦❧ ❈ ❤ ♦✐ ❝ ❡ ❆ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥

❆❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦❢ ♣❧ ❛ ❝ ❡ ✐ ♥ ❝ ❤ ♦ ♦❧ ✐ ♥ ♠ ❛ ♥ ② ❝✐ ✐ ❡ ✐ ❛ ❞ ♠✐ ♥✐ ❡ ❡ ❞ ✈✐ ❛ ❛ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ● ❛❧ ❡✲

❙ ❤ ❛ ♣❧ ❡ ② ❛❧ ❣ ♦ ✐ ❤ ♠ ✭ ❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉✱ ❛ ❤ ❛ ❦✱ ❛ ♥ ❞ ❘ ♦ ❤ ✷ ✵ ✵ ✾✮✳ ❲ ❤ ❡ ♥ ❤ ❡ ② ❛ ♣ ♣❧ ②✱ ✉✲

❞ ❡ ♥ ❛ ❡ ❣✐ ✈ ❡ ♥ ❤ ❡✐ ♣ ✐ ♦ ✐ ② ❝ ♦ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ❝ ❤ ♦ ♦❧✳ ❚ ❤ ❡ ♣ ✐ ♦ ✐ ② ❝ ♦ ❡ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ②

❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ✉ ❝ ❤ ❛ ♣ ♦ ①✐ ♠✐ ② ♦ ❤ ❡ ❝ ❤ ♦ ♦❧ ♦ ❤ ❛ ✈✐ ♥ ❣ ❛ ✐ ❜❧✐ ♥ ❣ ❡ ♥ ♦❧❧ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ❤ ♦ ♦❧✳

❙ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ②✱ ✉ ❞ ❡ ♥ ✉ ❜ ♠✐ ❤ ❡✐ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❧✐ ♦ ❤ ❡ ❝✐ ②✳ ❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❝✐ ② ✉ ♥ ❤ ❡

● ❛❧ ❡✲ ❙ ❤ ❛ ♣❧ ❡ ② ❛❧ ❣ ♦ ✐ ❤ ♠✱ ✇ ❤✐ ❝ ❤ ✐ ❛ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ♦❢ ♦ ✉ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ H ✳ ❉ ✉ ❡ ♦ ❤ ❡ ♥ ❛ ✉ ❡

♦❢ ♣ ✐ ♦ ✐ ② ❝ ♦ ❡ ✱ ♠ ❛ ♥ ② ✉ ❞ ❡ ♥ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ♣ ✐ ♦ ✐ ② ❝ ♦ ❡ ❢ ♦ ❛ ♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ❤ ♦ ♦❧✳

❚✐ ❡ ❢ ❡ ✉ ❡ ♥ ❧ ② ❛ ✐ ❡✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ♦❢ ❡ ♥ ❜ ♦ ❦ ❡ ♥ ✉ ✐ ♥ ❣ ❛ ❧ ♦ ❡ ②✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✉ ❞ ❡ ♥

❢ ❛ ❝ ❡ ❛ ❞ ♠✐ ✐ ♦ ♥ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❧ ♦ ❡ ✐ ❡ ✳ ❇ ② ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡ ✱ ❤✐ ❤ ♦ ✉❧ ❞

♥ ♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ✉ ❞ ❡ ♥ ❜ ❡ ❤ ❛ ✈✐ ♦ ✐ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ❜ ✉ ✐ ❞ ♦ ❡ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ✉ ❞ ❡ ♥ ❜ ❡ ❤ ❛ ✈✐ ♦ ✐ ♥

✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳ ❲❡ ❛ ♣ ♣❧ ② ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✶ ♦ ❛ ❣ ✉ ❡ ❤ ❛ ✉ ❞ ❡ ♥ ✇ ♦ ✉❧ ❞ ❜ ❡ ♥ ❡ ✜ ✐❢

❤ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✇ ❡ ❡ ❜ ♦ ❦ ❡ ♥ ❜ ❡❢ ♦ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣✳

■ ♥ ❡ ♠ ♦❢ ♦ ✉ ♠ ♦ ❞ ❡❧✱ ✇ ❡ ❝ ♦ ♥ ❞ ✉ ❝ ❛ ❝ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡ ❛ ✐ ❝ ❡ ① ❡ ❝✐ ❡ ✐ ♥ ❤ ❡ ♣✐ ✐ ♦❢

♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✶✳ ❲✐ ❤ D j (a )✱ ❛❧❧ ✉ ❞ ❡ ♥ ❛ ❡ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❡ ❢ ♦ ❛ ❝ ❤ ♦ ♦❧✱ ❛ ♥ ❞

❤ ✉ ❤ ❡ ② ❢ ❛ ❝ ❡ ❛ ❧ ♦ ❡ ② ❡ ❛ ❝ ❤ ✐ ♠ ❡ ❤ ❡ ② ❛ ♣ ♣❧ ② ♦ ❛ ♥ ♦ ✈ ❡ ✉ ❜ ❝ ✐ ❜ ❡ ❞ ❝ ❤ ♦ ♦❧✳ ❲✐ ❤ D̃
j
(a )✱

❤ ❡ ♣ ✐ ♦ ✐ ✐ ❡ ❛ ❡ ✐ ❝ ❛ ♥ ❞ ❛❧❧ ✉ ❞ ❡ ♥ ❦ ♥ ♦ ✇ ❤ ❡✐ ❡❧ ❛ ✐ ✈ ❡ ❛ ♥ ❦✐ ♥ ❣ ❢ ♦ ❤ ❡ ❝ ❤ ♦ ♦❧ ❜ ❡❢ ♦ ❡

❤ ❡ ② ❛ ♣ ♣❧ ②✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✐ ♥ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✱ ✉ ❞ ❡ ♥ ❦ ♥ ♦ ✇ ✇ ❤ ❡ ❤ ❡ ❤ ❡ ② ✇✐❧❧ ❜ ❡ ❛ ❝ ❝ ❡ ♣ ❡ ❞

♦ ❛ ♣ ❛ ✐ ❝ ✉❧ ❛ ❝ ❤ ♦ ♦❧ ✐❢ ❤ ❡ ② ❛ ♣ ♣❧ ②✳ ❚ ❤✐ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ❢ ❛ ❝✐❧✐ ❛ ❡ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥

❞ ❡ ❝✐ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ✉ ❞ ❡ ♥ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡✐ ✇ ❡❧❢ ❛ ❡✳

❈ ♦ ♥❥ ❡ ❝ ✉ ❡ ✶ ✳ ✭ ♦❢ ♣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✶✮ ❯ ♥ ❞ ❡ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ✉✲

❞ ❡ ♥ ❡ ♥❥ ♦ ② ❤✐ ❣ ❤ ❡ ✇ ❡❧❢ ❛ ❡ ✇ ❤ ❡ ♥ ♣ ✐ ♦ ✐ ✐ ❡ ❛ ❡ ✐ ❝ ✱ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❛ ✐ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ✇ ❤✐ ❝ ❤

❛❧❧ ✉ ❞ ❡ ♥ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ♣ ✐ ♦ ✐ ② ✇ ❤ ❡ ♥ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♥ ❣ ✐ ♥ ❛ ● ❛❧ ❡✲ ❙ ❤ ❛ ♣❧ ❡ ② ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡

♠ ❡ ❝ ❤ ❛ ♥✐ ♠✳

❲❡ ❛ ❣ ✉ ❡ ❤ ❛ ❤ ❡ ❡ ✉❧ ✇ ♦ ✉❧ ❞ ✇ ♦ ❦ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ✐❢ ♦ ♥❧ ② ❛ ✉ ❜ ❡ ♦❢ ✉ ❞ ❡ ♥

❧ ❛ ❝ ❦ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✉ ❤ ❡✐ ❝ ❤ ❛ ♥ ❝ ❡ ♦❢ ❛ ❞ ♠✐ ✐ ♦ ♥✳

❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ♠ ♦ ✐ ✈ ❛ ❡ ❝ ♦ ♥❥ ❡ ❝ ✉ ❡ ✶ ❜ ② ❤ ♦ ✇✐ ♥ ❣ ❤ ♦ ✇ ✇ ❡❧❢ ❛ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ❛ ❛✐ ♥ ❛ ❜❧ ❡

✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✳ ❲❡ ♣ ♦ ♣ ♦ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ❜ ② ❛ ❞❥ ✉ ✐ ♥ ❣ ❤ ❡ ✐ ♠✐ ♥ ❣ ♦❢ ❤ ❡

❛ ❞ ♠✐ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ❞ ✉ ❡✳ ❙ ✉ ♣ ♣ ♦ ❡ ❤ ❛ ♣ ✐ ♦ ✐ ✐ ❡ ✱ ❛ ✐ ♦❢ ❡ ♥ ❤ ❡ ❝ ❛ ❡ ✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❛ ❡ ♥ ❛ ✉ ❛❧

♥ ✉ ♠ ❜ ❡ ✳ ❋✐ ✱ ❞ ❛ ✇ ❛ ✐ ❡✲ ❜ ❡ ❛ ❦✐ ♥ ❣ ❧ ♦ ❡ ② ♥ ✉ ♠ ❜ ❡ U [ 0, 1] ❢ ♦ ❡ ❛ ❝ ❤ ✉ ❞ ❡ ♥ ✲ ❝ ❤ ♦ ♦❧ ♣ ❛✐ ✳

✸ ✻



❙ ❡ ❝ ♦ ♥ ❞✱ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ✜ ♥ ❛❧ ✭ ✐ ❝ ✮ ♣ ✐ ♦ ✐ ② ❝ ♦ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ✉ ❞ ❡ ♥ ❝ ❤ ♦ ♦❧ ♣ ❛✐ ❛ ❤ ❡ ✉ ♠

♦❢ ❤ ❡✐ ♦ ✐ ❣✐ ♥ ❛❧ ♣ ✐ ♦ ✐ ② ❝ ♦ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ❡✲ ❜ ❡ ❛ ❦ ❡ ✳ ❋✐ ♥ ❛❧❧ ②✱ ✐ ♥❢ ♦ ♠ ❤ ❡ ✉ ❞ ❡ ♥ ❛ ❜ ♦ ✉

❤ ❡✐ ❝ ♦ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ❝ ❤ ♦ ♦❧ ❧ ♦ ♥ ❣ ❜ ❡❢ ♦ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ❡ ♥ ✳

❈ ♦ ♥❥ ❡ ❝ ✉ ❡ ✷ ✳ ✭ ♣ ♦❧✐ ❝ ② ❡ ❝ ♦ ♠ ♠ ❡ ♥ ❞ ❛ ✐ ♦ ♥✮ ❘ ❡ ♦❧ ✈✐ ♥ ❣ ❤ ❡ ✐ ❡✲ ❜ ❡ ❛ ❦✐ ♥ ❣ ❧ ♦ ❡ ✐ ❡ ✇ ❡❧❧ ✐ ♥ ❛ ❞✲

✈ ❛ ♥ ❝ ❡ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✉ ❜ ♠✐ ✐ ♦ ♥ ♠ ❛ ② ✐ ♥ ❝ ❡ ❛ ❡ ✉ ❞ ❡ ♥ ✇ ❡❧❢ ❛ ❡ ❢ ♦ ♠ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡

● ❛❧ ❡✲ ❙ ❤ ❛ ♣❧ ❡ ② ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠✳

✷✳ ✽ ❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥

❲❡ ✉ ❞ ② ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ❛ ♥ ❞ ✇ ❡❧❢ ❛ ❡ ✐ ♥ ❛ ♠ ♦ ❞ ❡❧ ✇✐ ❤ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥

♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ✜ ♥ ❞ ❤ ❛ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ②✱ ❡ ✈ ❡ ♥

❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ✐ ♥ ❣ ❡ ① ❤✐ ❜✐ ❛ ❡ ❣✐ ❝ ✉ ❜ ✐ ✉ ❛ ❜✐❧✐ ② ✐ ♥ ✐ ✉ ♥ ❞ ❡ ❧ ②✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❝ ❤✲

❛ ♥✐ ♠✳ ▼ ✉❧ ✐ ♣❧ ❡ ❡ ✉✐❧✐ ❜ ✐ ❛ ♥ ❛ ✉ ❛❧❧ ② ❛ ✐ ❡ ❢ ♦ ♠ ❛ ❡ ❣✐ ❝ ❝ ♦ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ✐ ❡ ✳ ❡ ✈ ❛✐❧✐ ♥ ❣

♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ❢ ♦ ♠ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐✲

❧✐ ❜ ✐ ✉ ♠ ✇ ❡❧❢ ❛ ❡ ❞ ♦ ♠✐ ♥ ❛ ✐ ♥ ❣ ❤ ❡ ♥ ♦ ♥✲❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠✳ ❖ ♥ ❡ ✇ ❛ ② ♦ ❡ ❝ ❛ ♣ ❡ ❤ ❡ ♥ ♦ ♥✲

❧ ❡ ❛ ♥✐ ♥ ❣ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ✐ ♦ ❛ ❜ ♦❧✐ ❤ ✉ ♥ ❝ ❡ ❛✐ ♥ ✐ ❡ ✐ ♥ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❝ ❤ ❛ ♥ ❝ ❡ ✳ ❚ ❤ ❡ ✜ ♥ ❛❧ ✇ ❡❧❢ ❛ ❡

❡ ✉❧ ❤ ♦ ✇ ❤ ❛ ✉ ❝ ❤ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❞ ❡ ❡ ❞ ✐ ♥ ❝ ❡ ❛ ❡ ♣❧ ❛ ② ❡ ✇ ❡❧❢ ❛ ❡✳ ❲❡ ❛ ♣ ♣❧ ② ❤ ❡ ❡ ✉❧ ♦ ❛

❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ❡ ✐ ♥ ❣ ❛ ♥ ❞ ❛ ❣ ✉ ❡ ❤ ❛ ❧ ❛ ❣ ❡ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❡ ✐ ♥ ♣ ✐ ♦ ✐ ✐ ❡ ❤ ❛ ♠ ✉ ❞ ❡ ♥ ❜ ②

✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ✉ ♥ ❝ ❡ ❛✐ ♥ ② ✐ ♥ ♦ ❤ ❡✐ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ♣ ✐ ♦ ✐ ✐ ❡ ❝ ❛ ♥

❜ ❡ ❜ ❡ ❡ ❞ ❡ ✐ ❣ ♥ ❡ ❞ ♦ ❡ ✢ ❡ ❝ ❤✐ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ✇✐❧❧ ✐ ♠ ♣ ♦ ✈ ❡ ✉ ❞ ❡ ♥ ✇ ❡❧❢ ❛ ❡✳

✷✳ ❆ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ✲ ❘ ❡ ♠ ❛✐ ♥ ❞ ❡ ♦❢ ♦ ♦❢ ♦❢ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✽

■ ❡ ♠ ❛✐ ♥ ♦ ♣ ♦ ✈ ❡ ❤ ❛ ✿ E F [D 1 (a )] = E F [D 1 (ψ 1 (k, θ ))] ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k̄ ✭ ❛ ♥ ❞ k ✮ ❢ ♦

E F [u 1 ] > E F [u 2 ]✿

♦ ♦❢✳ ❈❧ ❡ ❛ ❧ ②✱ ❢ ♦ ❛ ✜ ① ❡ ❞ n ✱ E F [D 1 (ψ 1 (k, θ ))] ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k̄ = k / n ✐❢ ❛ ♥ ❞ ♦ ♥❧ ② ✐❢ ✐ ✐

✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✇ ❡ ✇✐❧❧ ♣ ♦ ✈ ❡ ❤ ❡ ❧ ❛ ❡ ✱ ❤ ❛ ✐

∀ k ≤ n − 1 : E F [D 1 (ψ 1 (k + 1 , θ))] ≥ E F [D 1 (ψ 1 (k, θ ))].

▲ ❡ D̂
1
(a ) ≡ q / ( ā 1 )✳ ❘ ❡ ❝ ❛❧❧ ❤ ❛ D 1 (a ) = mi n{ D̂

1
(a ), 1 } ✳ ā 1 ✐ ❛ ❛ ♥ ❞ ♦ ♠ ✈ ❛ ✐ ❛ ❜❧ ❡

❝ ♦ ♠ ♣ ♦ ❡ ❞ ♦❢ ♣❧ ❛ ② ❡ i✱ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❞ ♦ ♥ ♦ ❧ ❡ ❛ ♥✱ ❛ ♥ ❞ ♣❧ ❛ ② ❡ ✇ ❤ ♦ ❧ ❡ ❛ ♥ ❛ ♥ ❞✱ ✇ ❤ ♦ ✜ ♥ ❞

❤ ❡ ♠ ❡❧ ✈ ❡ ♦ ❜ ❡ ② ♣ ❡ θ u 1 > u 2
✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ♣ ♣ ❡ ♥ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② p ✳ ❉ ✉ ❡ ♦ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥

✸ ✼



♣ ❡❢ ❡ ❡ ♥ ❝ ❡ ✱ ā 1 = n − k + γ k ✱ ✇ ❤ ❡ ❡ γ k ❢ ♦❧❧ ♦ ✇ B I N (p, k )✳ ❙✐ ♥ ❝ ❡✿

E F [ mi n{ D̂
1
(ψ 1 (k, θ )), 1 } ] = P ( D̂

1
(ψ 1 (k, θ )) ≥ 1) 1

+ P ( D̂
1
(ψ 1 (k, θ )) < 1) E ( D̂

1
(ψ 1 (k, θ ))|D̂

1
(ψ 1 (k, θ )) < 1) ,

✇ ❤✐ ❝ ❤ ✐ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✇ ❤ ❡ ♥✿

P ( D̂
1
(ψ 1 (k + 1 , θ)) ≥ 1)( E F [D̂

1
(ψ 1 (k + 1 , θ))|D̂

1
(ψ 1 (k + 1 , θ)) < 1]

− E F [D̂
1
(ψ 1 (k, θ ))|D̂

1
(ψ 1 (k, θ )) < 1])

+ ( P ( D̂
1
(ψ 1 (k, θ )) ≥ 1) − P ( D̂

1
(ψ 1 (k + 1 , θ)) ≥ 1))

(E F [D̂
1
(ψ 1 (k, θ ))|D̂

1
(ψ 1 (k, θ )) < 1] − 1) ≥ 0 .

❇ ♦ ❤ ✉ ♠ ♠ ❛ ♥ ❞ ❛ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② P ( D̂
1
(ψ 1 (k, θ )) ≥ 1) ❛ ♥ ❞ ❤ ❡ ❡ ①✲

♣ ❡ ❝ ❛ ✐ ♦ ♥ E ( D̂
1
(ψ 1 (k, θ ))|D̂

1
(ψ (k, θ )) < 1) ❛ ❡ ❜ ♦ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✳

❚ ❤ ❡ ❢ ♦ ♠ ❡ ✐ ❡ ✉ ❛❧ ♦ P ( q
n − k + γ k ≥ 1) = P (γ k ≤ q − n + k ) ❛ ♥ ❞ ✐ ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✇ ❤ ❡ ♥✿

P (γ k + 1 ≤ q − n + k + 1) > P (γ k ≤ q − n + k )

p P (γ k ≤ q − n + k ) + p P (γ k = q − n + k + 1) + ( 1 − p )P (γ k ≤ q − n + k )

> P (γ k ≤ q − n + k ),

✇ ❤✐ ❝ ❤ ✐ ♠ ♣❧✐ ✜ ❡ ♦✿ p P (γ k = q − n + k + 1) > 0 ❛ ♥ ❞ ❤ ✉ P (D 1 (ψ 1 (k, θ )) < 1) ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣

✐ ♥ k ✳

❚ ❤ ❡ ❡ ♠ ❛✐ ♥✐ ♥ ❣ ❡ ♣ ✐ ♦ ♣ ♦ ✈ ❡ ❤ ❛ E F [D̂
1
(ψ 1 (k, θ ))|D̂

1
(ψ 1 (k, θ )) < 1] ✐ ✇ ❡ ❛ ❦❧ ②

✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✳ ❚ ♦ ♣ ♦ ✈ ❡ ✐ ✱ ✇ ❡ ♣ ♦ ✈ ❡ ❤ ❛ E F [D̂
1
(ψ 1 (k, θ ))] ✐ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ k ✳

E F [D̂
1
(ψ 1 (k + 1 , θ))] =

k + 1∏︁

γ = 0

q

n − (k + 1) + γ

)︂
k + 1

γ

(︂

p γ ( 1 − p ) k + 1 − γ

= p
k)︂

γ = 0

q

n − k + γ

)︁
k

γ

)︃

p γ ( 1 − p ) k − γ + ( 1 − p )
k∑︂

γ = 0

q

n − (k + 1) + γ

(︃
k

γ

)︃

p γ ( 1 − p ) k − γ

= p E F [D̂
1
(ψ (k, θ ))] + ( 1 − p )

k∑︂

γ = 0

q

n − (k + 1) + γ

(︃
k

γ

)︃

p γ ( 1 − p ) k − γ

✸ ✽



❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✿ E F [D̂
1
(ψ (k + 1 , θ))] ≥ E F [D̂

1
(ψ (k, θ ))] ✐ ♥ ❝ ❡✿

k∏︁

γ = 0

q

n − (k + 1) + γ

)︂
k

γ

(︂

g γ ( 1 − g ) k − γ ≥
k)︂

γ = 0

q

n − k + γ

)︁
k

γ

)︃

g γ ( 1 − g ) k − γ .

✸ ✾
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❈ ❤ ❛ ♣ ❡ ✸

❙ ❛ ❡ ❣✐ ❝ ❇ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ❛ ♥ ❖ ♥❧✐ ♥ ❡ ❧ ❛ ❢ ♦ ♠

❈ ♦✲ ❛ ✉ ❤ ♦ ❡ ❞ ✇✐ ❤ ❑❧ ❛ ❙ ✈✐ ❦ ♦ ✈ ✭ ❈ ❊ ❘ ● ❊✲ ❊■✮

✸✳ ✶ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥

❧ ❛ ❢ ♦ ♠ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ✐ ❡ ✐ ♥ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ❦ ❡ ❛ ❡ ♦❢ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ❡ ❡ ✱ ❛ ✇ ❡ ❤ ❛ ✈ ❡ ❡ ❡ ♥

❛ ✉ ❣ ❡ ✐ ♥ ❤ ❡✐ ♥ ✉ ♠ ❜ ❡ ✐ ♥ ❡ ❝ ❡ ♥ ② ❡ ❛ ✳ ❚ ❤ ❡ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❤ ♦ ♦ ❡ ♠ ❛ ♥ ② ❞✐ ✛ ❡ ❡ ♥ ❞ ❡ ✐ ❣ ♥

❢ ❡ ❛ ✉ ❡ ✱ ✉ ❝ ❤ ❛ ❤ ❡ ❛ ✐ ♥ ❣ ② ❡ ♠ ❤ ❡ ② ✉ ❡✱ ❤ ❡ ♦ ❞ ❡ ❛ ♥ ❞ ❤ ❡ ✇ ❛ ② ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ② ❞✐ ♣❧ ❛ ②

❡ ❛ ❝ ❤ ❡ ✉❧ ✱ ❤ ❡✐ ❡ ❛ ❝ ❤ ✜❧ ❡ ✐ ♥ ❣ ♦ ♣ ✐ ♦ ♥ ✱ ❛ ♥ ❞ ♠ ❛ ♥ ② ♦ ❤ ❡ ✈✐ ✉ ❛❧ ❛ ♥ ❞ ❞ ❡ ✐ ❣ ♥ ❛ ♣ ❡ ❝

❛ ♥ ❞ ♣❧ ❛ ❢ ♦ ♠ ❢ ❡ ❛ ✉ ❡ ✳ ■ ✐ ❜ ❡ ❝ ♦ ♠✐ ♥ ❣ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣❧ ② ♦ ❜ ✈✐ ♦ ✉ ❤ ❛ ❛❧❧ ♦❢ ❤ ❡ ❡ ❢ ❡ ❛ ✉ ❡ ❛ ✛ ❡ ❝

❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♦ ✉ ❝ ♦ ♠ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❝ ♦ ♥ ✉ ♠ ❡ ✳✶

❲❡ ❢ ♦ ❝ ✉ ♦ ♥ ♣❧ ❛ ❢ ♦ ♠ ✉ ❝ ❤ ❛ ❜ ♦ ♦ ❦✐ ♥ ❣✳ ❝ ♦ ♠ ❛ ♥ ❞ ❆✐ ❜ ♥ ❜✱ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ♠ ❛ ❦ ❡

❤ ❛ ❡ ✱ ❛ ♥ ❞ ✇ ❤ ❡ ❡ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ♦❧ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ✐ ❞ ❡ ♣❧ ❡ ❛ ❜❧ ❡✱ ❛ ❣ ❣ ❡ ❣ ❛ ❡ ❞ ❡ ♠ ❛ ♥ ❞

❢ ♦ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ✢ ✉ ❝ ✉ ❛ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ❜ ✉ ② ♦ ♥ ❡ ✉ ♥✐ ❛ ❛ ✐ ♠ ❡✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ✐ ♥

✉ ❝ ❤ ❛ ❡ ✐ ♥ ❣ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❤ ❛ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ♦ ♠ ❡ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ♦ ❝ ♦ ♥ ✉ ♠ ❡

✇ ❤ ❡ ♥ ❤ ❡ ❡ ✐ ❛ ❛ ❡ ♦❢ ❧ ♦ ✇ ❞ ❡ ♠ ❛ ♥ ❞✱ ✐ ♥ ♦ ❞ ❡ ♦ ❛ ❛ ❝ ❡❧❧ ❡ ♦ ❤ ❡ ♠ ❛ ❦ ❡ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡

♦ ❜ ❡ ♥ ❡ ✜ ❢ ♦ ♠ ❧ ❛ ❣ ❡ ♠ ❛ ❦ ❡ ✐ ③ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ❡ ✐ ❛ ❛ ❡ ♦❢ ❤✐ ❣ ❤ ❞ ❡ ♠ ❛ ♥ ❞✳

❚ ❤✐ ♣ ❛ ♣ ❡ ✉ ❞✐ ❡ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ✳ ■ ♥ ♦ ✉ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❝ ♦ ♠ ♠✐ ♦ ❛ ♦ ❝ ❤ ❛ ✐ ❝ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✉❧ ❡ ❛ ♥ ❞ ❛ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡ ✇ ❤✐ ❝ ❤ ✐ ❝ ♦ ♥ ❛ ♥ ❛ ❝ ♦

❡❧❧ ❡ ✳ ❚ ❤ ❡ ❡❧❧ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ② ❡ ♣ ✐ ❝ ❡ ❛ ♥ ❞ ❞ ❡ ❝✐ ❞ ❡ ✇ ❤ ❡ ❤ ❡ ♦ ♥ ♦ ❤ ❡ ② ✇✐❧❧ ♣ ❛ ✐ ❝✐✲

♣ ❛ ❡ ♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ✳ ❆❢ ❡ ❤ ❛ ✱ ❤ ❡ ❞ ❡ ♠ ❛ ♥ ❞ ✐ ❡ ❛❧✐ ③ ❡ ❞✱ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✐ ❡ ❛❧✐ ③ ❡ ❞✱ ❛ ♥ ❞

❝ ♦ ♥ ✉ ♠ ❡ ❞ ❡ ❝✐ ❞ ❡ ✇ ❤ ❡ ❤ ❡ ♦ ♥ ♦ ❤ ❡ ② ✇✐❧❧ ❜ ✉ ② ❤ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♣ ♦ ❞ ✉ ❝ ✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❡

♣❧ ❛ ❢ ♦ ♠ ❝ ❤ ❛ ❣ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡ ♦ ❛❧❧ ❡❧❧ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡ ❡ ❛ ♥ ♠ ♦ ❡ ❡ ✈ ❡ ♥ ✉ ❡

✶ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❆ ♥ ❞ ❡ ♦ ♥ ✷ ✵ ✶ ✷❀ ▼ ❡❧❧✐ ♥ ❛ ✱ ▼ ❛ ❛✲ ❉ ♦❧ ♦ ❡ ✱ ❛ ♥ ❞ ● ❛ ❝ ❛ ✷ ✵ ✶ ✺❀ ❊ ❛ ♥ ❞ ❋❧ ❡✐ ❝ ❤ ❡ ✷ ✵ ✶ ✻❀
❉✐ ♥ ❡ ❡✐ ♥ ❡ ❛❧✳ ✷ ✵ ✶ ✽✱ ▼ ❛ ✐ ♥ ❛ ♥ ❞ ◆ ♦ ♦ ♥ ✷ ✵ ✵ ✾✱ ❛ ♥ ❞ ♦ ❤ ❡ ✳

✹ ✶



❢ ♦ ♠ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ♠ ❛ ❞ ❡ ❜ ② ❤✐ ❣ ❤ ❡ ✉ ❛❧✐ ② ❡❧❧ ❡ ✇ ❤ ♦ ❝ ❤ ❛ ❣ ❡ ❤✐ ❣ ❤ ❡ ♣ ✐ ❝ ❡ ❤ ❛ ♥ ❧ ♦ ✇ ❡

✉ ❛❧✐ ② ❡❧❧ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛❧ ♦ ❡ ❛❧✐ ③ ❡ ❤✐ ❣ ❤ ❡ ♣ ♦ ✜ ✐❢ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ ♦❢ ❛ ♥ ❛ ❝✲

✐ ♦ ♥ ✐ ❤✐ ❣ ❤ ❡ ✱ ❤ ❛ ✐ ✱ ✐❢ ♠ ♦ ❡ ❡❧❧ ❡ ♣ ❛ ✐ ❝✐ ♣ ❛ ❡ ♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ✳ ❚ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❤ ❡ ❡❢ ♦ ❡

❝ ❤ ♦ ♦ ❡ ✐ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❤ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡ ❛ ❡ ❣✐ ❝ ❛❧❧ ②✱ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦

❛ ❝ ❝ ♦ ✉ ♥ ✐ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❤ ❡ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧❧ ❡ ✳ ❲ ❤✐❧ ❡ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥✲

♥ ♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ♣ ❛ ✐ ❝ ✉❧ ❛ ❡❧❧ ❡ ❜ ② ❝ ❤ ❛ ❣✐ ♥ ❣ ❤ ❡ ♠ ❞✐ ✛ ❡ ❡ ♥

❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡ ✭✐ ❝ ❛ ♥ ♥ ♦ ♣ ✐ ❝ ❡ ❞✐ ❝ ✐ ♠✐ ♥ ❛ ❡ ❛ ♠ ♦ ♥ ❣ ✜ ♠ ✮✱ ✐ ❝ ❛ ♥ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡✐ ❞ ❡ ❝✐ ✐ ♦ ♥

❜ ② ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♥ ❣ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳ ❆ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ✇ ❤ ♦ ❢ ❛ ❝ ❡ ❛ ❤✐ ❣ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢

❡❧❧✐ ♥ ❣ ❤✐ ♣ ♦ ❞ ✉ ❝ ✐ ♠ ♦ ❡ ❧✐ ❦ ❡❧ ② ♦ ❛ ② ♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ✱ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✜ ✳

❖ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ②✱ ❛ ❤✐ ❣ ❤ ✉ ❛❧✐ ② ❡❧❧ ❡ ✇ ❤ ♦ ❡ ♥❥ ♦ ② ❛ ♣ ♦ ✐ ✐ ✈ ❡ ♣ ♦ ✜ ❝ ❛ ♥ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❛

❝ ♦ ♥ ✉ ♠ ❡ ✇✐ ❤ ❧ ♦ ✇ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ❛ ♥ ❞ ✐❧❧ ❛ ② ♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ✳

❊ ✈ ❡ ♥ ❤ ♦ ✉ ❣ ❤ ✇ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞✐ ❛ ❜❧ ❡ ♣ ✐ ❝ ❡ ❞✐ ❝ ✐ ♠✐ ♥ ❛ ✐ ♦ ♥ ❜ ② ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✱ ❤✐ ✐ ♥ ♦

❝ ✉ ❝✐ ❛❧ ❢ ♦ ♦ ✉ ❡ ✉❧ ✳ ■ ♥ ❡ ❛❧✐ ②✱ ✐ ✐ ❧✐ ❦ ❡❧ ② ❤ ❛ ❤ ❡ ❡ ✇✐❧❧ ❜ ❡ ♦ ♠ ❡ ♠ ❛❧❧ ❞ ❡ ❣ ❡ ❡ ♦❢ ♣ ✐ ❝ ❡

❞✐ ❝ ✐ ♠✐ ♥ ❛ ✐ ♦ ♥ ✭❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❡ ✈ ❡ ❛❧ ♣ ✐ ❝✐ ♥ ❣ ♦ ♣ ✐ ♦ ♥ ✮✱ ❜ ✉ ❛ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ♣ ✐ ❝ ❡ ❞✐ ❝ ✐ ♠✐✲

♥ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ♣ ❡ ❢ ❡ ❝ ❛ ♥ ❞ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ❣ ❡ ❛ ❞✐ ✛ ❡ ❡ ♥ ❢ ❡ ❡ ♦ ❡ ✈ ❡ ② ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧

❡❧❧ ❡ ✱ ♦ ✉ ❡ ✉❧ ❛ ♥ ❞ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❤ ❛ ✇ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ✐ ♥ ❤✐ ♣ ❛ ♣ ❡ ❡ ♠ ❛✐ ♥ ❡❧ ❡ ✈ ❛ ♥ ✳

❚ ❤✐ ♣ ❛ ♣ ❡ ✐ ♦ ❣ ❛ ♥✐ ③ ❡ ❞ ❛ ❢ ♦❧❧ ♦ ✇ ✿ ❙ ❡ ❝ ✐ ♦ ♥ ✸✳ ✷ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❤ ❡ ❡❧ ❡ ✈ ❛ ♥ ❧✐ ❡ ❛ ✉ ❡✱

❙ ❡ ❝ ✐ ♦ ♥ ✸✳ ✸ ❞ ❡ ❝ ✐ ❜ ❡ ♦ ✉ ♠ ♦ ❞ ❡❧✱ ❙ ❡ ❝ ✐ ♦ ♥ ✸✳ ✹ ❞ ❡ ✐ ✈ ❡ ❛ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡

♣ ♦ ❜❧ ❡ ♠✱ ❙ ❡ ❝ ✐ ♦ ♥ ✸✳ ✺ ❞ ❡ ✐ ✈ ❡ ❤ ❡ ♦ ♣ ✐ ♠ ❛❧ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ❛ ♣ ♦ ✜ ✲ ♠ ❛ ①✐ ♠✐ ③✐ ♥ ❣ ♣❧ ❛ ❢ ♦ ♠✱ ❛ ♥ ❞

❙ ❡ ❝ ✐ ♦ ♥ ✸✳ ✻ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ✳

✸✳ ✷ ▲✐ ❡ ❛ ✉ ❡ ❘ ❡ ✈✐ ❡ ✇

❚ ❤✐ ♣ ❛ ♣ ❡ ✉ ❞✐ ❡ ❤ ❡ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ❛ ♣❧ ❛ ❢ ♦ ♠ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ② ❤ ❛ ❡ ♥ ❛ ❜❧ ❡ ❛ ❞ ❡ ❜ ❡ ✇ ❡ ❡ ♥

❝ ♦ ♥ ✉ ♠ ❡ ❛ ♥ ❞ ❡❧❧ ❡ ✳ ■ ❤ ✉ ❜ ✉✐❧ ❞ ♦ ♥ ❤ ❡ ❣ ♦ ✇✐ ♥ ❣ ❜ ♦ ❞ ② ♦❢ ♠ ♦ ❧ ② ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❧✐ ❡ ❛ ✉ ❡

♦ ♥ ✇ ♦✲ ✐ ❞ ❡ ❞ ♣❧ ❛ ❢ ♦ ♠ ✭ ❡✳ ❣✳✱ ❘ ♦ ❝ ❤ ❡ ❛ ♥ ❞ ❚✐ ♦❧ ❡ ✷ ✵ ✵ ✸❀ ❘ ♦ ❝ ❤ ❡ ❛ ♥ ❞ ❚✐ ♦❧ ❡ ✷ ✵ ✵ ✻❀ ❆ ♠ ♦ ♥ ❣

✷ ✵ ✵ ✻✱ ❲❡ ②❧ ✷ ✵ ✶ ✵✮✳ ▼ ♦ ♦❢ ❤ ❡ ❧✐ ❡ ❛ ✉ ❡ ✉ ❞✐ ❡ ♣ ✐ ❝✐ ♥ ❣ ❛ ❡ ❣✐ ❡ ♦❢ ♣❧ ❛ ❢ ♦ ♠ ✐ ♥ ❛ ❡ ✐ ♥ ❣

✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ✇ ♦ ✐ ❞ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡ ❡ ① ❡ ❡ ① ❡ ♥ ❛❧✐ ✐ ❡ ✉ ♣ ♦ ♥ ❡ ❛ ❝ ❤ ♦ ❤ ❡ ✱ ✐✳ ❡✳ ❤ ❡ ❜ ❡ ♥ ❡ ✜

♦❢ ❥ ♦✐ ♥✐ ♥ ❣ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❢ ♦ ♦ ♥ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡ ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ♦ ❤ ❡ ✐ ❞ ❡✳

❲❡ ❞✐ ✈ ❡ ❣ ❡ ❢ ♦ ♠ ❜ ♦ ❤ ♦❢ ❤ ❡ ❡✿ ✇ ❡ ✜ ① ❤ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ✐ ❞ ❡ ❛ ♥ ❞ ❛ ✉ ♠ ❡ ❡ ① ♦ ❣ ❡ ♥ ♦ ✉ ❝ ♦ ♥ ✉ ♠ ❡

❛ ✣❧✐ ❛ ✐ ♦ ♥✱ ❛ ♥ ❞ ✇ ❡ ❛❧ ♦ ✜ ① ❤ ❡ ♣ ✐ ❝✐ ♥ ❣ ❛ ❡ ❣ ② ♦❢ ♦ ✉ ♣❧ ❛ ❢ ♦ ♠ ♦ ❛ ✐ ♠ ♣❧ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡

✐ ♠ ♣ ♦ ❡ ❞ ♦ ♥ ❤ ❡ ❡❧❧ ❡ ✱ ✇✐ ❤ ♥ ♦ ❝ ❤ ❛ ❣ ❡ ❜ ❡✐ ♥ ❣ ❧ ❡ ✈✐ ❡ ❞ ♦ ♥ ❤ ❡ ❝ ✉ ♦ ♠ ❡ ✱ ✇ ❤✐ ❝ ❤ ✐ ✇ ❤ ❛ ✇ ❡

♦❢ ❡ ♥ ♦ ❜ ❡ ✈ ❡ ✇✐ ❤ ♦ ♥❧✐ ♥ ❡ ♣❧ ❛ ❢ ♦ ♠ ✐ ♥ ❡ ❛❧✐ ②✳ ■ ♥ ❡ ❛ ❞✱ ✇ ❡ ❢ ♦ ❝ ✉ ♦ ♥ ❛ ♥ ❡ ✇ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❤ ❡

♣❧ ❛ ❢ ♦ ♠ ♦❢ ❤ ♦ ✇ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ❤ ❡ ❡ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❡❧❧ ❡ ♦ ❝ ♦ ♥ ✉ ♠ ❡ ✇ ❤ ❡ ♥ ❤ ❡ ❡ ✐ ❛ ♥ ❡ ① ❝ ❡
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❡ ❡ ❛ ❝ ❤ ❤ ♦ ✇✐ ♥ ❣ ❤ ❛ ♦ ♥❧✐ ♥ ❡ ♣❧ ❛ ❢ ♦ ♠ ♠ ❛ ❦ ❡ ❛ ♥ ✉ ♠ ❜ ❡ ♦❢ ❞ ❡ ✐ ❣ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ❤ ❛ ❛❧❧ ❤ ❛ ✈ ❡

❛ ✉ ♣ ✐ ✐ ♥ ❣❧ ② ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❝ ♦ ♥ ✉ ♠ ❡ ✬ ❝ ❤ ♦✐ ❝ ❡ ✳

❲❡ ❢ ♦❧❧ ♦ ✇ ❍ ❛ ❣✐ ✉ ❛ ♥ ❞ ❏ ✉❧❧✐ ❡ ♥ ✭ ✷ ✵ ✶ ✹✮ ❜ ② ❛ ❞ ❞✐ ♥ ❣ ❛ ♥ ❡ ✇ ♣❧ ❛ ❢ ♦ ♠ ❞ ❡ ✐ ❣ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ✉

❡ ① ♣ ❛ ♥ ❞ ❤ ❡ ✉ ❞ ② ♦❢ ♣❧ ❛ ❢ ♦ ♠ ✳ ❍ ❛ ❣✐ ✉ ❛ ♥ ❞ ❏ ✉❧❧✐ ❡ ♥ ❢ ♦ ❝ ✉ ❡ ❞ ♦ ♥ ❤ ❡ ❛ ❜✐❧✐ ② ❛ ♥ ❞ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡

♦❢ ❛ ♣❧ ❛ ❢ ♦ ♠ ♦ ❞✐ ✈ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ♦ ✉ ♥ ♦❧✐ ❝✐ ❡ ❞ ❝ ♦ ♥ ❡ ♥ ✉ ❝ ❤ ❛ ❛ ❞ ✈ ❡ ✐ ❡ ♠ ❡ ♥ ✐ ♥ ♦ ❞ ❡

♦ ✐ ♥ ❝ ❡ ❛ ❡ ♣ ♦ ✜ ✳ ■ ♥ ❍ ❛ ❣✐ ✉ ❛ ♥ ❞ ❏ ✉❧❧✐ ❡ ♥ ✭ ✷ ✵ ✶ ✹✮✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛ ❞ ❡ ✲ ♦ ✛ ❝ ♦ ♥ ✉ ♠ ❡ ❛ ✣ ❝

✭ ♠ ❛ ❦ ❡ ✐ ③ ❡✮ ❢ ♦ ❤✐ ❣ ❤ ❡ ❡ ✈ ❡ ♥ ✉ ❡ ❞ ❡ ✐ ✈ ❡ ❞ ❢ ♦ ♠ ❛ ❞ ✈ ❡ ✐ ✐ ♥ ❣ ❡ ① ♣ ♦ ✉ ❡✳ ❙✐ ♠✐❧ ❛ ❧ ②✱ ✇ ❡ ✐ ♥ ❝ ♦ ✲

♣ ♦ ❛ ❡ ✜ ♥ ❞✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ❡ ♠ ♣✐ ✐ ❝ ❛❧ ❛ ♥ ❞ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❧✐ ❡ ❛ ✉ ❡ ♦ ♥ ♦ ♥❧✐ ♥ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛ ♥ ❞

♠ ♦ ❞ ❡❧ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ♣❧ ❛ ❢ ♦ ♠ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ❜✐❧✐ ② ♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ❡ ✈ ❡ ♥ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ❡ ❝ ♦ ♥ ✉ ♠ ❡

♣ ♦ ❞ ✉ ❝ ❝ ❤ ♦✐ ❝ ❡ ❜ ② ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ❛ ♥ ❞ ✉❧ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✱ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ❤ ❡ ♦ ❞ ❡

✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❧✐ ❡ ❛ ❝ ❤ ♦ ✉ ♣ ✉ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❆ ♥ ❞ ❡ ♦ ♥ ✭ ✷ ✵ ✶ ✷✮ ✜ ♥ ❞ ❤ ❛ ✐❢

❛ ❤ ♦ ❡❧✬ ♣ ♦ ✐ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❧✐ ❞ ♦ ♣ ❜ ② ♦ ♥ ❡ ✭ ❡✳ ❣✳ ❜ ❡✐ ♥ ❣ ✸ ❞ ✈ ✷ ♥ ❞ ♦ ✶ ✵ ❤ ✈ ✾ ❤✮✱ ✐

❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ♦❢ ❜ ❡✐ ♥ ❣ ❡❧ ❡ ❝ ❡ ❞ ❞ ♦ ♣ ❜ ② ✶ ✶✳ ✺ ✪✳ ■ ♥ ❛ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✐ ♥ ❣ ✇✐ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ②

❤ ♦ ❧✐ ✷ ✱ ❊ ❛ ♥ ❞ ❋❧ ❡✐ ❝ ❤ ❡ ✭ ✷ ✵ ✶ ✻✮ ❛ ♥ ❞ ▼ ✉ ♣ ❤ ②✱ ❍ ♦❢ ❛ ❝ ❦ ❡ ✱ ❛ ♥ ❞ ▼✐ ③ ❡ ❦✐ ✭ ✷ ✵ ✵ ✻✮ ❝ ♦ ♥ ✜ ♠

❤ ❛ ❤ ❡ ♦ ♣ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❡ ♠ ♦ ❧✐ ❦ ❡❧ ② ♦ ❜ ❡ ❡❧ ❡ ❝ ❡ ❞✱ ❛ ♥ ❞ ❤ ❛ ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ❞ ❡ ❝ ❡ ❛ ❡ ❛❧ ♦ ♥ ❣

✇✐ ❤ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ② ❛❧ ♦ ✜ ♥ ❞ ❤ ❛ ❤ ❡ ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ♦❢ ❜ ❡✐ ♥ ❣ ❡❧ ❡ ❝ ❡ ❞ ✐ ♥ ❝ ❡ ❛ ❡

❢ ♦ ❤ ❡ ✈ ❡ ② ❧ ❛ ♣ ♦ ✐ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❧✐ ✱ ✇ ❤✐ ❝ ❤ ♠ ❛ ② ❜ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❤ ♦ ♥ ❡ ♦❢ ❤ ❡✐ ❧✐

✇ ❤ ❡ ❡ ❤ ❡ ❧ ❛ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♠ ♦ ❡ ✈✐ ✐ ❜❧ ❡✳ ❇ ♦ ❤ ♦❢ ❤ ❡ ❡ ✜ ♥ ❞✐ ♥ ❣ ❛ ❡ ❝ ♦ ♥ ✐ ❡ ♥ ✇✐ ❤ ❤ ❡ ✇ ❡❧❧

❞ ♦ ❝ ✉ ♠ ❡ ♥ ❡ ❞ ♣ ✐ ♠ ❛ ❝ ② ❛ ♥ ❞ ❡ ❝ ❡ ♥ ❝ ② ❡ ✛ ❡ ❝ ✳

❆ ♥ ♦ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ♦❢ ❤ ♦ ✇ ♣❧ ❛ ❢ ♦ ♠ ❞ ❡ ✐ ❣ ♥✱ ❛ ♥ ❞ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ② ❤ ❡ ✇ ❛ ② ♣ ♦ ❞ ✉ ❝ ❛ ❡ ❞✐ ✲

♣❧ ❛ ② ❡ ❞ ❛ ♥ ❞ ♦ ❞ ❡ ❡ ❞ ❢ ♦ ❝ ♦ ♥ ✉ ♠ ❡ ✱ ❛ ✛ ❡ ❝ ♦ ✉ ❝ ♦ ♠ ❡ ✐ ❉✐ ♥ ❡ ❡✐ ♥ ❡ ❛❧✳ ✭ ✷ ✵ ✶ ✽✮✱ ✇ ❤ ♦ ❡ ① ♣❧ ♦✐

❛ ♥ ❞ ❛ ♥ ❛❧ ② ③ ❡ ❛ ❞ ❡ ✐ ❣ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❛ ❡ ❇ ❛ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ✷ ✵ ✶ ✶✳ ❚ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❝ ♦ ♥ ✐ ❡ ❞ ♦❢

❛❧ ❡ ✐ ♥ ❣ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❤ ❛ ♦ ❞ ❡ ❡ ❛ ❝ ❤ ❡ ❢ ♦ ♠ ❛ ♠ ♦ ❡ ❡❧ ❡ ✈ ❛ ♥ ❝ ❡ ❜ ❛ ❡ ❞ ❛ ♥ ❞ ♣ ✐ ❝ ❡ ✐ ♥ ❞ ❡✲

♣ ❡ ♥ ❞ ❡ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ♦ ❛ ❞ ❡ ✐ ❣ ♥ ✇ ❤✐ ❝ ❤ ♣ ✉ ♠ ♦ ❡ ❡ ♠ ♣ ❤ ❛ ✐ ♦ ♥ ♣ ✐ ❝ ❡✳ ❉✐ ♥ ❡ ❡✐ ♥ ❡ ❛❧✳ ✭ ✷ ✵ ✶ ✽✮

❤ ♦ ✇ ❤ ❛ ❤ ❡ ✇✐ ❝ ❤ ❝ ❡ ❛ ❡ ❞ ♠ ♦ ❡ ♣ ✐ ❝ ❡ ❝ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ❧ ❡ ❞ ♦ ❧ ♦ ✇ ❡ ♣ ✐ ❝ ❡ ❛ ♥ ❞ ❢ ❡ ✇ ❡

♣ ✉ ❝ ❤ ❛ ❡ ❜ ❡✐ ♥ ❣ ♠ ❛ ❞ ❡✳

■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ♦ ❡ ❛ ❝ ❤ ♦ ✉ ♣ ✉ ♦ ❞ ❡ ✐ ♥ ❣✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ♠ ❛ ❦ ❡ ♠ ❛ ♥ ② ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ❝ ❤ ♦✐ ❝ ❡

✉ ❝ ❤ ❛ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❤ ❡ ❛ ✐ ♥ ❣ ② ❡ ♠✳ ▼ ❡❧❧✐ ♥ ❛ ✱ ▼ ❛ ❛✲ ❉ ♦❧ ♦ ❡ ✱ ❛ ♥ ❞ ● ❛ ❝ ❛ ✭ ✷ ✵ ✶ ✺✮ ❛ ♥ ❞

▼ ❡❧❧✐ ♥ ❛ ✱ ▼ ❛ ❛✲ ❉ ♦❧ ♦ ❡ ✱ ❛ ♥ ❞ ● ❛ ❝ ❛ ✭ ✷ ✵ ✶ ✻✮ ♣ ♦✐ ♥ ♦ ✉ ❛ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ✉ ♥ ♥ ♦ ✐ ❝ ❡ ❞ ❝ ❤ ❛ ❛ ❝ ❡ ✲

✐ ✐ ❝✱ ❤ ❛ ❤ ❡ ❜ ♦ ♦ ❦✐ ♥ ❣✳ ❝ ♦ ♠ ❛ ✐ ♥ ❣ ❝ ❛❧ ❡ ❣ ♦ ❡ ❢ ♦ ♠ ✷✳ ✺ ♦ ✶ ✵ ✲ ✐ ❞ ♦ ❡ ♥ ♦ ❛ ❛ ✵ ♦

✶ ❛ ♦ ♥ ❡ ♠✐ ❣ ❤ ❤✐ ♥ ❦✱ ❛ ♥ ❞ ✐ ❤ ✉ ✐ ♥ ✢ ❛ ❡ ❝ ♦ ❡ ✳ ❚ ❤ ❡ ② ✉ ❞ ② ❤ ❡ ❛ ✐ ♥ ❣ ② ❡ ♠ ❛ ♥ ❞

✷ ❊ ❛ ♥ ❞ ❋❧ ❡✐ ❝ ❤ ❡ ✭ ✷ ✵ ✶ ✻✮ ✉ ❡ ❛ ❧✐ ♦❢ ✶ ✵ ❤ ♦ ❡❧ ✱ ❛ ♥ ❞ ▼ ✉ ♣ ❤ ②✱ ❍ ♦❢ ❛ ❝ ❦ ❡ ✱ ❛ ♥ ❞ ▼✐ ③ ❡ ❦✐ ✭ ✷ ✵ ✵ ✻✮ ♣ ❡ ❢ ♦ ♠
✇ ♦ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ♦ ♥ ❡ ✇✐ ❤ ✻ ❧✐ ♥ ❦ ❛ ♥ ❞ ❤ ❡ ♦ ❤ ❡ ✇✐ ❤ ✼ ❧✐ ♥ ❦ ✐ ♥ ❛ ❧✐ ✳

✹ ✸



✐ ❛ ✐ ❜ ✉ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❛ ❤ ❡ ② ❡ ♠ ❞✐ ♦ ❤ ❡ ❛ ✐ ♥ ❣ ♦ ❛ ♦ ❤✐❢ ❤ ❡ ❤ ♦ ❡❧

✇✐ ❤ ❤ ❡ ❧ ♦ ✇ ❡ ❝ ♦ ❡ ✉ ♣ ✇ ❛ ❞ ♦ ✇ ❛ ❞ ♠ ❡ ❞✐ ✉ ♠ ❝ ♦ ❡ ✳ ■ ♥ ✉ ♥✱ ❆ ♥ ❞ ❡ ♦ ♥ ✭ ✷ ✵ ✶ ✷✮ ✜ ♥ ❞

❤ ❛ ❛ ✶ ✪ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❛ ❡ ✈✐ ❡ ✇ ❝ ♦ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ♦ ❝ ❝ ✉ ♣ ❛ ♥ ❝ ② ♦❢ ❛ ❧✐ ✐ ♥ ❣ ❜ ② ✉ ♣ ♦ ✵✳ ✺ ✹ ✪✳

❚ ❤ ❡ ❛ ✐ ♥ ❣ ② ❡ ♠ ❤ ✉ ❡ ♣ ❡ ❡ ♥ ❛ ♥ ♦ ❤ ❡ ❝ ❤ ❛ ♥ ♥ ❡❧ ❤ ♦ ✉ ❣ ❤ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ❛ ✛ ❡ ❝

❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✳ ❊ ✭ ✷ ✵ ✶ ✹✮ ✉ ♠ ♠ ❛ ✐ ③ ❡ ❡ ✈ ❡ ❛❧ ♦ ❤ ❡ ❡ ❡ ♠✐ ♥ ❣❧ ② ✐ ✈✐ ❛❧ ❞ ❡ ✐ ❣ ♥ ❛ ♣ ❡ ❝ ♦❢ ✇ ❡ ❜✲

✐ ❡ ✇ ❤✐ ❝ ❤ ❛ ✛ ❡ ❝ ❝ ♦ ♥ ✉ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡ ✐ ♥ ♥ ♦ ♥✲ ✐ ✈✐ ❛❧ ✇ ❛ ② ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ▼ ❛ ✐ ♥ ❛ ♥ ❞ ◆ ♦ ♦ ♥

✭ ✷ ✵ ✵ ✾✮ ❤ ♦ ✇ ❤ ❛ ♦ ❣ ❛ ♥✐ ③ ❛ ✐ ♦ ♥ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ♥❧✐ ♥ ❡ ❡ ✐ ♥ ❣ ❝ ❛ ♥ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡

❝ ♦ ♥ ✉ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡ ✳ ■ ♥ ❛ ❧ ❛ ❜ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❤ ❡ ② ❤ ♦ ✇ ❤ ❛ ❣ ♦ ✉ ♣✐ ♥ ❣ ❞✐ ✛ ❡ ❡ ♥ ❛ ✐ ❜ ✉ ❡ ✐ ♥ ♦

♦ ♥ ❡ ❝ ❛ ❡ ❣ ♦ ② ✐ ♥ ❞ ✉ ❝ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ♦ ♣ ✉ ❧ ❡ ✇ ❡✐ ❣ ❤ ♦ ♥ ❤ ❡ ♠ ✐ ♥ ❤ ❡✐ ❞ ❡ ❝✐ ✐ ♦ ♥ ♠ ❛ ❦✐ ♥ ❣✱ ❛

♦ ♣ ♣ ♦ ❡ ❞ ♦ ❧✐ ✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ❛ ✐ ❜ ✉ ❡ ✐ ♥ ❡ ♣ ❛ ❛ ❡ ❝ ❛ ❡ ❣ ♦ ✐ ❡ ✳ ❋ ✉ ❤ ❡ ✉ ✐ ♥ ❣ ♦ ♥❧✐ ♥ ❡ ❡ ① ♣ ❡ ✲

✐ ♠ ❡ ♥ ✱ ▼ ❛ ♥ ❞ ❡❧ ❛ ♥ ❞ ❏ ♦ ❤ ♥ ♦ ♥ ✭ ✷ ✵ ✵ ✷✮ ❤ ♦ ✇ ❤ ❛ ♣ ✐ ♠✐ ♥ ❣ ❜ ② ❛❧ ❡ ✐ ♥ ❣ ❜ ❛ ❝ ❦ ❣ ♦ ✉ ♥ ❞ ♣✐ ❝ ✉ ❡

❛ ♥ ❞ ❝ ♦❧ ♦ ✉ ❛ ✛ ❡ ❝ ❝ ♦ ♥ ✉ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡ ✱ ❛ ♥ ❞ ❲❡✐ ♥ ♠ ❛ ♥ ♥✱ ❙ ❝ ❤ ♥ ❡✐ ❞ ❡ ✱ ❛ ♥ ❞ ✈ ♦ ♠ ❇ ♦ ❝ ❦ ❡ ✭ ✷ ✵ ✶ ✻✮

❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ❡ ✈✐ ❡ ✇ ❡ ✈ ❡ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ❞✐ ❣✐ ❛❧ ♥ ✉ ❞ ❣✐ ♥ ❣✳

❚ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❡ ❛❧✐ ② ✐ ✱ ♦❢ ❝ ♦ ✉ ❡✱ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✱ ✇ ❡ ✐ ♠ ♣❧✐❢ ② ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

✐ ♥ ♦ ✉ ♠ ♦ ❞ ❡❧ ♦ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ✐ ❡ ✇✐ ❤ ✇ ❤✐ ❝ ❤ ❤ ❡ ❡❧❧ ❡ ♦❢ ❛ ♣ ❛ ✐ ❝ ✉❧ ❛ ✉ ❛❧✐ ②

❛ ❡ ♠ ❛ ❝ ❤ ❡ ❞ ✇✐ ❤ ❛ ❝ ♦ ♥ ✉ ♠ ❡ ✳ ❚ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ❤ ✉ ❝ ❤ ♦ ♦ ❡ ✇ ❤ ❡ ❤ ❡ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ❛ ❤✐ ❣ ❤ ❡

♦ ❧ ♦ ✇ ❡ ✉ ❛❧✐ ② ❡❧❧ ❡ ♦ ❛ ❝ ♦ ♥ ✉ ♠ ❡ ✳ ❚ ❤✐ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ✐ ✈ ❡ ② ✐ ♠✐❧ ❛ ♦ ❉✐ ♥ ❡ ❡✐ ♥ ❡ ❛❧✳

✭ ✷ ✵ ✶ ✽✮ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❤ ♦ ♦ ❡ ❛ ✈✐ ✐ ❜✐❧✐ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ♦ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ❛ ♣ ♦ ❞ ✉ ❝

❜ ❡✐ ♥ ❣ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❜ ② ❝ ♦ ♥ ✉ ♠ ❡ ✳

❲❡ ✜ ♥ ❞ ❤ ❛ ❛ ♣❧ ❛ ❢ ♦ ♠ ♠ ❛ ② ✇ ❛ ♥ ♦ ② ❡ ♠ ❛ ✐ ❝ ❛❧❧ ② ❞✐ ✈ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ♦ ✇ ❛ ❞ ❧ ♦ ✇ ❡

✉ ❛❧✐ ② ♣ ♦ ❞ ✉ ❝ ✳ ❚ ❤ ❡ ♠ ♦ ✐ ✈ ❛ ✐ ♦ ♥ ❢ ♦ ❞ ♦✐ ♥ ❣ ♦ ✐ ♦ ♠ ❡ ✇ ❤ ❛ ✐ ♠✐❧ ❛ ♦ ❤ ❛ ✐ ♥ ❑ ❡ ♠ ❡ ✱

▼ ❛ ♥ ♦ ✉ ✱ ❛ ♥ ❞ ❡ ② ✭ ✷ ✵ ✶ ✹✮✱ ✇ ❤ ♦ ❤ ♦ ✇ ❤ ❛ ❛ ♣❧ ❛ ❢ ♦ ♠ ♦ ❛ ♣ ✐ ♥ ❝✐ ♣ ❛❧ ♠✐ ❣ ❤ ✇ ❛ ♥ ♦ ❣✐ ✈ ❡

♦ ♠ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ✐ ♥❢ ❡ ✐ ♦ ❡ ❝ ♦ ♠ ♠ ❡ ♥ ❞ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❤ ❡ ♠ ♦ ❡ ① ♣❧ ♦ ❡ ♥ ❡ ✇ ❛❧ ❡ ✲

♥ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❡ ✈ ❡ ❛❧ ♥ ❡ ✇ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ✉ ❡❢ ✉❧ ❢ ♦ ♦ ❤ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ✳ ❙✐ ♠✐❧ ❛ ❧ ②✱

✐ ♥ ❍ ❛ ❣✐ ✉ ❛ ♥ ❞ ❏ ✉❧❧✐ ❡ ♥ ✭ ✷ ✵ ✶ ✹✮✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❞✐ ✈ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ♦ ✉ ♥ ♦❧✐ ❝✐ ❡ ❞ ❝ ♦ ♥ ❡ ♥ ✳ ❚ ❤ ❡

❧ ♦ ❣✐ ❝ ✐ ❝ ♦ ♠ ♣ ❛ ❛ ❜❧ ❡ ♦ ✭ ❏ ✉❧❧✐ ❡ ♥ ✷ ✵ ✶ ✶✮✬ ❞✐ ✈✐ ❞ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ✉ ❡ ❛ ❡ ❣ ②✳ ■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✱ ❤ ❡

♣❧ ❛ ❢ ♦ ♠ ♠ ❛ ② ✇ ❛ ♥ ♦ ✉ ❜ ✐ ❞✐ ③ ❡ ♦ ♥ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ♠ ❛ ❦ ❡ ✐ ♥ ♦ ❞ ❡ ♦ ❛ ❛ ❝ ✐ ♦ ❥ ♦✐ ♥ ❤ ❡

♣❧ ❛ ❢ ♦ ♠ ❛ ♥ ❞ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❜ ❡ ♥ ❡ ✜ ♦❢ ❥ ♦✐ ♥✐ ♥ ❣ ❢ ♦ ❤ ❡ ♦ ❤ ❡ ✐ ❞ ❡✱ ❢ ♦ ♠ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❤ ❡ ♥ ❝ ♦❧❧ ❡ ❝ ❡ ✈ ❡ ♥ ✉ ❡✳ ❚ ❤ ♦ ✉ ❣ ❤ ❛❧❧ ♦❢ ❤ ❡ ❡ ♣ ❛ ♣ ❡ ❛ ❡ ✈ ❡ ② ❞✐ ✛ ❡ ❡ ♥ ❛ ♥ ❞ ♠ ♦ ❞ ❡❧ ❞✐ ✛ ❡ ❡ ♥

✐ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❡ ✐ ♥ ❣ ✱ ❤ ❡ ② ❤ ❛ ❡ ❤ ❡ ❢ ❡ ❛ ✉ ❡ ❤ ❛ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❞ ♦ ❡ ♦ ♠ ❡ ❤✐ ♥ ❣

❡ ❡ ♠✐ ♥ ❣❧ ② ❝ ♦ ✉ ♥ ❡ ✲✐ ♥ ✉✐ ✐ ✈ ❡ ✐ ♥ ♦ ❞ ❡ ♦ ♠ ❛ ①✐ ♠✐ ③ ❡ ✐ ♣ ♦ ✜ ✳ ■ ♥ ♦ ✉ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❡ ✛ ❡ ❝ ✐ ✈ ❡❧ ② ✉ ❜ ✐ ❞✐ ③ ❡ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ✐ ♥ ❛ ❛ ❡ ♦❢ ❧ ♦ ✇ ❞ ❡ ♠ ❛ ♥ ❞ ❜ ② ♠ ❛ ❝ ❤✐ ♥ ❣ ❤ ❡ ♠ ✇✐ ❤

❝ ♦ ♥ ✉ ♠ ❡ ✐ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❡❧❧ ❡ ♦ ❥ ♦✐ ♥ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛ ♥ ❞ ❤ ✉ ❡ ❝ ♦ ✉ ♣ ❡ ✈ ❡ ♥ ✉ ❡ ❢ ♦ ♠ ❛

❧ ❛ ❣ ❡ ♠ ❛ ❦ ❡ ✐ ♥ ❛ ❛ ❡ ♦❢ ❤✐ ❣ ❤ ❞ ❡ ♠ ❛ ♥ ❞✳

✹ ✹



✸✳ ✸ ❚ ❤ ❡ ▼ ♦ ❞ ❡❧

✸✳ ✸✳ ✶ ❙ ❡ ✉ ♣

❚ ❤ ❡ ❡ ❛ ❡ ❤ ❡ ❡ ② ♣ ❡ ♦❢ ❛ ❣ ❡ ♥ ✐ ♥ ❛ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ❦ ❡ ✳ ❙ ❡❧❧ ❡ ✱ ❜ ✉ ② ❡ ❛ ♥ ❞ ❛ ♠ ♦ ♥ ♦ ♣ ♦❧✐ ✐ ❝

♣❧ ❛ ❢ ♦ ♠ ✇ ❤✐ ❝ ❤ ♠ ❛ ♥ ❛ ❣ ❡ ❤ ❡ ♠ ❛ ❦ ❡ ✳ ❚ ❤ ❡ ❜ ✉ ② ❡ ❛ ♥ ❞ ❡❧❧ ❡ ♠ ❡ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❛ ♥ ❞ ❝ ❛ ♥ ♥ ♦ ✐ ♥ ❡ ❛ ❝ ✇✐ ❤ ♦ ✉ ✐ ✳

❊ ❛ ❝ ❤ ❡❧❧ ❡ ✐ ❡❧❧✐ ♥ ❣ ❛ ✐ ♥ ❣❧ ❡ ✉ ♥✐ ♦❢ ❛ ❣ ♦ ♦ ❞ ♦❢ ✉ ❛❧✐ ② q ∈ Q ≡ [ 0, q̄] ✱ ✇ ❤✐ ❝ ❤ ✉ ♠ ♠ ❛ ✐ ③ ❡

❤✐ ② ♣ ❡✳ ❚ ❤ ❡ ❡ ✐ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ✉ ♠ ♦❢ ♠ ❡ ❛ ✉ ❡ q̄ ♦❢ ❡❧❧ ❡ ✉ ♥✐❢ ♦ ♠❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞ ♦ ♥ ✐ ♥ ❡ ✈ ❛❧

Q ✳ ❊ ❛ ❝ ❤ ❜ ✉ ② ❡ ❝ ❛ ♥ ❜ ✉ ② ❛ ✐ ♥ ❣❧ ❡ ✉ ♥✐ ♦❢ ❤ ❡ ❣ ♦ ♦ ❞ ❢ ♦ ♠ ❛ ❡❧❧ ❡ ✳ ❚ ❤ ❡ ❡ ❛ ❡ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡

❛ ❡ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞✿ ❤ ❡ ♠ ❛ ♦❢ ❜ ✉ ② ❡ ✇ ❤ ♦ ❝ ♦ ♠ ❡ ♦ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ✐ D < q¯ ✐ ♥ ❛ ❡ L o w

✇ ❤✐ ❝ ❤ ♦ ❝ ❝ ✉ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② g ✱ ❛ ♥ ❞ ✐ ✐ q̄ ✐ ♥ ❛ ❡ H i g h ✇ ❤✐ ❝ ❤ ♦ ❝ ❝ ✉ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ②

1 − g ✳ ■ ♥ ❡✐ ❤ ❡ ❛ ❡ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛❧❧ ♦ ❝ ❛ ❡ ❜ ✉ ② ❡ ♦ ❡❧❧ ❡ ✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ②✱ ✐ ♥ ❛ ❡ H i g h

❛❧❧ ❡❧❧ ❡ ❝ ❛ ♥ ❡ ❝ ❡✐ ✈ ❡ ❛ ❜ ✉ ② ❡ ✱ ❜ ✉ ✐ ♥ ❛ ❡ L o w ✱ ❤ ❡ ❡ ❛ ❡ ❢ ❡ ✇ ❡ ❜ ✉ ② ❡ ❤ ❛ ♥ ❡❧❧ ❡ ❛ ♥ ❞

♦ ♠ ❡ ❡❧❧ ❡ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❛ ❜ ✉ ② ❡ ✳

❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ♥ ♦ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ❜ ❡ ✇ ❡ ❡ ♥ ❜ ✉ ② ❡ ❛ ♥ ❞ ❤ ❡ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥

❞ ❡ ❝✐ ✐ ♦ ♥ ❝ ❛ ♥ ❤ ✉ ❜ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② µ S t at e : Q ↦ → {0 , 1 } ✱ ✇ ❤ ❡ ❡ ❤ ❡ ❡❧❧ ❡ q ❡ ❝ ❡✐ ✈ ❡ ❛

❜ ✉ ② ❡ ✱ ✇ ❤ ❡ ♥ ❡ ✈ ❡ µ (q ) = 1✳ ❈ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② µ H i g h ✐ ✐ ✈✐ ❛❧❧ ② µ H i g h (q ) = 1 ❢ ♦ ❛❧❧ q ✸

❛ ♥ ❞ µ L o w ≡ µ ✭❢ ♦ ✐ ♠ ♣❧✐ ❝✐ ② ♦❢ ♥ ♦ ❛ ✐ ♦ ♥✮✱ ✐ ❤ ❡ ♥ ❝ ❤ ♦ ❡ ♥ ❜ ② ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✱ ✉ ❜❥ ❡ ❝ ♦

❛ ❝ ♦ ♥ ❛✐ ♥
∏︁

Q
µ = D ✳ ❲❡ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ❡ ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ✐ ❢ ② ❤✐

❝ ♦ ♥ ❛✐ ♥ ✇✐ ❤ M ≡ { µ :
)︂

Q
µ = D } ✳

❚ ❤ ❡ ❣ ❛ ♠ ❡ ❤ ❛ ❤ ❡ ❡ ❛ ❣ ❡ ✳ ❋✐ ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❡ ❛ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡ t ∈ [ 0, 1] ❛ ♥ ❞ ❛

♦ ❝ ❤ ❛ ✐ ❝ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✉❧ ❡ ❢ ♦ ❤ ❡ ❛ ❡ L o w ✱ h ∈ ∆( M ) ✹ ✱ A P ≡ [ 0, 1] × ∆( M )✳ ❙ ❡ ❝ ♦ ♥ ❞✱

❛❧❧ ❡❧❧ ❡ q ∈ Q ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❞ ❡ ❝✐ ❞ ❡ ✇ ❤ ❡ ❤ ❡ ♦ ♣ ❛ ✐ ❝✐ ♣ ❛ ❡ ♦ ♥ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ♦ ♥ ♦

❛ ♥ ❞ ❡ ♣ ✐ ❝ ❡ p q ✱ A S ≡ { ” P a rti ci p at e ” , ” N ot ” } × R ✳ ❚ ❤✐ ❞✱ ❤ ❡ ❜ ✉ ② ❡ ❛ ✐ ✈ ❡ ❛ ♥ ❞ ❤ ❡

❛ ❡ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✲ ❤ ❡ ♠ ❛ ♦❢ ❜ ✉ ② ❡ ✐ ❡ ✈ ❡ ❛❧ ❡ ❞✳ ❊ ✈ ❡ ② ❜ ✉ ② ❡ ♠ ❡ ❡ ❛ ✐ ♥ ❣❧ ❡

❡❧❧ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ✉❧ ❡ h ✺ ✱ ♦ ❜ ❡ ✈ ❡ ❤✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ❡❧❧ ❡ (q, p q )✱ ❛ ♥ ❞

❞ ❡ ❝✐ ❞ ❡ ✇ ❤ ❡ ❤ ❡ ❤ ❡ ❜ ✉ ② ❢ ♦ ♠ ❤✐ ♠ ♦ ♥ ♦ A B ≡ { ” B u y ” , ” N ot ” } ✳

❊ ❛ ❝ ❤ ❜ ✉ ② ❡ ❤ ❛ ♣ ✐ ✈ ❛ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦ ♥ ❤✐ ❛ ♣ ♣ ❡ ❝✐ ❛ ✐ ♦ ♥ ❢ ♦ ✉ ❛❧✐ ② θ ✱ ✇ ❤✐ ❝ ❤ ✐ ❞✐ ✲

✸ ❚ ❤✐ ✐ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✱ ✐ ♥ ❤✐ ❛ ❡ ❤ ❡ ❡ ❛ ❡ ❡ ♥ ♦ ✉ ❣ ❤ ❜ ✉ ② ❡ ♦ ❜ ❡ ♠ ❛ ❝ ❤ ❡ ❞ ✇✐ ❤ ❛❧❧
❡❧❧ ❡ ✱ ❛ ♥ ❞ ❡ ✈ ❡ ② ❡❧❧ ❡ ❛ ♥ ❞ ❡ ✈ ❡ ② ❜ ✉ ② ❡ ✇ ❛ ♥ ♦ ❜ ❡ ♠ ❛ ❝ ❤ ❡ ❞✳

✹ ❈ ❤ ♦ ♦ ✐ ♥ ❣ ❛ ♥ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ µ ❝ ❛ ♥ ❜ ❡ ❤ ♦ ✉ ❣ ❤ ♦❢ ❛ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❛ ♣ ✉ ❡ ❛ ❡ ❣ ②✱ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥
♦ ❛❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠✐ ① ❡ ❞ ❛ ❡ ❣✐ ❡ ✳ ❆ ❝ ✉ ❝✐ ❛❧ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✐ ❤ ❛ h (q ) ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ♥ ❤ ❡ ❡❧❧ ❡ ✬

❝ ❤ ♦✐ ❝ ❡ ♦❢ ♣ ✐ ❝ ❡ ✇✐ ❤ h (q, p q )✳ ❲❡ ❡ ✉ ♥ ♦ ❤✐ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❧ ❛ ❡ ♦ ♥✳
✺ ❚ ❤✐ ✐ ❣ ✉ ❛ ❛ ♥ ❡ ❡ ❞✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ❛ ♥ ✐ ❝✐ ♣ ❛ ❡ ❡❧❧ ❡ ✬ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♦ ♥ ❞ ❡ ❝✐ ✐ ♦ ♥ ❛ ♥ ❞ ❣✐ ✈✐ ♥ ❣ ❛

♥ ♦ ♥✲ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♥ ❣ ❡❧❧ ❡ ♥ ♦ ♥✲ ③ ❡ ♦ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ♠ ❡ ❡ ✐ ♥ ❣ ❛ ❜ ✉ ② ❡ ✐ ✇ ❛ ❡❢ ✉❧✳

✹ ✺



✐ ❜ ✉ ❡ ❞ ✭✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ♦❢ ♦ ❤ ❡ ❜ ✉ ② ❡ ✮ ♦ ♥ [ 0, 1] ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❛ ❝ ✉ ♠ ✉❧ ❛ ✐ ✈ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥

❢ ✉ ♥ ❝ ✐ ♦ ♥ F ✇✐ ❤ ❛ ♦ ❝✐ ❛ ❡ ❞ ❞ ❡ ♥ ✐ ② f ✳ ❚ ❤ ❡ ❜ ✉ ② ❡ ✬ ✉ ✐❧✐ ② ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ u ≡ θ q − p q ✐❢ ❤ ❡

♣ ✉ ❝ ❤ ❛ ❡ ❣ ♦ ♦ ❞ q ❛ ♥ ❞ 0 ✐❢ ❤ ❡ ❞ ♦ ❡ ♥ ♦ ✳ ❆ ❡❧❧ ❡ q ✬ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ♦ ✜ ✐

π S (q, p q , h(q ), t) ≡ ( 1 − t)( 1 − g + g h (q ))P (❙ ❛❧ ❡ ♦❢ |µ (q ) = 1)p q

✐❢ ❤ ❡ P a rti ci p at e s ❛ ♥ ❞ c : Q ↦ →R ✐❢ ❤ ❡ ❞ ♦ ❡ N ot ✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❡ ♦ ♣ ♣ ♦ ✉ ♥✐ ② ❝ ♦ ♦❢ ❤ ❡

❡❧❧ ❡ ♦ ❜ ❡ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ ✉ ❛❧✐ ② ∂ c
∂ q

≥ 0 ✳ ❚ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ♦ ✜ ✐ ✿

π P (h, t ) ≡ t

∏︁ q̄

0

( 1 − g + g h (q ))P (❙ ❛❧ ❡ ♦❢ |µ (q ) = 1)p q ✶ I R ( q, h,t ) ≥ 0 d q

✇ ❤ ❡ ❡ I R (q, h (q ), t) ≥ 0 ✐ ❛ ♥ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ② ❝ ♦ ♥ ❛✐ ♥ ✻ ♦❢ ❡❧❧ ❡ q ✱ ✇ ❤✐ ❝ ❤ ✇✐❧❧ ❜ ❡

❛ ✐ ✜ ❡ ❞ ❢ ♦ ❡❧❧ ❡ ✇ ❤ ♦ P a rti ci p at e ✳

❲❡ ❛ ✉ ♠ ❡ ❛ ✉ ❜ ❣ ❛ ♠ ❡ ♣ ❡ ❢ ❡ ❝ ❡ ✉✐❧✐ ❜ ✐ ✉ ♠ ❛ ♥ ❞ ❤ ✉ ✱ ❜ ② ❜ ❛ ❝ ❦ ✇ ❛ ❞ ✐ ♥ ❞ ✉ ❝ ✐ ♦ ♥✱ ❤ ❡

❜ ✉ ② ❡ θ ♦ ❜ ❡ ✈ ❡ ❤✐ ❛❧❧ ♦ ❝ ❛ ❡ ❞ (q, p q ) ❛ ♥ ❞ B u y s ✐ ✛✿

θ ≥
p q

q
✭ ✸✳ ✶✮

❆❢ ❡ ♦ ❜ ❡ ✈✐ ♥ ❣ (h, t )✱ ❦ ♥ ♦ ✇✐ ♥ ❣ ❤ ❡ ❜ ✉ ② ❡ ✬ ❛ ❡ ❣ ②✱ ❤ ❡ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♥ ❣ ❡❧❧ ❡ q ♠ ❛ ①✐✲

♠✐ ③ ❡ ❤✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ♦ ✜ ✿

m a x
p q

( 1 − t)( 1 − g + g h (q ))( 1 − F (
p q

q
))p q , ✭ ✸✳ ✷✮

❲❡ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ✜ ♠ q ✬ ♣ ♦ ❜❧ ❡ ♠ p : Q ↦ →R +
✼ ✳ ❚ ❤ ❡ ❡❧❧ ❡ q P a rti ci p at e s ✐❢

❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠ ♦❢ ✭ ✸✳ ✷✮ ✐ ❧ ❛ ❣ ❡ ❤ ❛ ♥ c (q ) ♦ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧ ② ✐❢✿

I R (q, h (q ), t) ≡ π S (q, p (q ), h(q ), t) − c (q ) ≥ 0 .

❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✱ ❦ ♥ ♦ ✇✐ ♥ ❣ ❤ ❡ ❡❧❧ ❡ ✬ ❛ ❡ ❣ ②✱ ❝ ❤ ♦ ♦ ❡ h : Q ↦ →[ 0, 1] ❛ ♥ ❞ t ∈ [ 0, 1]

♦ ♦❧ ✈ ❡✿

m a x
h,t

t

)︂ q̄

0

( 1 − g + g h (q ))( 1 − F (
p (q )

q
))p (q )✶ I R ( q, h ( q ) ,t) ≥ 0 d q ✭ ✸✳ ✸✮

✻ ❚ ♦ ❜ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ♣ ♦ ♣ ❡ ❧ ② ❛❢ ❡ ❢ ♦ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡❧❧ ❡ ✬ ♣ ♦ ❜❧ ❡ ♠✳
✼ ❚ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✉ ✣ ❝✐ ❡ ♥ ❢ ♦ ❤ ❡ ❡ ①✐ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ✉ ♥✐ ✉ ❡ ♥ ❡ ♦❢ ❤✐ ♦❧ ✉ ✐ ♦ ♥ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥

✸✳ ✸✳ ✷

✹ ✻



s.t :

∏︁ q̄

0

h (q )d q = D ✭ ✸✳ ✹✮

I R (q, h (q ), t) ≥ 0 = { q : h (q ) ≥
1

g

)︂ c (q )

( 1 − F ( p ( q )
q

))( 1 − t)p (q )
− ( 1 − g )

(︂
}

❊ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✹✮ ✐ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ♠ ❡ ❛ ✉ ❡ D ♦❢ ❜ ✉ ② ❡ ♦ ❡❧❧ ❡ ✐ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥✳

❲❡ ❞✐ ❝ ✉ ❤ ♦ ✇ ❤✐ ❝ ♦ ♥ ❛✐ ♥ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❣ ❡ ♥ ❡ ❛❧ ♣ ♦ ❜❧ ❡ ♠ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❆✳ ❚ ❤ ❡

❝ ♦ ♥ ❛✐ ♥ ✐ ✇✐ ❤ ❡ ✉ ❛❧✐ ②✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ✐ ✐ ❝ ❧ ② ❜ ❡ ❡ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ❛❧❧ ❜ ✉ ② ❡ ✳ ❚ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥

♦ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠ ✇✐❧❧ ❜ ❡ ❞ ❡ ♥ ♦ ❡ ❞ ❛ h ∗ , t∗ ✳

✸✳ ✸✳ ✷ ❆ ✉ ♠ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ❡❧✐ ♠✐ ♥ ❛ ② ❆ ♥ ❛❧ ② ✐

❚ ❤✐ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❡ ✈ ❡ ❛❧ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ❞✐ ❝ ✉ ❡ ♦ ♠ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ❡ ✉❧ ✳ ❚ ❤ ❡

❛ ✉ ♠ ♣ ✐ ♦ ♥ ✇ ❡ ♠ ❛ ❦ ❡ ❛ ❡✿ h ✐ ♥ ♦ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ p q ✱ f ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✱ ❛ ❡ ❝ ❤ ♥✐ ❝ ❛❧ ❛ ✉ ♠ ♣ ✐ ♦ ♥

F (x ) + x f (x ) ✐ ✐ ❝ ❧ ② ♠ ♦ ♥ ♦ ♦ ♥ ❡ ✐ ♥ x ❛ ♥ ❞ c (q ) ✐ ❝ ♦ ♥ ❝ ❛ ✈ ❡✳ ●✐ ✈ ❡ ♥ ❤ ❡ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✱ ✐

✉ ♥ ♦ ✉ ❤ ❛ p (q ) ✐ ✇ ❡ ❛ ❦❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ❛ ♥ ❞ ❤ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ② ♦❢ ❤ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ②

❡ h 0 : Q × R ↦ →R ✱ ✐ ♠ ♣❧✐ ❝✐ ❧ ② ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② I R (q, h 0 (q, t ), t) = 0✱ ✐ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✳ ❚ ❤ ❡ ❡

❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ✱ ✇ ❤✐❧ ❡ ❛ ❤ ❡ ❡ ❝ ❤ ♥✐ ❝ ❛❧✱ ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❢ ♦ ❧ ❛ ❡ ❡ ✉❧ ✳ ❚ ❤✐ ❡ ❝ ✐ ♦ ♥ ♣ ♦ ✈✐ ❞ ❡

❛ ❞✐ ❝ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❛ ❜ ♦ ✈ ❡✳

h ✐ ♥ ♦ ❛❧❧ ♦ ✇ ❡ ❞ ♦ ❜ ❡ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ p q

❲❡ ❛ ✉ ♠ ❡ ❤ ❛ h ✐ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ q ✱ ❜ ✉ ♥ ♦ p q ✳ ❆❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ h (q, p q ) ❛❧❧ ♦ ✇ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♣ ✐ ❝ ❡ p q ❤ ♦ ✉ ❣ ❤ h (q, p q )✳ ❊ ✛ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ♦ ✉❧ ❞ ❝ ❤ ♦ ♦ ❡ ❛ p q ❛ ♥ ❞

❤ ❡ ♥ ❢ ♦ ❝ ❡ ❤ ❡ ❡❧❧ ❡ ♦ ❡ ❤ ❡ ♣ ✐ ❝ ❡ ♦ ❤✐ ❧ ❡ ✈ ❡❧ ❜ ② ❣✐ ✈✐ ♥ ❣ ✐ ❛ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦ ❡❧❧ ♦ ♥❧ ② ✐❢

❤ ❡ ❡❧❧ ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❛ ♠ ❡ p q ✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ✇ ❡ ❛ ❣ ✉ ❡ ❤ ❛ ✱ ✐ ♥ ♦ ✉ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❤ ❛ ♥ ♦ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ♦ ❞ ♦ ✉ ❝ ❤ ❛ ❤✐ ♥ ❣✱ ❛ ❤ ❡ ❡❧❧ ❡ ✲ ♦ ♣ ✐ ♠ ❛❧ ♣ ✐ ❝ ❡ p (q ) ✐ ❛❧ ♦ ♦ ♣ ✐ ♠ ❛❧ ❢ ♦

❤ ❡ ♣❧ ❛ ❢ ♦ ♠✳ ❚ ❤✐ ✐ ❞ ✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❡❧❧ ❡ ✜ ♥ ❞ ❤✐ ♠ ❡❧❢ ✐ ♥ ❛ ♠ ♦ ♥ ♦ ♣ ♦❧✐ ✐ ❝

♣ ♦ ✐ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❜ ✉ ② ❡ ❛❢ ❡ ❤ ❡ ② ❛ ❡ ♠ ❛ ❝ ❤ ❡ ❞ ❛ ♥ ❞ ❤ ✉ ✱ ❤ ❡ ♣ ✐ ❝ ❡ ❤ ❡ ❝ ❤ ♦ ♦ ❡ ❡ ① ❛ ❝ ❛❧❧

♣ ♦ ✐ ❜❧ ❡ ✉ ♣❧ ✉ ❢ ♦ ♠ ❤ ❡ ❜ ✉ ② ❡ ❛ ♥ ❞ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❝ ❛ ♥ ♥ ♦ ❞ ♦ ❛ ♥ ② ❜ ❡ ❡ ✳ ❚ ❤✐ ✇ ♦ ✉❧ ❞ ♥ ♦

❜ ❡ ❤ ❡ ❝ ❛ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐❢ ✇ ♦ ❡❧❧ ❡ ✇ ❡ ❡ ❝ ♦ ♠ ♣ ❡ ✐ ♥ ❣ ❛❢ ❡ ❜ ❡✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ❛ ✐ ♥ ❣❧ ❡

❜ ✉ ② ❡ ✳ ■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✇ ❡ ❢ ♦ ❝ ✉ ♦ ♥ ❤ ❡ ♣ ✐ ❝✐ ♥ ❣ ❞ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛ ♥ ❞ ❤ ✉ ✇ ❡ ❧ ❡ ❛ ✈ ❡

♦ ✉ ❛ ❞✐ ❝ ✉ ✐ ♦ ♥ ♦❢ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❝ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥ ❛ ♠ ♦ ♥ ❣ ❡❧❧ ❡ ✐ ♥ ♦ ❤ ❡ ❡❧❧ ❡ ✬ ♣ ✐ ❝✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠✳

✹ ✼



f ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ♥ ❞ F (x ) + x f (x ) ✐ ✐ ❝ ❧ ② ♠ ♦ ♥ ♦ ♦ ♥ ❡ ✐ ♥ x

❲❡ ♥ ❡ ❡ ❞ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ f ❢ ♦ ❤ ❡ ❡ ①✐ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ❡❧❧ ❡ ✬

♣ ♦ ❜❧ ❡ ♠✳ ❚ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❡❧❧ ❡ q ✱ p (q ) ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ✜ ♦ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✿

( 1 − g + g h (q ))( 1 − t)( 1 − F (
p (q )

q
) −

p (q )

q
f (

p (q )

q
)) = 0

✐ ♥ ❡ ✐ ♦ ♦❧ ✉ ✐ ♦ ♥ ❡ ①✐ ❢ ♦ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ f ✽ ❛ ♥ ❞ ♦❧ ✈ ❡ ✿

1 − F (
p (q )

q
) −

p (q )

q
f (

p (q )

q
) = 0

❚ ♦ ❣ ✉ ❛ ❛ ♥ ❡ ❡ ✉ ♥✐ ✉ ❡ ♥ ❡ ♦❢ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❡ ✉ ❛ ✐ ♦ ♥✱ ✇ ❡ ✇ ♦ ✉❧ ❞ ❢ ✉ ❤ ❡ ♥ ❡ ❡ ❞

F (x ) + x f (x ) ♦ ❜ ❡ ✐ ❝ ❧ ② ♠ ♦ ♥ ♦ ♦ ♥ ❡✳ ❚ ❤✐ ✐ ❣ ✉ ❛ ❛ ♥ ❡ ❡ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ✉ ♥✐❢ ♦ ♠ F ✳

p (q ) ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❛ ♥ ❞ ❧✐ ♥ ❡ ❛ ✐ ♥ q

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✷✳ p (q ) ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❛ ♥ ❞ ❧✐ ♥ ❡ ❛ ✐ ♥ q ✱ ❣✐ ✈ ❡ ♥ f ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❛ ♥ ❞ F (x ) +

x f (x ) ✐ ✐ ❝ ❧ ② ♠ ♦ ♥ ♦ ♦ ♥ ❡ ✐ ♥ x ✳

♦ ♦❢✳ ▲ ❡ a ❜ ❡ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢✿

1 − F (a ) − a f (a ) = 0,

❤ ❡ ♥ p (q ) = a q ✱ ❤ ♦ ✇✐ ♥ ❣ ❧✐ ♥ ❡ ❛ ✐ ②✳

❲❡ ❤ ♦ ✇ ❤ ❛ p (q ) ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ❜ ② ❝ ♦ ♥ ❛ ❞✐ ❝ ✐ ♦ ♥✿ ■❢ p (q ) ✐ ♥ ♦ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✱

❤ ❡ ♥ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ✐ ❧✐ ♥ ❡ ❛ ❤ ❡ ❡ ✐ ❛ ♥ a ≤ 0 ✳ ✿

1 − F (a ) − a f (a ) = 0

❜ ✉ ❢ ♦ a ≤ 0 ✱ F (a ) = f (a ) = 0 ❛ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ✜ ♦ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❝ ❛ ♥ ♥ ♦ ❜ ❡

❛ ✐ ✜ ❡ ❞✳

❚ ❤ ❛ ♥ ❦ ♦ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✷✱ p (q ) ❝ ❛ ♥ ❜ ❡ ✇ ✐ ❡ ♥ ❛ p (q ) = a q ✱ ✇ ❤ ❡ ❡ a > 0 ✳

✽ ❙ ❡ ✐ ♥ ❣ p q = 0 ❛ ♥ ❞ p q = q ❤ ♦ ✇ ❡ ①✐ ❡ ♥ ❝ ❡ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❝ ♦ ♥ ✐ ♥ ✉✐ ② ♦❢ f ✳

✹ ✽



h 0 (q, t ) ✐ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ❢ ♦ ❝ ♦ ♥ ❝ ❛ ✈ ❡ ❝ ♦

❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❜ ♦ ✉ ♥ ❞ ❛ ② ♦❢ ❤ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ② ❡ ✱ h 0 (q, t ) ✭ ❤ ❡ ❧ ♦ ✇ ❡

h ❢ ♦ ✇ ❤✐ ❝ ❤ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ② ✐ ❛ ✐ ✜ ❡ ❞ ❣✐ ✈ ❡ ♥ q ❛ ♥ ❞ t✮✱ ✐ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ❢ ♦ ❝ ♦ ♥ ❝ ❛ ✈ ❡

❝ ♦ ✳

▲ ❡ ♠ ♠ ❛ ✶✳ ■❢ ∂ 2 c ( q )
∂ 2 q

< 0 ✱ ❤ ❡ ♥ ∂ h 0 ( q,t )
∂ q

< 0

♦ ♦❢✳ h 0 (q, t ) ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♠ ♣❧✐ ❝✐ ❧ ② ❜ ②✿

( 1 − t)( 1 − g + g h 0 (q, t ))( 1 − F (
p (q )

q
))p (q ) − c (q ) = 0

❚ ❤✐ ②✐ ❡❧ ❞ ❛❢ ❡ ♦ ♠ ❡ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♦ ♥✿

h 0 (q, t ) =
1

g

∏︁ c (q )

( 1 − F ( p ( q )
q

))( 1 − t)p (q )
− ( 1 − g )

)︂

❚ ❤ ❡ ♥✱ ✉ ✐ ♥ ❣ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✷✱ ❤ ❡ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✐ ✿

∂ h 0 (q, t )

∂ q
=

1

g ( 1 − t)

∂

∂ q
[

c (q )

( 1 − F ( p ( q )
q

))p (q )
] =

1

g ( 1 − t)( 1 − F ( p ( q )
q

))a

∂

∂ q
[
c (q )

q
]

❯ ✐ ♥ ❣ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ∂ 2 c ( q )
∂ 2 q

< 0 ✐ ♠ ♣❧✐ ❡ ❤ ❛ ❛ ✈ ❡ ❛ ❣ ❡ ❝ ♦ c ( q )
q

❛ ❡ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✇ ❤✐ ❝ ❤

②✐ ❡❧ ❞ ❤ ❡ ❡ ✉❧ ✳

✸✳ ✹ ❆ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❧ ❛ ❢ ♦ ♠✬ ♦ ❜❧ ❡ ♠

❚ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠ ✐ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ❛ ♥ ❛❧ ② ✐ ♣ ♦ ❜❧ ❡ ♠ ✇✐ ❤ ❛ ❞✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ♦❧ ✉ ✐ ♦ ♥

❛ ♥ ❞ ❤ ✉ ✐ ❞✐ ✣ ❝ ✉❧ ♦ ❛ ❝ ❦❧ ❡ ✉ ✐ ♥ ❣ ❢ ♦ ♠ ❛❧ ♦ ♦❧ ✳ ❚ ❤ ♦ ✉ ❣ ❤ ♦ ✉ ❤✐ ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ❤ ♦ ✇ ❤ ❛

❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ❝ ❛ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡❧ ② ❜ ❡ ❢ ♦ ♠ ✉❧ ❛ ❡ ❞ ✐ ♥ ❡ ♠ ♦❢ ♠ ✉❧ ✐ ✈ ❛ ✐ ❛ ❡ ❡ ❛❧ ❛ ♥ ❛❧ ② ✐ ✱ ❜ ②

✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉❧ ✿

❚ ❤ ❡ ♦ ❡ ♠ ✶✳ ∀ t ∈ ( 0, 1] , ∃ q 1 ≤ q 2 ≤ q 3 ∈ R ✳ ✿

h ∗ (q ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

h 0 (q, t ) q 1 ≤ q ≤ q 2

1 q ≥ q 3

0 o. w.

✹ ✾



✇ ❤ ❡ ❡ q 2 = mi n { q 0 , q3 } ✱ ✇✐ ❤ q 0 ≡ h − 1
0 ( 0) ✾ ✳

❲❡ ♣ ♦ ✈ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❇✳ ❚ ❤ ❡ ❡ ♠ ❛✐ ♥ ❞ ❡ ♦❢ ❤✐ ❡ ❝ ✐ ♦ ♥ ❞✐ ❝ ✉ ❡ ❤ ❡ ✐ ♥✲

✉✐ ✐ ♦ ♥ ❜ ❡ ❤✐ ♥ ❞ ❤ ❡ ❤ ❛ ♣ ❡ ♦❢ h ∗ ✳ ❛ ♥ ❡❧ ♦❢ ❋✐ ❣ ✉ ❡ ✸✳ ✶ ❞ ❡ ♣✐ ❝ ❤ ♦ ✇ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h ∗ ❧ ♦ ♦ ❦ ❢ ♦

❞✐ ✛ ❡ ❡ ♥ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧✳ ❲ ❤✐❧ ❡ ♣ ❛ ♥ ❡❧ ❆ ❤ ♦ ✇ ❤ ❡ ✐ ✉ ❛ ✐ ♦ ♥ ✇ ❤ ❡ ❡ q 2 = q 0 ✱

♣ ❛ ♥ ❡❧ ❇ ❤ ♦ ✇ ❤ ❡ ✐ ✉ ❛ ✐ ♦ ♥ ✇✐ ❤ q 2 = q 3 ✳ ■ ♥ ❜ ♦ ❤ ❝ ❛ ❡ ✱ ❤ ❡ ❡❧❧ ❡ ✇✐ ❤ q 1 ≤ q ≤ q 2 ❛ ❡

❛❧❧ ♦ ❝ ❛ ❡ ❞ ❤ ❡ ❡ ① ❛ ❝ ♣ ♦ ❜ ❛ ❜✐❧✐ ② h 0 (q ) ❤ ❛ ♠ ❛ ❦ ❡ ❤ ❡ ♠ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❜ ❡ ✇ ❡ ❡ ♥ P a rti ci p ati n g

❛ ♥ ❞ N ot ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ♦ ✜ ✐ 0 ✳ ❖ ♥ ❤ ❡ ♦ ❤ ❡ ❤ ❛ ♥ ❞✱ ❤ ❡ ❡❧❧ ❡ ♦ ❤ ❡ ✐ ❣ ❤ ♦❢

q 2 ❡ ♥❥ ♦ ② ♣ ♦ ✐ ✐ ✈ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ♦ ✜ ✳ ❚ ❤ ❡ ❤ ❛ ♣ ❡ ♦❢ h ∗ ✐ ❞ ✐ ✈ ❡ ♥ ❜ ② ✇ ♦ ♦ ♣ ♣ ♦ ✐ ♥ ❣ ♦ ✉ ❝ ❡ ♦❢

♣ ♦ ✜ ❢ ♦ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✳ ❋✐ ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❜ ❡ ♥ ❡ ✜ ❢ ♦ ♠ ❛❧❧ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ✱ ❜ ✉ ✐ ❜ ❡ ♥ ❡ ✜

♠ ♦ ❡ ❢ ♦ ♠ ❤✐ ❣ ❤ ❡ q ✇ ❤✐ ❝ ❤ ✐ ❛ ♦ ❝✐ ❛ ❡ ❞ ✇✐ ❤ ❤✐ ❣ ❤ ❡ p (q )✳ ❚ ❤✐ ❡ ✛ ❡ ❝ ❡ ✉❧ ✐ ♥ ❛ ♥ ✐ ♥ ❝ ❡ ♥✲

✐ ✈ ❡ ♦ ❡ ❤✐ ❣ ❤ h (q ) ❢ ♦ ❤✐ ❣ ❤ q ✳ ❙ ❡ ❝ ♦ ♥ ❞✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❜ ❡ ♥ ❡ ✜ ❢ ♦ ♠ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡

♠ ❛ ♦❢ ❤ ❡ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♥ ❣ ❡❧❧ ❡ ✳ ❇ ② ❛ ✐ ❢ ②✐ ♥ ❣ ❤ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ♥

❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡❧❧ ❡ ❛ ♥ ❞ ♠ ❛ ❦✐ ♥ ❣ ❤ ❛ ❡❧❧ ❡ ” P a rti ci p at e ” ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧

♣ ♦ ✜ ✐ ♥ ❛ ❡ H i g h ✱ ✐ ♥ ✇ ❤✐ ❝ ❤ ❤ ❡ ❡ ❛ ❡ ♣❧ ❡ ♥ ② ♦❢ ❜ ✉ ② ❡ ✳ ❚ ❤✐ ❡ ✛ ❡ ❝ ✐ ♥ ❝ ❡ ♥ ✐ ✈✐ ③ ❡ ❤ ❡

♣❧ ❛ ❢ ♦ ♠ ♦ ❛ ✐ ❢ ② ❤ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❛ ♠ ❛ ♥ ② ❡❧❧ ❡ ❛ ♣ ♦ ✐ ❜❧ ❡✳

❋✐ ♥ ❛❧❧ ②✱ ♦ ❜ ❡ ✈ ❡ ❤ ❛ ✇ ❤✐❧ ❡ ❤ ❡ ♣ ♦ ✜ ❢ ♦ ♠ ❤ ❡ ✜ ♦ ✉ ❝ ❡ ✐ ❡ ❛❧✐ ③ ❡ ❞ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ❜ ❛ ❞ ❛ ❡

♦❢ ❤ ❡ ✇ ♦ ❧ ❞✱ ❤ ❡ ♣ ♦ ✜ ❢ ♦ ♠ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ✉ ❝ ❡ ✐ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ❜ ♦ ❤ ❛ ❡ ♦❢ ❤ ❡ ✇ ♦ ❧ ❞✶ ✵ ✳

■ ♥ ❛ ♥ ✐ ♥ ❡ ✐ ♦ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❜ ❛❧ ❛ ♥ ❝ ❡ ❤ ❡ ✇ ♦ ❡ ✛ ❡ ❝ ❛ ♥ ❞ ❡ ✉ ❛❧✐ ③ ❡ ❤ ❡ ♠ ❛ ❣✐ ♥ ❛❧

♣ ♦ ✜ ❢ ♦ ♠ ❜ ♦ ❤ ♦ ✉ ❝ ❡ ✱ ❣✐ ✈✐ ♥ ❣ ✐ ❡ ♦ ❤ ❡ ❤ ❛ ♣ ❡ ♦❢ h ∗ ✐ ♥ ❋✐ ❣ ✉ ❡ ✸✳ ✶✳

❚ ❤ ❡ ✐ ❞ ❡ ❛ ❜ ❡ ❤✐ ♥ ❞ ❤ ❡ ♣ ♦ ♦❢ ✐ ♦ ✉ ❣ ❤❧ ② ❤ ❛ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ❝ ❛ ♥ ❜ ❡ ❤ ♦ ✉ ❣ ❤ ♦❢ ❛ ♦ ♣ ✐ ♠ ❛❧❧ ②

❛❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ❛ ♠ ❛ ♦❢ D ❜ ❡ ✇ ❡ ❡ ♥ 0 ❛ ♥ ❞ q̄ ✉ ❝ ❤ ❤ ❛ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✭ ✸✳ ✸✮ ✐ ♠ ❛ ①✐ ♠✐ ③ ❡ ❞✳ ❚ ♦ ❤ ❡

✐ ❣ ❤ ♦❢ ❤ ❡ h 0 ❝ ✉ ✈ ❡✱ ❤ ❡ ❛ ♠ ❡ ♠ ❛ ❛❧❧ ♦ ❝ ❛ ❡ ❞ ♦ ♥ ❤✐ ❣ ❤ ❡ q ②✐ ❡❧ ❞ ❤✐ ❣ ❤ ❡ ❡ ✉ ♥ ✳ ❚ ❤✐ ✐

❞ ✉ ❡ ♦ ❤ ❡ ♠ ♦ ♥ ♦ ♦ ♥✐ ❝✐ ② ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ✐ ❞ ✐ ✈ ❡ ♥ ❜ ② ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✷✱ p (q )

❢ ✉ ♥ ❝ ✐ ♦ ♥ ❜ ❡✐ ♥ ❣ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✭ ▲ ❡ ♠ ♠ ❛ ✷ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❇ ❢ ♦❧❧ ♦ ✇ ✮✳ ❙✐ ♠✐❧ ❛ ♠ ♦ ♥ ♦ ♦ ♥✐ ❝✐ ②

❛ ♣ ♣❧✐ ❡ ♦ ♠ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ♦ ♥ ❤ ❡ ❧ ❡❢ ✐ ❞ ❡ ♦❢ ❤ ❡ h 0 ❝ ✉ ✈ ❡ ❤ ♦❧ ❞✐ ♥ ❣ ❤ ❡ ♠ ❛ ♦❢ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♥ ❣

❡❧❧ ❡ ❝ ♦ ♥ ❛ ♥ ✭ ❈ ♦ ♦❧❧ ❛ ② ✸ ✐ ♥ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ❇ ❢ ♦❧❧ ♦ ✇ ✮✳ ❚ ❤ ❡ ♠ ❛ ❤✐❢ ✇ ❤✐ ❝ ❤ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡

❤ ❛ ♣ ❡ ♦❢ ❤ ❡ h 0 ❝ ✉ ✈ ❡ ❤ ❛ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❣ ❛✐ ♥ ✭❧ ♦ ❡ ✮ ✇ ❤ ❡ ♥ ✐ ❝ ❛ ✉ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡❧❧ ❡ ♦

” P a rti ci p at e ” ✭” N ot P a rti ci p at e ” ✮ ❛ ♥ ❞ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❧ ② ❤ ❡ ❡ ✐ ❛ ❛ ❞ ❡✲ ♦ ✛ ❜ ❡ ✇ ❡ ❡ ♥ ❛❧❧ ♦ ❝ ❛ ✲

✐ ♥ ❣ ❤ ❡ ♠ ❛ ♦ ❛ ✐ ❢ ② ❤ ❡ I R (q ) ❝ ♦ ♥ ❛✐ ♥ ❢ ♦ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡❧❧ ❡ ✱ ❤ ❡ ❡ ① ❡ ♥ ✐ ✈ ❡ ♠ ❛ ❣✐ ♥✱

✾ ❚❡ ❝ ❤ ♥✐ ❝ ❛❧❧ ② q 0 ❛ ♥ ❞ h 0 ❤ ♦ ✉❧ ❞ ❜ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ t✱ ❤ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ♦ ✉ ❣ ❤ ♦ ✉ ❤✐ ❡ ❝ ✐ ♦ ♥ ✇ ❡ ✇✐❧❧ ❦ ❡ ❡ ♣ t ✜ ① ❡ ❞
♦ ❛ ♥ ❛ ❜✐ ❛ ② ✈ ❛❧ ✉ ❡ ✐ ♥ ✐ ♥ ❡ ✈ ❛❧ ( 0, 1] ❛ ♥ ❞ ❤ ✉ ❢ ♦ ❤ ❡ ❛ ❦ ❡ ♦❢ ♥ ♦ ❛ ✐ ♦ ♥ ✐ ♠ ♣❧✐ ❝✐ ② ✇ ❡ ✇✐❧❧ ❛ ❝ ❛ ✐❢ t ✐ ❛

♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♠ ♦ ❞ ❡❧✱ ❛ ❤ ❡ ❤ ❛ ♥ ❛ ✈ ❛ ✐ ❛ ❜❧ ❡✳
✶ ✵ ❲✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ✇ ❡✐ ❣ ❤ h 0 ❛ ♥ ❞ 1 ❢ ♦ ❛ ❡ L o w ❛ ♥ ❞ H i g h ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳

✺ ✵



❋✐ ❣ ✉ ❡ ✸✳ ✶✿ ❙ ❤ ❛ ♣ ❡ ♦❢ h ∗ ✳

❛ ♥ ❞ ❛❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ✐ ♦ ❛ ♦ ❣ ❛✐ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✜ ❢ ♦ ♠ ❤ ❡ ❡❧❧ ❡ ✇ ❤ ♦ ❛ ❡ ❛❧ ❡ ❛ ❞ ② ♣ ❡ ❡ ♥

♦ ♥ ❤ ❡ ♠ ❛ ❦ ❡ ✱ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ✈ ❡ ♠ ❛ ❣✐ ♥✳

✸✳ ✺ ❙ ♦❧ ✈✐ ♥ ❣ ❤ ❡ ❧ ❛ ❢ ♦ ♠✬ ♦ ❜❧ ❡ ♠

❚ ❤ ❡ ♦ ❡ ♠ ✶ ❛❧❧ ♦ ✇ ✉ ♦ ✇ ✐ ❡ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♠ ❛ ①✐ ♠✐ ③ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ❧ ② ❛ ✿

m a x
q 1 , q2 , q3 ,t

π (q 1 , q2 , q3 , t)

s.t :

∏︁ q 2

q 1

h 0 (q, t )d q + q̄ − q 3 = D ✭ ✸✳ ✺✮

t ∈ [ 0, 1]

✇ ❤ ❡ ❡

π (q 1 , q2 , q3 , t) ≡ t[g

)︂ q 2

q 1

( 1 − F (
p (q )

q
))p (q )h 0 (q, t )d q

+ g

(︂ q̄

q 3

( 1 − F (
p (q )

q
))p (q )d q

+ ( 1 − g )

)︂ q̄

q 1

( 1 − F (
p (q )

q
))p (q )d q ] ✭ ✸✳ ✻✮

h 0 (q, t ) =
1

g

)︁ c (q )

( 1 − F ( p ( q )
q

))( 1 − t)p (q )
− ( 1 − g )

)︃

✺ ✶



q 2 = mi n { h − 1
0 ( 0), q3 }

❚ ❤✐ ✐ ❛ ❡ ❛❧ ❛ ♥ ❛❧ ② ✐ ♣ ♦ ❜❧ ❡ ♠ ❛ ♥ ❞ ❤ ✉ ❤ ❡ ✜ ♦ ❞ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ✐ ✈ ❡ ❞ ❢ ♦ ♠

❤ ❡ ❡❧ ❛ ❡ ❞ ▲ ❛ ❣ ❛ ♥ ❣ ❡ ❛ ♥✳ ❚ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠ (q ∗
1 , q∗2 , q∗3 , t∗ ) ❤ ❡ ♥ ♦❧ ✈ ❡

❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✿

∂

∂ t
=

π (q ∗
1 , q∗2 , q∗3 , t∗ )

t∗
+ t∗ g

∏︁ q ∗
2

q ∗
1

( 1 − F (
p (q )

q
))p (q )

∂ h 0 (q, t )

∂ t
d q − λ

)︂ q ∗
2

q ∗
1

∂ h 0 (q, t )

∂ t
d q = 0 ✭ ✸✳ ✼✮

∂

∂ q 1

= t∗ g ( 1− F (
p (q ∗

1 )

q ∗
1

))(− p (q ∗
1 )h 0 (q

∗
1 , t∗ )) +t∗ ( 1− g )( 1− F (

p (q ∗
1 )

q ∗
1

))(− p (q ∗
1 )) +λ h 0 (q

∗
1 , t∗ ) = 0

✭ ✸✳ ✽✮
∂

∂ q 2

= t∗ g ( 1 − F (
p (q ∗

2 )

q ∗
2

))p (q ∗
2 )h 0 (q

∗
2 , t∗ ) − λ h 0 (q

∗
2 , t∗ ) = 0 ✭ ✸✳ ✾✮

∂

∂ q 3

= t∗ g ( 1 − F (
p (q ∗

3 )

q ∗
3

))(− p (q ∗
3 )) + λ = 0 ✭ ✸✳ ✶ ✵✮

∂

∂ λ
= D −

(︂ q ∗
2

q ∗
1

h 0 (q, t ∗ )d q − q̄ + q ∗
3 = 0 ✭ ✸✳ ✶ ✶✮

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✸✳ ❊✐ ❤ ❡ q ∗
2 = q ∗

3 ♦ q ∗
2 = q 0 (t

∗ )✳

♦ ♦❢✳ ❊ ✉ ❛ ✐ ♦ ♥ ✸✳ ✾ ✐ ♠ ♣❧✐ ❡ ❡✐ ❤ ❡ ✿ h 0 (q
∗
2 , t∗ ) = 0 ♦ t∗ g p (q ∗

2 )( 1 − F (
p ( q ∗

2 )

q ∗
2

)) = λ ❋ ♦

h 0 (q
∗
2 , t∗ ) = 0✱ q ∗

2 ♦❧ ✈ ❡ ✿

h 0 (q
∗
2 , t∗ ) = 0

❛ ♥ ❞ ❤ ✉ ✐ ♦❧ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❛ q 0 (t
∗ )✳

❋ ♦ t∗ g p (q ∗
2 )( 1 − F (

p ( q ∗
2 )

q ∗
2

)) = λ ✿ ✸✳ ✶ ✵ ✐ ♠ ♣❧✐ ❡ q ∗
2 = q ∗

3 ✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✸ ❝ ♦ ♥ ✜ ♠ ❤ ❡ ❡ ①✐ ❡ ♥ ❝ ❡ ♦❢ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ❤ ❛ ♣ ❡ ♦❢ h ∗ ❛ ❞ ❡ ♣✐ ❝ ❡ ❞ ✐ ♥ ❋✐ ❣ ✉ ❡

✸✳ ✶✳ ❚ ❤ ❡ ❝ ❛ ❡ q ∗
2 = q 0 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♣ ❛ ♥ ❡❧ ❛✱ ✇ ❤✐❧ ❡ ❤ ❡ ❝ ❛ ❡ q ∗

2 = q ∗
3 ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♣ ❛ ♥ ❡❧

❜✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✹✳ ❚ ❤ ❡ ❛ ❞ ❡✲ ♦ ✛ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ① ❡ ♥ ✐ ✈ ❡ ❛ ♥ ❞ ✐ ♥ ❡ ♥ ✐ ✈ ❡ ♠ ❛ ❣✐ ♥ ✐ ❝ ❛ ♣ ✉ ❡ ❞

❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥✿

g h 0 (q
∗
1 , t∗ )p (q ∗

1 ) + ( 1 − g )p (q ∗
1 ) = g h 0 (q

∗
1 , t∗ )p (q ∗

3 ) ✭ ✸✳ ✶ ✷✮

✺ ✷



♦ ♦❢✳ ❝ ♦ ♠ ❜✐ ♥✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ✸✳ ✽ ❛ ♥ ❞ ✸✳ ✶ ✵ ②✐ ❡❧ ❞ ✿

t∗ g ( 1 − F (
p (q ∗

1 )

q ∗
1

))(− p (q ∗
1 )h 0 (q

∗
1 )) + t∗ ( 1 − g )( 1 − F (

p (q ∗
1 )

q ∗
1

))(− p (q ∗
1 ))

− t∗ g ( 1 − F (
p (q ∗

3 )

q ∗
3

))(− p (q ∗
3 ))h 0 (q

∗
1 ) = 0

❚ ❤ ❡ ✉ ❡ ♦❢ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✷ ②✐ ❡❧ ❞ ✿

t∗ g ( 1− F (a ))(− p (q ∗
1 ))h 0 (q

∗
1 )) +t∗ ( 1− g )( 1− F (a ))(− p (q ∗

1 ))− t∗ g ( 1− F (a ))(− p (q ∗
3 ))h 0 (q

∗
1 ) = 0

✇ ❤✐ ❝ ❤ ❛❢ ❡ ♦ ♠ ❡ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♦ ♥ ②✐ ❡❧ ❞ ❤ ❡ ❡ ✉❧ ✳

♦ ♣ ♦ ✐ ✐ ♦ ♥ ✶ ✹ ❝ ♦ ♥ ✜ ♠ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ✉✐ ✐ ♦ ♥ ❜ ❡ ❤✐ ♥ ❞ ❋✐ ❣ ✉ ❡ ✸✳ ✶✳ ❋ ♦ ❛

♠ ❛❧❧ ϵ > 0 ✱ ❤ ❡ ❧ ❡❢ ❤ ❛ ♥ ❞ ✐ ❞ ❡ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✸✳ ✶ ✷ ❝ ❛ ♥ ❜ ❡ ✐ ♥ ❡ ♣ ❡ ❡ ❞ ❛ ❤ ❡ ♠ ❛ ❣✐ ♥ ❛❧ ❜ ❡ ♥ ❡ ✜

♦❢ ❛❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ❛ ❡ ❝ ❛ ♥ ❣❧ ❡ ♦❢ h 0 (q
∗
1 )ϵ ♥ ❡ ① ♦ ♣ ♦✐ ♥ q ∗

1 ✳ ■ ♥ ✉ ❝ ❤ ❛ ❝ ❛ ❡✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❜ ❡ ♥ ❡ ✜

❜ ② ❡ ① ❛ ❝ ✐ ♥ ❣ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② g ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✜ ♦❢ h 0 (q
∗
1 )p (q ∗

1 ) ❛ ♥ ❞ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ②

1 − g ♣ ♦ ✜ ♦❢ p (q ∗
1 )✳ ❚ ❤ ❡ ✐ ❣ ❤ ❤ ❛ ♥ ❞ ✐ ❞ ❡ ✐ ❤ ❡ ♥ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧❧ ② ❤ ❡ ♠ ❛ ❣✐ ♥ ❛❧ ❜ ❡ ♥ ❡ ✜ ♦❢

❛❧❧ ♦ ❝ ❛ ✐ ♥ ❣ ❛ ❡ ❝ ❛ ♥ ❣❧ ❡ ϵ h 0 (q
∗
1 ) ♦ ❤ ❡ ♣ ♦✐ ♥ q ∗

3 ✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✜ ✐ ✇✐ ❤

♣ ♦ ❜ ❛ ❜✐❧✐ ② g ✱ h 0 (q
∗
1 )p (q ∗

3 ) ❛ ♥ ❞ ✇✐ ❤ ♣ ♦ ❜ ❛ ❜✐❧✐ ② 1 − g ✐ ✐ 0 ✱ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ♥ ❛ ❡ H i g h ❤ ❡

✜ ♠ ❛ ♦ ✉ ♥ ❞ q ∗
3 ” P a rti ci p at e ” ✇✐ ❤ ♦ ✇✐ ❤ ♦ ✉ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♠ ❛ ✳

❲❡ ❞ ♦ ♥ ♦ ❢ ♦ ❝ ✉ ♦ ♥ t ✐ ♥ ❤✐ ♣ ❛ ♣ ❡ ✱ ❜ ✉ ❢ ♦ ❝ ♦ ♠ ♣❧ ❡ ❡ ♥ ❡ ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ♦❢ ❝ ♦ ✉ ❡

❢ ❛ ❝ ❡ ❛ ♥ ♦ ❤ ❡ ❛ ❞ ❡✲ ♦ ✛ ✇ ❤ ❡ ♥ ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡✳ ❙✐ ♥ ❝ ❡ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ t ❤✐❢

h 0 ♦ ❤ ❡ ✐ ❣ ❤ ✱ ❞ ❡ ❝ ❡ ❛ ✐ ♥ ❣ ❤ ❡ ❡ ♦❢ ❡❧❧ ❡ ✇ ❤ ♦ ❞ ❡ ❝✐ ❞ ❡ ♦ ȷP a rti ci p at e ȷ✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠

❝ ❛ ♥ ❝ ❤ ❛ ❣ ❡ ❛ ❧ ♦ ✇ ❡ ❛ ♥ ❛ ❝ ✐ ♦ ♥ ❢ ❡ ❡✱ ❛ ❛ ❝ ♠ ♦ ❡ ❡❧❧ ❡ ✱ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❧ ❛ ❣ ❡ ♠ ❛ ❦ ❡ ✱

♦ ✐ ❝ ❛ ♥ ❝ ❤ ❛ ❣ ❡ ❤✐ ❣ ❤ ❡ ❢ ❡ ❡ ✱ ✇ ❤✐ ❝ ❤ ❞✐ ❝ ♦ ✉ ❛ ❣ ❡ ♠ ♦ ❡ ❡❧❧ ❡ ❢ ♦ ♠ ♣ ❛ ✐ ❝✐ ♣ ❛ ✐ ♥ ❣ ❛ ♥ ❞ ❤ ✉

❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ♠ ❛ ❦ ❡ ✐ ③ ❡✳ ❚ ❤ ❡ ♦ ♣ ✐ ♠ ❛❧ t ❜ ❛❧ ❛ ♥ ❝ ❡ ❤ ❡ ✇ ♦ ❡ ✛ ❡ ❝ ✳

✸✳ ✻ ❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥

❲❡ ❤ ♦ ✇ ❤ ❛ ♦ ♥❧✐ ♥ ❡ ♣❧ ❛ ❢ ♦ ♠ ❤ ❛ ✈ ❡ ✐ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ♦ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ❡ ❤ ❡ ❞ ❡ ♠ ❛ ♥ ❞ ❤ ❛ ❤ ❡✐

❡❧❧ ❡ ❢ ❛ ❝ ❡ ❜ ② ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♥ ❣ ❝ ♦ ♥ ✉ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡ ✳ ❙ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ②✱ ✐ ♥ ♦ ✉ ♠ ♦ ❞ ❡❧✱ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬

❡ ❝ ♦ ♠ ♠ ❡ ♥ ❞ ❛ ✐ ♦ ♥ ❛ ❡ ❣ ② ✐ ♥ ♦ ♥❧✐ ♥ ❡ ❛ ✐ ♥ ❤ ❡ ✜ ♠ ✉ ❛❧✐ ② ❛ ♥ ❞ ❡ ❞✐ ✐ ❜ ✉ ❡ ♦ ♠ ❡ ❞ ❡ ♠ ❛ ♥ ❞

❢ ♦ ♠ ❤✐ ❣ ❤ ✉ ❛❧✐ ② ♦ ❧ ♦ ✇ ✉ ❛❧✐ ② ❡❧❧ ❡ ✳ ❲ ❤✐❧ ❡ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✛ ❡ ❝ ✉ ❣ ❣ ❡ ❤ ❛ ❤ ❡

❞ ❡ ♠ ❛ ♥ ❞ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♦ ♥ ✐ ❞ ❡ ✐ ♠ ❡ ♥ ❛❧ ♦ ✇ ❡❧❢ ❛ ❡✱ ❤✐ ✐ ♥ ♦ ❝ ❡ ❛✐ ♥ ❛ ❤ ❡ ♠ ❛ ♥✐ ♣ ✉❧ ❛ ✐ ♦ ♥

❛❧ ♦ ❡ ♥❧ ❛ ❣ ❡ ❤ ❡ ♠ ❛ ❦ ❡ ✳ ❆ ❢ ✉❧❧ ✇ ❡❧❢ ❛ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤✐ ❡ ✛ ❡ ❝ ✇ ♦ ✉❧ ❞ ❜ ❡ ❛ ♥ ✐ ♥ ❡ ❡ ✐ ♥ ❣

✺ ✸



♦ ♣✐ ❝ ❢ ♦ ❢ ✉ ❤ ❡ ❡ ❡ ❛ ❝ ❤✳ ❖ ❤ ❡ ♣ ♦ ✐ ❜❧ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ❡ ① ♣❧ ♦ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛❧❧ ♦ ✇✐ ♥ ❣ ♠ ♦ ❡

❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ❞ ♣ ✐ ❝✐ ♥ ❣ ❛ ❡ ❣✐ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✱ ♦ ✉ ❞ ②✐ ♥ ❣ ❝ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥ ❛ ♠ ♦ ♥ ❣ ❡ ✈ ❡ ❛❧

♣❧ ❛ ❢ ♦ ♠ ✳

✺ ✹



✸✳ ❆ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ✲ ❈ ♦ ♥ ❛✐ ♥ ❉ ❡ ✐ ✈ ❛ ✐ ♦ ♥

❉ ❡ ✐ ✈ ❛ ✐ ♦ ♥ ♦❢✿

∏︁ q̄

0

h (q )d q = D. ✭ ✸✳ ✶ ✸✮

❚ ❤✐ ❡ ❝ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ♦ ✇ ❝ ♦ ♥ ❛✐ ♥ ✸✳ ✶ ✸ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❛ ♠✐ ① ❡ ❞ ❛ ❡ ❣ ② h ✉ ♣ ♣ ♦ ❡ ❞

❜ ② ✇ ♦ ♣ ✉ ❡ ❛ ❡ ❣✐ ❡ h i ∈ M, i ∈ 1 , 2 ✳ ● ❡ ♥ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦ ✜ ♥✐ ❡ ♣ ✉ ❡ ❛ ❡ ❣✐ ❡ ✐ ❤ ❡ ♥

❛✐ ❣ ❤ ❢ ♦ ✇ ❛ ❞✳

h i =

⎧
⎨

⎩

1; q ∈ Q i

0; o. w.

▲ ❡ h = ν h 1 + ( 1 − ν )h 2 ✱ ✇ ❤ ❡ ❡ ν ∈ [ 0, 1] ✱ ❤ ❡ ♥✿

h =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

1; q ∈ Q 1 ∩ Q 2

ν ; q ∈ Q 1 \ Q 2

1 − ν ; q ∈ Q 2 \ Q 1

0; o. w.

)︂

Q

h d q =

(︂

Q 1 \ Q 2

h d q +

)︂

Q 2 \ Q 1

h d q +

)︁

Q 1 ∩ Q 2

h d q

=

)︃

Q 1 \ Q 2

ν h 1 d q +

∑︂

Q 2 \ Q 1

( 1 − ν )h 2 d q +

(︃

Q 1 ∩ Q 2

(ν h 1 + ( 1 − ν )h 2 )d q

= ν

)︃

Q 1 \ Q 2

h 1 d q + ( 1 − ν )

∑︂

Q 2 \ Q 1

h 2 d q + ν

(︃

Q 1 ∩ Q 2

h 1 d q + ( 1 − ν )

)︃

Q 1 ∩ Q 2

h 2 d q

= ν

∫︂

Q 1

h 1 d q + ( 1 − ν )

∫︂

Q 2

h 2 d q = ν D + ( 1 − ν )D = D

✸✳ ❇ ❆ ♣ ♣ ❡ ♥ ❞✐ ① ✲ ♦ ♦❢ ♦❢ ❚ ❤ ❡ ♦ ❡ ♠ ✶

❲❡ ✜ ♣ ♦ ✈ ❡ ❡ ✈ ❡ ❛❧ ❧ ❡ ♠ ♠ ❛ ❀ ❤ ❡ ♣ ♦ ♦❢ ♦❢ ❤ ❡ ❤ ❡ ♦ ❡ ♠ ❝ ♦ ♠ ❜✐ ♥ ❡ ❤ ❡ ❧ ❡ ♠ ♠ ❛ ❛ ❤ ❡ ❡ ♥ ❞

♦❢ ❤ ❡ ❛ ♣ ♣ ❡ ♥ ❞✐ ①✳

▲ ❡ ♠ ♠ ❛ ✷✳ ❙ ✉ ♣ ♣ ♦ ❡ h ∗ ✐ ❛ ♣ ❛ ♦❢ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠ ✇✐ ❤ t∗ ∈ ( 0, 1]

❤ ❡ ♥ ✐❢ ∃ α 1 , α2 :
∫︁ α 2

α 1
h ∗ (q )d q = α 2 − α 1 = ⇒

∫︁ q̄

α 1
h ∗ (q )d q = q̄ − α 1

✺ ✺



♦ ♦❢✳ ❙ ✉ ♣ ♣ ♦ ❡ ♥ ♦ ✱ ✜ ① ❛ ♥ ② t∗ ∈ ( 0, 1] ❛ ♥ ❞ ✉ ♣ ♣ ♦ ❡ ∃ β 1 , β2 ✳ ✳ α 2 ≤ β 1 < β 2 ❛ ♥ ❞ ∃ δ > 0

✳ ✳
∏︁ α 2

α 1
1 − h 0 (q )d q ≥ δ ❛ ♥ ❞

)︂ β 2

β 1
h (q )d q = β 2 − β 1 − δ ✳ ❙ ✉ ❝ ❤ δ ❡ ①✐ ✐ ✛✳ h 0 (α 2 ) < 1 ✳ ✶ ✶

❋ ♦ h 0 (α 2 ) < 1 ✱ ❛ ❦ ❡✿

h ′(q ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

h 0 α 1 < q < qˆ

1 β 1 < q < β 2

h o. w.

✇ ❤ ❡ ❡ q̂ ♦❧ ✈ ❡ ✿
(︂ q̂

α 1
1 − h 0 (q )d q = δ

❤ ❡ ♥
)︂ q̄

0
h ∗ (q )d q =

)︁ q̄

0
h ′(q )d q ❛ ♥ ❞ ✇ ❡ ✇✐❧❧ ❤ ♦ ✇ ❤ ❛ h ′ ②✐ ❡❧ ❞ ❤✐ ❣ ❤ ❡ ♣ ♦ ✜ ✱ ✇ ❤✐ ❝ ❤ ✐ ❛

❝ ♦ ♥ ❛ ❞✐ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ♦ ♣ ✐ ♠ ❛❧✐ ② ♦❢ h ∗ ✳ h ′ ②✐ ❡❧ ❞ ❤✐ ❣ ❤ ❡ ♣ ♦ ✜ ✐❢✿

)︃ q̂

α 1

( 1 − g + g (h ∗ (q ) − h ′(q )))( 1 − F (
p (q )

q
))p (q )d q

<

∑︂ β 2

β 1

( 1 − g + g (h ′(q ) − h ∗ (q )))( 1 − F (
p (q )

q
))p (q )d q

❚ ❤✐ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ♦❧ ❞ ❜ ❡ ❝ ❛ ✉ ❡ ( 1 − F ( p ( q )
q

))p (q ) ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✳ ❖ ♥ ❡ ❝ ❛ ♥ ❛ ❦ ❡✿

(︃ q̂

α 1

( 1 − g + g (h ∗ (q ) − h ′(q )))( 1 − F (
p (q )

q
))p (q )d q

<

)︃ q̂

α 1

( 1 − g + g (h ∗ (q ) − h ′(q )))( 1 − F (
p ( q̂)

q̂
))p ( q̂) d q

<

∑︂ β 2

β 1

( 1 − g + g (h ′(q ) − h ∗ (q )))( 1 − F (
p (β 1 )

β 1

))p (β 1 )d q

<

(︃ β 2

β 1

( 1 − g + g (h ′(q ) − h ∗ (q )))( 1 − F (
p (q )

q
))p (q )d q ✭ ✸✳ ✶ ✹✮

❚ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ❡ ♥ ✐ ♥ ❡ ❣ ❛ ❡ ♦✿

( 1 − g + g δ )( 1 − F (
p ( q̂)

q̂
))p ( q̂) < ( 1 − g + g δ )( 1 − F (

p (β 1 )

β 1

))p (β 1 )

✇ ❤✐ ❝ ❤ ❤ ♦❧ ❞ ✱ ❜ ❡ ❝ ❛ ✉ ❡ q̂ < α 2 < β 1 ✳

▲ ❡ q 3 ≡ i nf{ α 1 :
)︃ q̄

α 1
h (q )d q = q̄ − α 1 }

▲ ❡ ♠ ♠ ❛ ✸✳ ✭ ▼ ♦ ♥ ♦ ♦ ♥✐ ❝✐ ② ✉ ♥ ❞ ❡ h 0 ✮ ❋ ♦ ❛❧❧ α 2 < β 1 < β 2 ≤ q 0 ✱ ✇ ❤ ❡ ❡ q 0 ≡ h − 1
0 ( 0)✱ ❧ ❡

✶ ✶ ■ ♥ ❝ ❛ ❡ ♦❢ h 0 (α 2 ) > 0 ✱ ♦ ♥ ❡ ❝ ❛ ♥ ❛ ❦ ❡ h ′(q ) = 0 ❢ ♦ α 1 < q < qˆ ❛ ♥ ❞ ❤ ❡ ❡ ♦❢ ❤ ❡ ♣ ♦ ♦❢ ✐ ❤ ❡ ❛ ♠ ❡✳

✺ ✻



α 1 ❜ ❡ ✉ ❝ ❤ ❤ ❛ ✿ ∏︁ α 2

α 1

h 0 (q )d q =

)︂ β 2

β 1

h 0 (q )d q ≡ δ

❤ ❡ ♥✿

(︂ α 2

α 1

( 1 − g + g h 0 (q ))( 1 − F (
p (q )

q
))p (q )d q <

)︂ β 2

β 1

( 1 − g + g h 0 (q ))( 1 − F (
p (q )

q
))p (q )d q

♦ ♦❢✳ ❚ ❤ ❡ ✐ ❝ ❦ ✐ ❤ ❡ ❛ ♠ ❡ ❛ ✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ♣ ♦ ♦❢✳ ❘ ❡ ❛❧✐ ③✐ ♥ ❣ ❤ ❛ ( 1 − F ( p ( q )
q

))p (q ) ✐

✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✱

)︁ α 2

α 1

( 1 − g + g h 0 (q ))( 1 − F (
p (q )

q
))p (q )d q

<

)︃ α 2

α 1

( 1 − g + g h 0 (q ))( 1 − F (
p (α 2 )

α 2

))p (α 2 )d q

<

∑︂ β 2

β 1

( 1 − g + g h 0 (q ))( 1 − F (
p (β 1 )

β 1

))p (β 1 )d q

<

(︃ β 2

β 1

( 1 − g + g h 0 (q ))( 1 − F (
p (q )

q
))p (q )d q ✭ ✸✳ ✶ ✺✮

❚ ❤ ❡ ♠✐ ❞ ❞❧ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ❡ ♥ ✐ ♠ ♣❧✐ ✜ ❡ ♦✿

( 1 − g + g ϵ )( 1 − F (
p ( q̂)

q̂
))p ( q̂) < ( 1 − g + g ϵ )( 1 − F (

p (β 1 )

β 1

))p (β 1 )

❲ ❤✐ ❝ ❤ ✐ ✉ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ( 1 − F ( p ( q )
q

))p (q ) ✐ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐ ♥ q ✳

▲ ❡ ♠ ♠ ❛ ✸ ❛ ② ❤ ❛ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠ ❛❧ ✇ ❛ ② ♣ ❡❢ ❡ ♦ ❛ ✐ ❣ ♥ ♠ ❛ ♦ ✇ ❛ ❞ ❤✐ ❣ ❤ ❡ q ✱ ✇ ❤ ❡ ♥

❝ ❤ ♦ ♦ ✐ ♥ ❣ ❛ ♠ ♦ ♥ ❣ ❡❧❧ ❡ ❢ ♦ ✇ ❤ ♦ ♠ ❤ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❛ ✐ ♦ ♥ ❛❧✐ ② ❝ ♦ ♥ ❛✐ ♥ ✐ ❥ ✉ ❛ ✐ ✜ ❡ ❞✳

▲ ❡ ♠ ♠ ❛ ✹✳ ■❢ ∃ α 1 , α2 ≤ q 3 ✳ ✿
)︃ α 2

α 1
h (q )d q >

∑︂ α 2

α 1
h 0 (q )d q ≥ 0 ❤ ❡ ♥ h ✐ ♥ ♦ ❛ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦

❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠✳

♦ ♦❢✳ ▲ ❡ δ ≡
(︃ α 2

α 1
h (q ) − h 0 (q )d q ✳ ❋ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ✇ ❡ ♣ ♦ ✈ ❡ ❤ ❡ ❝ ❛ ❡ ✐ ♥ ✇ ❤✐ ❝ ❤ q 3 − δ ≥

q 0 ≥ α 2 ✱ ❤ ❡ ♦ ❤ ❡ ❝ ❛ ❡ ❛ ❡ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧✱ ❡ ✉✐ ✐ ♥ ❣ ♣ ❡ ❝✐ ❛❧ ❡ ❛ ♠ ❡ ♥ ♦ ❞ ❡ ✜ ♥ ❡ h ′✳ ■ ♥ ❤✐

❝ ❛ ❡✿

h ′ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 q > q 3 − δ

h 0 α 1 ≤ q ≤ α 2

h o. w.

✺ ✼



②✐ ❡❧ ❞ ❤✐ ❣ ❤ ❡ ♣ ♦ ✜ ✳

■ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ▲ ❡ ♠ ♠ ❛ ✹ ❤ ❛ ✐ ✐ ✇ ❛ ❡❢ ✉❧ ♦ ❛❧❧ ♦ ❝ ❛ ❡ ❛ ♥ ② ❤✐ ♥ ❣ ✐ ❝ ❧ ② ❜ ❡ ✇ ❡ ❡ ♥ 1

❛ ♥ ❞ h 0 (q ) ♠ ❛ ♦ ❛ ♥ ② ❡❧❧ ❡ ✳

❈ ♦ ♦❧❧ ❛ ② ✸✳ ✭ ❖❢ ▲ ❡ ♠ ♠ ❛ ✸ ❛ ♥ ❞ ✹ ✮ ❙ ✉ ♣ ♣ ♦ ❡ h ∗ ✐ ❛ ♣ ❛ ♦❢ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬

♣ ♦ ❜❧ ❡ ♠ ✇✐ ❤ t∗ ∈ ( 0, 1] ❤ ❡ ♥ ✐❢ ∃ α 1 , α2 :
∏︁ α 2

α 1
h (q )d q =

)︂ α 2

α 1
h 0 (q )d q = ⇒

(︂ q 2

α 1
h (q )d q =

)︂ q 2

α 1
h 0 (q )d q ✱ ✇ ❤ ❡ ❡ q 2 ≡ mi n { q 0 , q3 } ✳

❈ ♦ ♦❧❧ ❛ ② ✸ ♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ▲ ❡ ♠ ♠ ❛ ✺ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ❤ ❛ ♣ ❡ ♦❢ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ❧ ❡❢ ♦❢

♣ ♦✐ ♥ q 2 ✳ ▲ ❡ q 1 ≡ i nf{ α 1 :
)︁ q 2

α 1
h (q )d q =

)︃ q 2

α 1
h 0 (q )d q }

▲ ❡ ♠ ♠ ❛ ✺✳ ■❢ ∃ α 1 , α2 ≤ q 1 ✳ ✿ 0 <
∑︂ α 2

α 1
h (q )d q <

(︃ α 2

α 1
h 0 (q )d q ❤ ❡ ♥ h ✐ ♥ ♦ ❛ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦

❤ ❡ ♣❧ ❛ ❢ ♦ ♠✬ ♣ ♦ ❜❧ ❡ ♠✳

♦ ♦❢✳ ▲ ❡ δ ≡
)︃ α 2

α 1
h (q )d q ✳ ▲ ❡ β ❜ ❡ ✉ ❝ ❤ ❤ ❛

∑︂ q 1

β
h 0 (q ) = δ ✳ ❋ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ✇ ❡ ♣ ♦ ✈ ❡ ❤ ❡

❝ ❛ ❡ ✐ ♥ ✇ ❤✐ ❝ ❤ α 2 ≤ β ✱ ❤ ❡ ♦ ❤ ❡ ❝ ❛ ❡ ✐ ❛ ♥ ❛❧ ♦ ❣✐ ❝ ❛❧✱ ❡ ✉✐ ✐ ♥ ❣ ♣ ❡ ❝✐ ❛❧ ❡ ❛ ♠ ❡ ♥ ♦ ❞ ❡ ✜ ♥ ❡

h ′✳ ■ ♥ ❤✐ ❝ ❛ ❡✿

h ′ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0 α 1 ≤ q ≤ α 2

h 0 (q ) β ≤ q ≤ q 1

h o. w.

②✐ ❡❧ ❞ ❤✐ ❣ ❤ ❡ ♣ ♦ ✜ ✳

❋✐ ♥ ❛❧❧ ②✱ ✇ ❡ ❛ ❡ ❡ ❛ ❞ ② ♦ ♣ ♦ ✈ ❡ ❚ ❤ ❡ ♦ ❡ ♠ ✶✿

♦ ♦❢✳ ❇ ② ▲ ❡ ♠ ♠ ❛ ✺✱ ❢ ♦ q ≤ q 1 : h ∗ (q ) = 0 ❛❧ ♠ ♦ ❡ ✈ ❡ ② ✇ ❤ ❡ ❡✳ ❇ ② ❈ ♦ ♦❧❧ ❛ ② ✸ ❢ ♦

q ∈ [q 1 , q2 ] : h ∗ (q ) = h 0 (q ) ❛❧ ♠ ♦ ❡ ✈ ❡ ② ✇ ❤ ❡ ❡✳ ❇ ② ▲ ❡ ♠ ♠ ❛ ✷ ❢ ♦ ❛❧❧ q ≥ q 3 : h ∗ (q ) = 1

❛❧ ♠ ♦ ❡ ✈ ❡ ② ✇ ❤ ❡ ❡✳ ❋✐ ♥ ❛❧❧ ② ❜ ② ▲ ❡ ♠ ♠ ❛ ✹ ❢ ♦ ❛❧❧ q ∈ [q 2 , q3 ] : h (q ) = 0 ❛❧ ♠ ♦ ❡ ✈ ❡ ② ✇ ❤ ❡ ❡✳

❚ ❤✐ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ♣ ♦ ♦❢✳

✺ ✽



❇✐ ❜❧✐ ♦ ❣ ❛ ♣ ❤ ②

❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉✱ ❆ ✐❧ ❛✱ ❏ ♦ ❤ ✉ ❛ ❉ ❆ ♥ ❣ ✐ ✱ ❨ ✉ ✉ ❦ ❡ ◆ ❛ ✐ ❛✱ ❛ ♥ ❞ ❛ ❛ ❣ ❆ ❛ ❤ ❛ ❦✳ ✷ ✵ ✶ ✼✳
✏ ❘ ❡ ❡ ❛ ❝ ❤ ❞ ❡ ✐ ❣ ♥ ♠ ❡ ❡ ♠ ❛ ❦ ❡ ❞ ❡ ✐ ❣ ♥✿ ❯ ✐ ♥ ❣ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❛ ✐ ❣ ♥ ♠ ❡ ♥ ❢ ♦ ✐ ♠ ♣ ❛ ❝ ❡ ✈ ❛❧✲
✉ ❛ ✐ ♦ ♥✳✑ ❊ ❝ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ✽ ✺ ✭ ✺✮✿ ✶ ✸ ✼ ✸ ✕ ✶ ✹ ✸ ✷✳

❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉✱ ❆ ✐❧ ❛✱ ❛ ❛ ❣ ❆ ❛ ❤ ❛ ❦✱ ❛ ♥ ❞ ❆❧ ✈✐ ♥ ❊ ❘ ♦ ❤✳ ✷ ✵ ✵ ✾✳ ✏ ❙ ❛ ❡ ❣ ②✲ ♣ ♦ ♦❢ ♥ ❡
✈ ❡ ✉ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ✐ ♥ ♠ ❛ ❝ ❤✐ ♥ ❣ ✇✐ ❤ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✿ ❘ ❡ ❞ ❡ ✐ ❣ ♥✐ ♥ ❣ ❤ ❡ ◆ ❨ ❈ ❤✐ ❣ ❤ ❝ ❤ ♦ ♦❧
♠ ❛ ❝ ❤✳✑ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❘ ❡ ✈✐ ❡ ✇ ✾ ✾ ✭ ✺✮✿ ✶ ✾ ✺ ✹ ✕ ✼ ✽✳

❆ ❜ ❞ ✉❧ ❦ ❛ ❞✐ ♦ ➜❧ ✉✱ ❆ ✐❧ ❛✱ ❛ ♥ ❞ ❚ ❛ ②❢ ✉ ♥ ❙ ♥ ♠ ❡ ③✳ ✷ ✵ ✵ ✸✳ ✏ ❙ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✿ ❆ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❞ ❡ ✐ ❣ ♥
❛ ♣ ♣ ♦ ❛ ❝ ❤✳✑ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ❡ ✈✐ ❡ ✇ ✾ ✸ ✭ ✸✮✿ ✼ ✷ ✾ ✕ ✼ ✹ ✼✳

❆ ♥ ❞ ❡ ♦ ♥✱ ❈ ❤ ✐ ❑✳ ✷ ✵ ✶ ✷✳ ✏ ❚ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ♦ ❝✐ ❛❧ ♠ ❡ ❞✐ ❛ ♦ ♥ ❧ ♦ ❞ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡✳✑

❆ ♠ ♦ ♥ ❣✱ ▼ ❛ ❦✳ ✷ ✵ ✵ ✻✳ ✏ ❈ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥ ✐ ♥ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ❦ ❡ ✳✑ ❚ ❤ ❡ ❘ ❆ ◆ ❉ ❏ ♦ ✉ ♥ ❛❧ ♦❢
❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ✸ ✼ ✭ ✸✮✿ ✻ ✻ ✽ ✕ ✻ ✾ ✶✳

❇ ❛ ❞ ❡✱ ❙ ♦ ♣ ❤✐ ❡✳ ✷ ✵ ✶ ✵✳ ✏ ▼ ❛ ❝ ❤✐ ♥ ❣ ❛❧❧ ♦ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠ ✇✐ ❤ ❡ ♥ ❞ ♦ ❣ ❡ ♥ ♦ ✉ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐✲
✐ ✐ ♦ ♥✳✑ ▼ ■ ❈ ♦❧❧ ❡ ❝ ✐ ✈ ❡ ● ♦ ♦ ❞ ❡ ♣ ✐ ♥ ✱ ♥ ♦✳ ✷ ✵ ✶ ✵ ✴ ✹ ✻✳

❇ ❛❧✐ ♥ ❦✐✱ ▼✱ ❛ ♥ ❞ ❚ ❙ ♦ ♥ ♠ ❡ ③✳ ✶ ✾ ✾ ✽✳ ✏ ❆ ❛❧ ❡ ♦❢ ✇ ♦ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✿ ✉ ❞ ❡ ♥ ♣❧ ❛ ❝ ❡ ♠ ❡ ♥ ✳✑
❏ ♦ ✉ ♥ ❛❧ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❤ ❡ ♦ ② ✽ ✹✿ ✼ ✸ ✕ ✾ ✹✳

❈ ❛❧ ❛ ♠ ❣❧✐ ❛✱ ❈ ❛ ❡ ✐ ♥ ❛✱ ❈ ❤ ❛ ♦ ❋ ✉✱ ❛ ♥ ❞ ▼ ❛✐ ❛ ● ❡❧❧✳ ✷ ✵ ✶ ✽✳ ✏ ❙ ✉ ❝ ✉ ❛❧ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❛
♠ ♦ ❞ ❡❧ ♦❢ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ✿ ❚ ❤ ❡ ❇ ♦ ♦ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✈ ✳ ✐ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✳✑ ❚❡ ❝ ❤ ♥✐ ❝ ❛❧
❘ ❡ ♣ ♦ ✱ ◆ ❛ ✐ ♦ ♥ ❛❧ ❇ ✉ ❡ ❛ ✉ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❘ ❡ ❡ ❛ ❝ ❤✳

❈ ❛❧ ❛ ♠✐ ❣❧✐ ❛✱ ❈✱ ● ❍ ❛ ❡ ✐ ♥ ❣ ❡ ✱ ❛ ♥ ❞ ❋ ❑❧✐❥ ♥✳ ✷ ✵ ✶ ✵✳ ✏ ❈ ♦ ♥ ❛✐ ♥ ❡ ❞ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✿ ❆ ♥ ❡ ① ♣ ❡ ✲
✐ ♠ ❡ ♥ ❛❧ ✉ ❞ ②✳✑ ❚ ❤ ❡ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❘ ❡ ✈✐ ❡ ✇✱ ✈ ♦❧✳ ✶ ✵ ✵✳

❈ ❛❧ ❛ ♠✐ ❣❧✐ ❛✱ ❈ ❛ ❡ ✐ ♥ ❛✱ ❛ ♥ ❞ ▼ ❛✐ ❛ ● ❡❧❧✳ ✷ ✵ ✶ ✹✳ ✏ ❚ ❤ ❡ ✐❧❧ ✉ ✐ ♦ ♥ ♦❢ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✿ ❡ ♠ ♣✐ ✐ ❝ ❛❧
❡ ✈✐ ❞ ❡ ♥ ❝ ❡ ❢ ♦ ♠ ❇ ❛ ❝ ❡❧ ♦ ♥ ❛✳✑

❈ ❤ ❛ ❦ ❛ ❜ ♦ ②✱ ❆ ❝ ❤✐ ❤ ♠ ❛ ♥✱ ❆❧ ❡ ❛ ♥ ❞ ♦ ❈✐ ❛ ♥ ♥ ❛✱ ❛ ♥ ❞ ▼✐ ❝ ❤ ❛ ❡❧ ❖ ♦ ✈ ❦ ②✳ ✷ ✵ ✶ ✵✳ ✏ ❚ ✇ ♦✲
✐ ❞ ❡ ❞ ♠ ❛ ❝ ❤✐ ♥ ❣ ✇✐ ❤ ✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✈ ❛❧ ✉ ❡ ✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❚ ❤ ❡ ♦ ② ✶ ✹ ✺ ✭ ✶✮✿

✽ ✺ ✕ ✶ ✵ ✺✳

❈ ❤ ❡✱ ❨❡ ♦ ♥✲ ❑ ♦ ♦✱ ❏✐ ♥ ✇ ♦ ♦ ❑✐ ♠✱ ❛ ♥ ❞ ❋ ✉ ❤✐ ♦ ❑ ♦❥✐ ♠ ❛✳ ✷ ✵ ✶ ✺✳ ✏ ❊ ✣ ❝✐ ❡ ♥ ❛ ✐ ❣ ♥ ♠ ❡ ♥ ✇✐ ❤
✐ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✈ ❛❧ ✉ ❡ ✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❚ ❤ ❡ ♦ ② ✶ ✺ ✽✿ ✺ ✹ ✕ ✽ ✻✳

❈ ❤ ❡✱ ❨❡ ♦ ♥✲ ❑ ♦ ♦✱ ❛ ♥ ❞ ❨ ♦ ✉ ♥ ❣ ✇ ♦ ♦ ❑ ♦ ❤✳ ✷ ✵ ✶ ✻✳ ✏ ❉ ❡ ❝ ❡ ♥ ❛❧✐ ③ ❡ ❞ ❝ ♦❧❧ ❡ ❣ ❡ ❛ ❞ ♠✐ ✐ ♦ ♥ ✳✑ ❏ ♦ ✉ ♥ ❛❧
♦❢ ♦❧✐ ✐ ❝ ❛❧ ❊ ❝ ♦ ♥ ♦ ♠ ② ✶ ✷ ✹ ✭ ✺✮✿ ✶ ✷ ✾ ✺ ✕ ✶ ✸ ✸ ✽✳

❈ ❤ ❡ ♥✱ ❍✱ ❛ ♥ ❞ ❨✐ ♥ ❣ ❤ ✉ ❛ ❍ ❡✳ ✷ ✵ ✶ ✼✳ ✏■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦ ✈✐ ✐ ♦ ♥ ✐ ♥ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✿
❛ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✉ ❞ ②✳✑ ❚❡ ❝ ❤ ♥✐ ❝ ❛❧ ❘ ❡ ♣ ♦ ✱ ❲ ♦ ❦✐ ♥ ❣ ♣ ❛ ♣ ❡ ✳

✺ ✾



❈ ❤ ❡ ♥✱ ▲✐✳ ✷ ✵ ✶ ✽✳ ✏ ❚✐ ♠✐ ♥ ❣ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ❙ ✉ ❜ ♠✐ ✐ ♦ ♥ ❯ ♥ ❞ ❡ ❤ ❡ ❇ ♦ ♦ ♥ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠✳✑
❆ ✈ ❛✐❧ ❛ ❜❧ ❡ ❛ ❙ ❙ ❘ ◆ ✸ ✵ ✶ ✼ ✶ ✺ ✻ ✳

❈ ❤ ❡ ♥✱ ❨✱ ❛ ♥ ❞ ❚ ❙ ♦ ♥ ♠ ❡ ③✳ ✷ ✵ ✵ ✻✳ ✏ ❙ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✿ ❛ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✉ ❞ ②✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢
❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❤ ❡ ♦ ② ✶ ✷ ✼✿ ✷ ✵ ✷ ✕ ✷ ✸ ✶✳

❈ ❤ ❡ ♥✱ ❨ ❛ ♥✱ ❛ ♥ ❞ ❨✐ ♥ ❣ ❤ ✉ ❛ ❍ ❡✳ ✷ ✵ ✶ ✺✳ ✏■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦ ✈✐ ✐ ♦ ♥ ✐ ♥ ❝ ❤ ♦ ♦❧
❝ ❤ ♦✐ ❝ ❡✳✑ ❚❡ ❝ ❤ ♥✐ ❝ ❛❧ ❘ ❡ ♣ ♦ ✱ ♠✐ ♠ ❡ ♦✳

❈ ♦❧ ♦ ♠ ❜ ♦✱ ▲ ✉ ❝ ❛✱ ●✐ ❛ ♥❧ ✉ ❝ ❛ ❋❡ ♠ ♠✐ ♥✐ ✱ ❛ ♥ ❞ ❆❧ ❡ ❛ ♥ ❞ ♦ ❛ ✈ ❛ ♥✳ ✷ ✵ ✶ ✹✳ ✏■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐✲
✐ ✐ ♦ ♥ ❛ ♥ ❞ ✇ ❡❧❢ ❛ ❡✳✑ ❚ ❤ ❡ ❘ ❡ ✈✐ ❡ ✇ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❙ ✉ ❞✐ ❡ ✽ ✶ ✭ ✹✮✿ ✶ ✹ ✸ ✽ ✕ ✶ ✹ ✽ ✸✳

❉ ❡ ❍ ❛ ❛ ♥✱ ▼ ♦ ♥✐ ✉ ❡✱ ✐ ❡ ❡ ❆ ● ❛ ✉ ✐ ❡ ✱ ❍ ❡ ❡❧ ❖ ♦ ❡ ❜ ❡ ❡ ❦✱ ❛ ♥ ❞ ❇ ❛ ❱ ❛ ♥ ❞ ❡ ❑❧ ❛ ❛ ✉ ✇✳
✷ ✵ ✶ ✺✳ ✏ ❚ ❤ ❡ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❝ ❤ ♦ ♦❧ ❛ ✐ ❣ ♥ ♠ ❡ ♥ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✳✑

❉✐ ♥ ❡ ❡✐ ♥✱ ▼✐ ❝ ❤ ❛ ❡❧✱ ▲✐ ❛ ♥ ❊✐ ♥ ❛ ✈✱ ❏ ♦ ♥ ❛ ❤ ❛ ♥ ▲ ❡ ✈✐ ♥✱ ❛ ♥ ❞ ◆ ❡ ❡❧ ❙ ✉ ♥ ❞ ❛ ❡ ❛ ♥✳ ✷ ✵ ✶ ✽✳ ✏ ❈ ♦ ♥✲
✉ ♠ ❡ ♣ ✐ ❝ ❡ ❡ ❛ ❝ ❤ ❛ ♥ ❞ ♣❧ ❛ ❢ ♦ ♠ ❞ ❡ ✐ ❣ ♥ ✐ ♥ ✐ ♥ ❡ ♥ ❡ ❝ ♦ ♠ ♠ ❡ ❝ ❡✳✑ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝

❘ ❡ ✈✐ ❡ ✇ ✶ ✵ ✽ ✭ ✼✮✿ ✶ ✽ ✷ ✵ ✕ ✺ ✾✳

❉ ✉ ❜✐ ♥ ✱ ▲ ❡ ❡ ❊✱ ❛ ♥ ❞ ❉ ❛ ✈✐ ❞ ❆ ❋ ❡ ❡ ❞ ♠ ❛ ♥✳ ✶ ✾ ✽ ✶✳ ✏ ▼ ❛ ❝ ❤✐ ❛ ✈ ❡❧❧✐ ❛ ♥ ❞ ❤ ❡ ● ❛❧ ❡✲ ❙ ❤ ❛ ♣❧ ❡ ②
❛❧ ❣ ♦ ✐ ❤ ♠✳✑ ❚ ❤ ❡ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ▼ ♦ ♥ ❤❧ ② ✽ ✽ ✭ ✼✮✿ ✹ ✽ ✺ ✕ ✹ ✾ ✹✳

❊ ✱ ❊ ② ❛❧✳ ✷ ✵ ✶ ✹✳ ◆ ♦ ♥ ✐ ✈✐ ❛❧ ❇ ❡ ❤ ❛ ✈✐ ♦ ❛❧ ■ ♠ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❚ ✐ ✈✐ ❛❧ ❉ ❡ ✐ ❣ ♥ ❈ ❤ ♦✐ ❝ ❡ ✐ ♥ ❚ ❛ ✈ ❡❧
❲❡ ❜ ✐ ❡ ✳

❊ ✱ ❊ ② ❛❧✱ ❛ ♥ ❞ ❆❧✐ ③ ❛ ❋❧ ❡✐ ❝ ❤ ❡ ✳ ✷ ✵ ✶ ✻✳ ✏ ▼ ❡ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❡ ✛ ❡ ❝ ✐ ♥ ❜ ♦ ♦ ❦✐ ♥ ❣ ❤ ♦ ❡❧ ♦ ♥❧✐ ♥ ❡✳✑
❏ ♦ ✉ ♥ ❛❧ ♦❢ ❚ ❛ ✈ ❡❧ ❘ ❡ ❡ ❛ ❝ ❤ ✺ ✺ ✭ ✸✮✿ ✸ ✶ ✶ ✕ ✸ ✷ ✶✳

● ❛❧ ❡✱ ❉ ❛ ✈✐ ❞✱ ❛ ♥ ❞ ▲❧ ♦ ② ❞ ❙ ❙ ❤ ❛ ♣❧ ❡ ②✳ ✶ ✾ ✻ ✷✳ ✏ ❈ ♦❧❧ ❡ ❣ ❡ ❛ ❞ ♠✐ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❛ ❜✐❧✐ ② ♦❢
♠ ❛ ✐ ❛ ❣ ❡✳✑ ❚ ❤ ❡ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ▼ ♦ ♥ ❤❧ ② ✻ ✾ ✭ ✶✮✿ ✾ ✕ ✶ ✺✳

❍ ❛ ❡ ✐ ♥ ❣ ❡ ✱ ●✱ ❛ ♥ ❞ ❋ ❑❧✐❥ ♥✳ ✷ ✵ ✵ ✾✳ ✏ ❈ ♦ ♥ ❛✐ ♥ ❡ ❞ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝
❚ ❤ ❡ ♦ ② ✶ ✹ ✹✿ ✶ ✾ ✷ ✶ ✕ ✶ ✾ ✹ ✼✳

❍ ❛ ❣✐ ✉✱ ❆ ♥ ❞ ❡✐✱ ❛ ♥ ❞ ❇ ✉ ♥ ♦ ❏ ✉❧❧✐ ❡ ♥✳ ✷ ✵ ✶ ✹✳ ✏ ❙ ❡ ❛ ❝ ❤ ❞✐ ✈ ❡ ✐ ♦ ♥ ❛ ♥ ❞ ♣❧ ❛ ❢ ♦ ♠ ❝ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥✳✑
■ ♥ ❡ ♥ ❛ ✐ ♦ ♥ ❛❧ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ■ ♥ ❞ ✉ ✐ ❛❧ ❖ ❣ ❛ ♥✐ ③ ❛ ✐ ♦ ♥ ✸ ✸✿ ✹ ✽ ✕ ✻ ✵✳

❍ ❡❧❧ ✇✐ ❣✱ ❈ ❤ ✐ ✐ ❛ ♥✱ ❛ ♥ ❞ ▲ ❛ ✉ ❛ ❱❡❧ ❞ ❦ ❛ ♠ ♣✳ ✷ ✵ ✵ ✾✳ ✏ ❑ ♥ ♦ ✇✐ ♥ ❣ ✇ ❤ ❛ ♦ ❤ ❡ ❦ ♥ ♦ ✇✿ ❈ ♦ ♦ ❞✐✲
♥ ❛ ✐ ♦ ♥ ♠ ♦ ✐ ✈ ❡ ✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥✳✑ ❚ ❤ ❡ ❘ ❡ ✈✐ ❡ ✇ ♦❢ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❙ ✉ ❞✐ ❡ ✼ ✻ ✭ ✶✮✿
✷ ✷ ✸ ✕ ✷ ✺ ✶✳

■ ♠ ♠ ♦ ❧✐ ❝ ❛✱ ◆✐ ❝ ♦❧ ❡ ❙✱ ❏ ❛ ❝ ♦ ❜ ❉ ▲ ❡ ❤ ♥ ♦✱ ■ ❡ ♥ ❡ ❨ ▲ ♦✱ ❛ ♥ ❞ ❇ ❡ ♥ ❞ ❛ ♥ ❏ ▲ ✉ ❝✐ ❡ ✳ ✷ ✵ ✶ ✽✳ ✏ ❈ ♦ ❧ ②
■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❆ ❝ ✉✐ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ❙ ❛ ❜❧ ❡ ▼ ❛ ❝ ❤✐ ♥ ❣ ▼ ❡ ❝ ❤ ❛ ♥✐ ♠ ✳✑

❏ ✉❧❧✐ ❡ ♥✱ ❇ ✉ ♥ ♦✳ ✷ ✵ ✶ ✶✳ ✏ ❈ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥ ✐ ♥ ♠ ✉❧ ✐✲ ✐ ❞ ❡ ❞ ♠ ❛ ❦ ❡ ✿ ❉✐ ✈✐ ❞ ❡ ❛ ♥ ❞ ❝ ♦ ♥ ✉ ❡ ✳✑ ❆ ♠ ❡ ✲
✐ ❝ ❛ ♥ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❏ ♦ ✉ ♥ ❛❧✿ ▼✐ ❝ ♦ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ✸ ✭ ✹✮✿ ✶ ✽ ✻ ✕ ✷ ✷ ✵✳

❑❧ ♦ ♦ ❡ ♠ ❛ ♥✱ ❆ ♥ ❞ ❡ ✇✱ ❛ ♥ ❞ ❡ ❡ ❚ ♦ ② ❛ ♥✳ ✷ ✵ ✶ ✽✳ ✏ ❙ ❝ ❤ ♦ ♦❧ ❝ ❤ ♦✐ ❝ ❡ ✇✐ ❤ ❛ ② ♠ ♠ ❡ ✐ ❝ ✐ ♥❢ ♦ ✲
♠ ❛ ✐ ♦ ♥✿ ♣ ✐ ♦ ✐ ② ❞ ❡ ✐ ❣ ♥ ❛ ♥ ❞ ❤ ❡ ❝ ✉ ❡ ♦❢ ❛ ❝ ❝ ❡ ♣ ❛ ♥ ❝ ❡✳✑ ❆ ✈ ❛✐❧ ❛ ❜❧ ❡ ❛ ❙ ❙ ❘ ◆ ✸ ✵ ✾ ✹ ✸ ✽ ✹ ✳

❑ ♦❥✐ ♠ ❛✱ ❋ ✉ ❤✐ ♦✱ ❛ ♥ ❞ ❛ ❛ ❣ ❆ ❛ ❤ ❛ ❦✳ ✷ ✵ ✵ ✾✳ ✏■ ♥ ❝ ❡ ♥ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❜✐❧✐ ② ✐ ♥ ❧ ❛ ❣ ❡ ✇ ♦✲ ✐ ❞ ❡ ❞
♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ❛ ❦ ❡ ✳✑ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝ ❘ ❡ ✈✐ ❡ ✇ ✾ ✾ ✭ ✸✮✿ ✻ ✵ ✽ ✕ ✷ ✼✳

❑ ❡ ♠ ❡ ✱ ■❧ ❛ ♥✱ ❨✐ ❤ ❛ ② ▼ ❛ ♥ ♦ ✉ ✱ ❛ ♥ ❞ ▼ ♦ ② ❡ ②✳ ✷ ✵ ✶ ✹✳ ✏■ ♠ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❣ ❤ ❡ ✇✐ ❞ ♦ ♠ ♦❢
❤ ❡ ❝ ♦ ✇ ❞✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ♦❧✐ ✐ ❝ ❛❧ ❊ ❝ ♦ ♥ ♦ ♠ ② ✶ ✷ ✷ ✭ ✺✮✿ ✾ ✽ ✽ ✕ ✶ ✵ ✶ ✷✳

▲✐ ✉✱ ◗✐ ♥ ❣ ♠✐ ♥✱ ● ❡ ♦ ❣ ❡ ❏ ▼ ❛✐❧ ❛ ❤✱ ❆ ♥ ❞ ❡ ✇ ♦ ❧ ❡ ✇ ❛✐ ❡✱ ❛ ♥ ❞ ▲ ❛ ② ❙ ❛ ♠ ✉ ❡❧ ♦ ♥✳ ✷ ✵ ✶ ✹✳
✏ ❙ ❛ ❜❧ ❡ ♠ ❛ ❝ ❤✐ ♥ ❣ ✇✐ ❤ ✐ ♥ ❝ ♦ ♠ ♣❧ ❡ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳✑ ❊ ❝ ♦ ♥ ♦ ♠ ❡ ✐ ❝ ❛ ✽ ✷ ✭ ✷✮✿ ✺ ✹ ✶ ✕ ✺ ✽ ✼✳

✻ ✵



▼ ❛ ♥ ❞ ❡❧✱ ◆ ❛ ♦ ♠✐✱ ❛ ♥ ❞ ❊ ✐ ❝ ❏ ❏ ♦ ❤ ♥ ♦ ♥✳ ✷ ✵ ✵ ✷✳ ✏ ❲ ❤ ❡ ♥ ✇ ❡ ❜ ♣ ❛ ❣ ❡ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❝ ❤ ♦✐ ❝ ❡✿ ❊ ✛ ❡ ❝ ♦❢
✈✐ ✉ ❛❧ ♣ ✐ ♠ ❡ ♦ ♥ ❡ ① ♣ ❡ ❛ ♥ ❞ ♥ ♦ ✈✐ ❝ ❡ ✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❝ ♦ ♥ ✉ ♠ ❡ ❡ ❡ ❛ ❝ ❤ ✷ ✾ ✭ ✷✮✿ ✷ ✸ ✺ ✕ ✷ ✹ ✺✳

▼ ❛ ✐ ♥✱ ❏ ♦❧✐ ❡ ▼✱ ❛ ♥ ❞ ▼✐ ❝ ❤ ❛ ❡❧ ■ ◆ ♦ ♦ ♥✳ ✷ ✵ ✵ ✾✳ ✏ ❙ ❤ ❛ ♣✐ ♥ ❣ ♦ ♥❧✐ ♥ ❡ ❝ ♦ ♥ ✉ ♠ ❡ ❝ ❤ ♦✐ ❝ ❡ ❜ ②
♣ ❛ ✐ ✐ ♦ ♥✐ ♥ ❣ ❤ ❡ ✇ ❡ ❜✳✑ ② ❝ ❤ ♦❧ ♦ ❣ ② ✫ ▼ ❛ ❦ ❡ ✐ ♥ ❣ ✷ ✻ ✭ ✶ ✵✮✿ ✾ ✵ ✽ ✕ ✾ ✷ ✻✳

▼ ❡❧❧✐ ♥ ❛ ✱ ❏ ✉ ❛ ♥ ❡ ❞ ♦✱ ❙ ♦❧ ❡ ❞ ❛ ❞✲ ▼ ❛ ❛ ▼ ❛ ♥ ❡ ③ ▼ ❛ ❛✲ ❉ ♦❧ ♦ ❡ ✱ ❛ ♥ ❞ ❏ ✉ ❛ ♥ ❏ ❡ ❇ ❡ ♥ ❛❧
● ❛ ❝ ❛✳ ✷ ✵ ✶ ✺✳ ✏ ❇ ♦ ♦ ❦✐ ♥ ❣✳ ❝ ♦ ♠✿ ❚ ❤ ❡ ✉ ♥ ❡ ① ♣ ❡ ❝ ❡ ❞ ❝ ♦ ✐ ♥ ❣ ② ❡ ♠✳✑ ❚ ♦ ✉ ✐ ♠ ▼ ❛ ♥ ❛ ❣ ❡✲
♠ ❡ ♥ ✹ ✾✿ ✼ ✷ ✕ ✼ ✹✳

✳ ✷ ✵ ✶ ✻✳ ✏ ❊ ✛ ❡ ❝ ♦❢ ❤ ❡ ❇ ♦ ♦ ❦✐ ♥ ❣✳ ❝ ♦ ♠ ❝ ♦ ✐ ♥ ❣ ② ❡ ♠✳✑ ❚ ♦ ✉ ✐ ♠ ▼ ❛ ♥ ❛ ❣ ❡ ♠ ❡ ♥
✺ ✼✿ ✽ ✵ ✕ ✽ ✸✳

▼ ✉ ♣ ❤ ②✱ ❏ ❛ ♠✐ ❡✱ ❈ ❤ ❛ ❧ ❡ ❍ ♦❢ ❛ ❝ ❦ ❡ ✱ ❛ ♥ ❞ ❘✐ ❝ ❤ ❛ ❞ ▼✐ ③ ❡ ❦✐✳ ✷ ✵ ✵ ✻✳ ✏ ✐ ♠ ❛ ❝ ② ❛ ♥ ❞ ❡ ❝ ❡ ♥ ❝ ②
❡ ✛ ❡ ❝ ♦ ♥ ❝❧✐ ❝ ❦✐ ♥ ❣ ❜ ❡ ❤ ❛ ✈✐ ♦ ✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❈ ♦ ♠ ♣ ✉ ❡ ✲ ▼ ❡ ❞✐ ❛ ❡ ❞ ❈ ♦ ♠ ♠ ✉ ♥✐ ❝ ❛ ✐ ♦ ♥ ✶ ✶ ✭ ✷✮✿
✺ ✷ ✷ ✕ ✺ ✸ ✺✳

❘ ♦ ❝ ❤ ❡ ✱ ❏ ❡ ❛ ♥✲ ❈ ❤ ❛ ❧ ❡ ✱ ❛ ♥ ❞ ❏ ❡ ❛ ♥ ❚✐ ♦❧ ❡✳ ✷ ✵ ✵ ✸✳ ✏ ❧ ❛ ❢ ♦ ♠ ❝ ♦ ♠ ♣ ❡ ✐ ✐ ♦ ♥ ✐ ♥ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ✲
❦ ❡ ✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❤ ❡ ❡ ✉ ♦ ♣ ❡ ❛ ♥ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝ ❛ ♦ ❝✐ ❛ ✐ ♦ ♥ ✶ ✭ ✹✮✿ ✾ ✾ ✵ ✕ ✶ ✵ ✷ ✾✳

✳ ✷ ✵ ✵ ✻✳ ✏ ❚ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ❦ ❡ ✿ ❛ ♣ ♦ ❣ ❡ ❡ ♣ ♦ ✳✑ ❚ ❤ ❡ ❘ ❆ ◆ ❉ ❥ ♦ ✉ ♥ ❛❧ ♦❢ ❡ ❝ ♦ ♥ ♦ ♠✐ ❝
✸ ✼ ✭ ✸✮✿ ✻ ✹ ✺ ✕ ✻ ✻ ✼✳

❘ ♦ ❤✱ ❆❧ ✈✐ ♥ ❊✳ ✶ ✾ ✽ ✹✳ ✏ ❚ ❤ ❡ ❡ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧ ❛ ❜ ♦ ♠ ❛ ❦ ❡ ❢ ♦ ♠ ❡ ❞✐ ❝ ❛❧ ✐ ♥ ❡ ♥ ❛ ♥ ❞
❡ ✐ ❞ ❡ ♥ ✿ ❛ ❝ ❛ ❡ ✉ ❞ ② ✐ ♥ ❣ ❛ ♠ ❡ ❤ ❡ ♦ ②✳✑ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ♣ ♦❧✐ ✐ ❝ ❛❧ ❊ ❝ ♦ ♥ ♦ ♠ ② ✾ ✷ ✭ ✻✮✿ ✾ ✾ ✶ ✕

✶ ✵ ✶ ✻✳

✳ ✶ ✾ ✾ ✵✳ ✏ ❚ ✇ ♦✲ ✐ ❞ ❡ ❞ ♠ ❛ ❝ ❤✐ ♥ ❣ ♠ ❛ ❦ ❡ ✿ ❛ ♥ ♦ ✈ ❡ ✈✐ ❡ ✇ ♦❢ ♦ ♠ ❡ ❤ ❡ ♦ ② ❛ ♥ ❞ ❡ ♠ ♣✐ ✐ ❝ ❛❧
❡ ✈✐ ❞ ❡ ♥ ❝ ❡✳✑ ■ ♥ ● ❛ ♠ ❡ ❚ ❤ ❡ ♦ ② ❛ ♥ ❞ ❆ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ✷ ✸ ✷ ✕ ✷ ✺ ✶✳ ❊❧ ❡ ✈✐ ❡ ✳

❙ ❡ ❞ ❡ ❦✱ ❏ ❛ ♥✳ ✷ ✵ ✷ ✵✳ ✏ ❙ ❛ ❡ ❣ ②✲ ♦ ♦❢ ♥ ❡ ✐ ♥ ❈ ♦ ♥ ❣ ❡ ❡ ❞ ▼ ❛ ❦ ❡ ✇✐ ❤ ❆ ② ♠ ♠ ❡ ✐ ❝ ■ ♥❢ ♦ ✲
♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ■ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❞ ❡ ♥ ❡❢ ❡ ❡ ♥ ❝ ❡ ✳✑

❲❡✐ ♥ ♠ ❛ ♥ ♥✱ ▼ ❛ ❦ ✉ ✱ ❈ ❤ ✐ ♦ ♣ ❤ ❙ ❝ ❤ ♥ ❡✐ ❞ ❡ ✱ ❛ ♥ ❞ ❏ ❛ ♥ ✈ ♦ ♠ ❇ ♦ ❝ ❦ ❡✳ ✷ ✵ ✶ ✻✳ ✏ ❉✐ ❣✐ ❛❧ ♥ ✉ ❞ ❣✐ ♥ ❣✳✑
❇ ✉ ✐ ♥ ❡ ✫ ■ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❙ ② ❡ ♠ ❊ ♥ ❣✐ ♥ ❡ ❡ ✐ ♥ ❣ ✺ ✽ ✭ ✻✮✿ ✹ ✸ ✸ ✕ ✹ ✸ ✻✳

❲❡ ②❧✱ ❊ ●❧ ❡ ♥✳ ✷ ✵ ✶ ✵✳ ✏ ❆ ♣ ✐ ❝ ❡ ❤ ❡ ♦ ② ♦❢ ♠ ✉❧ ✐✲ ✐ ❞ ❡ ❞ ♣❧ ❛ ❢ ♦ ♠ ✳✑ ❆ ♠ ❡ ✐ ❝ ❛ ♥ ❊ ❝ ♦ ♥ ♦ ♠✐ ❝
❘ ❡ ✈✐ ❡ ✇ ✶ ✵ ✵ ✭ ✹✮✿ ✶ ✻ ✹ ✷ ✕ ✼ ✷✳

✻ ✶


	Abstract
	Acknowledgments
	Introduction
	Strategy-Proofness in Congested Markets with Asymmetric Information and Interdependendent Preferences
	Introduction
	Literature Review
	Model Setup
	Strategy-Proofness
	Failure of Strategy-Proofness Under Common Values
	Conclusion

	Information Acquisition Incentives and Welfare in Congested Markets
	Introduction
	Literature Review
	Model Setup
	Strategy-Proofness
	Ex-ante Symmetric Players
	Strategic Effects
	Solution
	Externalities and Welfare

	Main Result
	School Choice Application
	Conclusion
	Appendix - Remainder of Proof of Proposition 8

	Strategic Behavior of an Online Platform
	Introduction
	Literature Review
	The Model
	Setup
	Assumptions and Preliminary Analysis

	Analysis of the Platform's Problem
	Solving the Platform's Problem
	Conclusion
	Appendix - Constraint Derivation
	Appendix - Proof of Theorem 1

	Bibliography

